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1. (15©) � H :=

{(
u v

−v̄ ū

)
| u, v ∈ C

}
, Ù¥ ū, v̄ ©O�L u, v ��Ý.

(i) (5©) y² H ´ M2(C) �f�.

(ii) (5©) Þ~`² H Ø´���.

(iii) (5©) y² H ¥�z��"��´ H ¥��_�.

).

(i) � W =

(
u v

−v̄ ū

)
Ú Z =

(
x y

−ȳ x̄

)
, Ù¥ u, v, x, y ∈ C. ·�k

W − Z =

(
u− x v − y

−v̄ + ȳ ū− x̄

)
=

(
u− x v − y

−v − y u− x

)
∈ H.

� (H,+, O) ´ (M2(C),+, O) �f+.

O�

WZ =

(
ux− vȳ uy + vx̄

−v̄x− ūȳ −v̄y + ūx̄

)
=

(
ux− vȳ uy + vx̄

−(uy + vx̄) ux− vȳ

)
∈ H.

5¿�

E2 =

(
1 0

−0̄ 1̄

)
∈ H.

� H ´ M2(C) �f�.

(ii) � A =

(
i 0

0 −i

)
Ú B =

(
0 i

i 0

)
. K A,B ∈ H. ��O��

AB =

(
0 −1

1 0

)
, BA =

(
0 1

−1 0

)
.
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Ï� AB 6= BA, ¤± H Ø´���.

(iii) � W 6= O. K det(W ) = |u|2 + |v2| 6= 0. � W ´�_Ý
. 3 Mn(C) ¥,

W−1 =
1

uū + vv̄

(
ū −v
v̄ u

)
.

Ï� uū + vv̄ ∈ R, ¤± W−1 ∈ H. � W 3 H ¥�_. �

2. (15©) ��5�f:

A : R[x](4) −→ R[x](4)

f 7→ df
dx

Ú
B : R[x](4) −→ R[x](4)

f 7→ x df
dx
− 2f

.

(i) (5©) O� A Ú B 3Ä. 1, x, x2, x3 e�Ý
.

(ii) (5©) O� ker(A), ker(B), im(A), im(B) ��ê.

(iii) (5©) �ä ker(A) + im(A) ´Ø´�Ú, ker(B) + im(B) ´Ø´�Ú, ¿`²nd.

). (i) ��O�� A Ú B 3�½Äe�Ý
©O´:

A =


0 1 0 0

0 0 2 0

0 0 0 3

0 0 0 0

 Ú B =


−2 0 0 0

0 −1 0 0

0 0 0 0

0 0 0 1

 .

(ii) Ï� rank(A) = rank(B) = 3, ¤± dim(im(A)) = dim(im(B)) = 3. déó½n

�� dim(ker(A)) = dim(ker(B)) = 1.

(iii) Ï� 1 ∈ ker(A) ∩ im(A), ¤± ker(A) + im(A) Ø´�Ú. Ï� ker(B) = 〈x2〉
Ú im(B) = 〈1, x, x3〉. ¤± ker(B) ∩ im(B) = {0}. � ker(B) + im(B) ´�Ú. �

3. (15©) � Q3 þ��g. q(x) = x2
1 − 4x2

2 + x2
3 + 2x1x2, Ù¥ x = (x1, x2, x3)

t.

(i) (5©) O� q 3 Q3 �IOÄe�Ý
 A.

(ii) (5©) O� P ∈ GL3(Q) ¦� P tAP ´é�Ý
.

(iii) (5©) �ä´Ä�3 M ∈ M3(R) ¦� A = M tM , ´Ä�3 N ∈ M3(C) ¦�

A = N tN , ¿`²nd.

2



). (i) q 3IOÄe�Ý
´

A =


1 1 0

1 −4 0

0 0 1

 .

(ii) d1������Ý


P =


1 −1 0

0 1 0

0 0 1

 .

���y� P tAP = diag(1,−5, 1).

(iii)XJ�3 M ∈ M3(R)¦� A = M tM , K A´��½�. � A�\¶´ (2, 1).

�§´Ø½�. u´, ù�� M Ø�3. � rank(A) = 3. �� A ��Eê�þ�Ý


�, A ∼c E3. u´, ù�� M �3. �

4. (15©) �n�¢é¡Ý


A =


a −1 0

−1 a 0

0 0 a + 1

 .

(i) (5©) � A ´�½�. ¦ a �����.

(ii) (5©) � A ´K½�. ¦ a �����.

(iii) (5©) � A ´��½��Ø´�½�. ¦ a �����.

). Ý
 A �n�^SÌfª©O´:

∆1 = a, ∆2 = a2 − 1 = (a− 1)(a + 1), ∆3 = (a2 − 1)(a + 1) = (a− 1)(a + 1)2.

(i) Ý
 A �½��=� ∆1 > 0,∆2 > 0,∆3 > 0 a > 0 ��=� a > 1.

(ii) Ý
 A K½��=� ∆1 < 0,∆2 > 0,∆3 < 0 a > 0 ��=� a < −1.

(iii) d� rank(A) < 3. � det(A) = 0. u´, a = ±1.

� a = 1 �, |^1���{�

A =


1 −1 0

−1 1 0

0 0 0

 ∼c


1 0 0

0 0 0

0 0 2

 .

3



u´, A ��½.

� a = −1 �, |^1���{�

A =


−1 −1 0

−1 −1 0

0 0 0

 ∼c


−1 0 0

0 0 0

0 0 0

 .

u´, A �K½. nþ, �k a = 1 �, A ��½�Ø�½. �

5. (10©) � fn = xn − 9 ∈ Q[x]. �ä f3, f4, f5 ´Ä3 Q[x] ¥��, ¿`²nd.

). õ�ª f3 = x3− 9. Ï� 9 �á��Ø´�ê, ¤± f3 vk�gÏf. � f3 3 Q[x]

¥Ø��. õ�ª f4 = x4 − 9 = (x2 − 3)(x2 + 3). � f4 3 Q[x] ¥��. 5¿�

f5(x− 1) = (x− 1)5 − 9 = x5 − 5x4 + 10x3 − 10x2 + 5x− 10.

éþãõ�ªÚ�ê 5^ Eisenstein�O{� f5(x−1)3 Q[x]¥Ø��. � f5 3 Q[x]

¥�Ø��. �

6. (10©) � A,B ´ü�� F þ��ê� n �Ý
. y²:

rank

(
A

B

)
= rank(A) + rank(B)

��=�

dim(VA + VB) = n,

Ù¥ VA Ú VB ©O�L±Ý
 A Ú B �XêÝ
�àg�5�§|�)�m.

y². � M =

(
A

B

)
. �âéó½n, ·���y²

dim(VA) + dim(VB) = n + dim(VM)⇐⇒ dim(VA + VB) = n

Ù¥ VM ´±Ý
 M �XêÝ
�àg�5�§|�)�m. Ï� VM = VA ∩ VB, ¤

±, �duy²

dim(VA) + dim(VB) = n + dim(VA ∩ VB)⇐⇒ dim(VA + VB) = n.

�â�êúª, þ¡��d5w,¤á. �

7. (10©) � A ∈ SMn(R) ´�½Ý
.

(i) (5©) y² A−1 ´�½Ý
.
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(ii) (5©) 2� A∨ ´ A ���Ý
. y²: A∨ �´�½Ý
.

y². (i) � A = P tP , Ù¥ P ∈ GLn(R). K A−1 = P−1 (P t)
−1

= P−1 (P−1)
t
. � A−1

�½.

(ii). 5¿� A∨ = det(A)A−1 � det(A) > 0. dþª��

A∨ = (
√

det(A)P−1)(
√

det(A)P−1)t.

� A∨ �½. �

8. (10©) � V ´ R þ�k���5�m, U ´ V �f�m, q ´ V þ��g., qU ´

q 3 U þ���¼ê, =

qU : U −→ R
x 7→ q(x).

(i) (5©) y² qU ´ U þ��g.;

(ii) (5©) � q �\¶´ (k, `), qU �\¶´ (s, t). y² k ≥ s Ú ` ≥ t.

y². (i) � f(x,y) ´ q ��4. K f |U×U ´ qU ��4. � qU ´ U þ�V�5..

(ii) d.5½n, �3 V ��|Ä e1, . . . , en ¦�é?¿ x = x1e1 + · · ·+ xnen,

q(x) = x2
1 + · · ·+ x2

k − x2
k+1 − · · · − x2

k+`.

Ón, �3 U ��|Ä ε1, . . . , εd ¦�é?¿ y = y1ε1 + . . . + ydεd,

qU(y) = y21 + · · ·+ y2s − y2s+1 − · · · − y2s+t.

b� s > k. -

H = 〈ε1, . . . , εs〉, W = 〈ek+1, . . . , en〉.

K dim(H) = s Ú dim(W ) = n − k > n − s. � H ∩W ¥k�"�þ z. Ï� z ∈ H,

¤± qU(z) > 0. Ï� z ∈ W , ¤± q(z) ≤ 0. � q(z) = qU(z), gñ.

�Ä −q Ú −qU , ·�|^þãín�� t ≤ `. �

(ii) �,��y{. �â.5½n, �3 U ��|Ä e1, . . . , ed ¦� qU 3Ä.e�

Ý
´

A =


Es O O

O −Et O

O O O

 .
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r e1, . . . , ek *¿� V ��|Ä e1, . . . , ek, ek+1, . . . , en. K q 3ù|Äe�Ý
/X:

B =

(
A M

M t N

)
=


A1 O M1

O O M2

M t
1 M t

2 N

 ,

Ù¥ A1 =

(
Es O

O −Et

)
� M =

(
M1

M2

)
. d1���{��

B ∼c


A1 O O

O O M2

O M t
2 N

 =: C.

Ï�

(
O M2

M t
2 N

)
é¡, ¤±�3 P ∈ GLn−s−t(R) ¦� D := P t

(
O M2

M t
2 N

)
P ´é�


. -

Q =

(
Es+t O

O P

)
.

K Q ∈ GLn(R) �

QtCQ =

(
A1 O

O D

)
.

·���

B ∼c

(
A1 O

O D

)
.

Ï� B �\¶ (k, `) ´ÜÓØCþ, ¤±

k = s + D ¥�����ê ≥ s

�

` = t + D ¥K����ê ≥ t. �
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