BTE %KMET

HE—3r e 1110 AT 50, iS5 Jy AR J4 F-N A
K] Jordan FrEZYES 2 S BERY. e, T2 R0 T RERY
Jordan FRUERSEEAN T 1T FAZ A FE ) S5 R 1 4H.

AR 11.11 % A € M,(C) Hspec(A) = {1, ..., A\ . A
YAWITRT R T ALt — N\, ..., t—N\,. BT AL ZIE ??
T8 R(i, 0) A= N(i,0) 5384 RN\, £) F= N(N\;, £). it
LR 2 ONENP

N()\Z, 6) = R<)\27 l — 1) + R()\Z,g + 1) — QR()\Z, 6),
H o\ €spece(A), L e ZT.

5 11.12 %

A= 10 1 100 1 | €My(C).




5 J,.
fige. @t E AT B AT

XA =t —9t9434 7 70 t* 48517 —61 t*+24 t—4 = (t—2)*(t—1)°.

WA =2H 0 =1 2K RN,0) =7 wHwitHFniF
R()\la 1) - 67 R()\172) = 9. a‘_/"%;

N(A,1) = R, 0)4+R(A,2)—2R(\, 1) = T+5—2x6 = 0.
wit EMF RN, 3) =5, TA,
N(A,2) = R, 1D)4+R(A,3)—2R(M\,2) =6+5—-2x5=1.

BA M ORBEERFT 2, AAAE (> 28, N\, {) =0.
2R R\, 0)=7. R HEMFR(N\, 1)=4, R(\o,2)=2. T A,

N(Ao, 1) = RO\, 0)+ R, 2)—2R(A, 1) = T+2—2x4 — 1.
& it AL A R(M\,3) = 2. FA,
N()\Q, 2) = R()\Q, 1)+R()\2, 3)—2R()\1, 2) =442-2%X2=2.

B A X ORBEERF T 5, FIAE 0> 28, N\, () =
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5l 11.13 % A € M5(C). &
rank(A) = 3, rank(A?) = 2, rank(A+E) = 4, rank((A+FE)?) = 3.

£ Ju
ﬁﬁ ‘jﬂﬁ/‘}(éﬁ %’ﬁ“ﬂ-#ﬂ )\1 =0 71?‘:' )\2 = —1 7‘?{ A ﬁﬁlﬁj/]\##/ﬁl
M AR L —HFR I 11.10,

N(A, 1) = R(A,0)+ R(A,2)—2R(A,1) =54+2—2x3=1
Fr
N(A, 1) = R(A2,0)+ R(Xo,2)—2R(Ag, 1) =5+3—-2x4 = 0.

2 & %] rank(A) = 3 A2 rank(A + F) = 4 551224 N\ &L
TTERA 20 N UM EHA 1. A NOL,2) =1

3



Fo N(Xo,2) = 1. HAVE
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0 0 . O
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5|38 12.1 % A, BEM,(F) B A~,B. W34 & feF[t,
f(A)~.f(B). 4413, rank(f(A)) = rank(f(B)).

.
[

B, WA= P 'BP, Hh P e GL,(F). BINHEE
keN, AF = P~'B*P, fiLL f(A) = P~ f(B)P. O

IR 12.2 (ARMAFIAIET) 5 A B € M,(F). W A ~, B
L HAXG Afe B B a9wF BT 4.

EB. WA~y B W g = pp (B8 55 ik 4.9). &
PL,---Ds 72 pra KPP E R HTE — AL 1 e
e pp FPIME R E — AT AR 7. MR35 2 121,
SERE L e N, i€ {1,2,...,s}, rank(p;(A)") = rank(p;(B)").
b — R 11,10, A F B b 3 5 4] 55 R 748



Rz, & A B HILFERYIERTH {p, ..., p} T
AM BERKF" WET 2RIy AR B. 4
Fr"=vie ---eoV,=W&---dW,,
Hr v & AT 0, W & B-AT 1, i=1,2,... k.
VA% R bR fE v B Ay, 1 By, BN 2 TR 2 pr &
pi =% gt it g,

i ajn1,...,qi,050 € F. BV, 2 AAR 31, B
e ATERE. TRAE Y, € VRV, = FlAy] - v,
A ) Ay ZERERE vi, A(va), . A% (vy) I

@0-~0 —%p\
10 -0 —Q 1
Mi=101--- 0 —ay | €Mg(F).

\0 0 -+ 1 —aig 1)
F A w, € VS W, = FByw;, H By, £ 2K
PHEH 5.9,

(0 0 - 0) (i 0 - 0)
e O My --- O o B O My -~ O
\O o ... Mk;) \O O ... Mk:)



T, A~y B O
EIE 12.3 (MR HEI) % A, B € M, (F). W A~, B
Y HAN Y T iR i & ) B R oL

(i) Xa=XB, X fta = pp;

(i) E D1, ps A Xa Ropua £ F[t) PRBRBELEG (A
— &) RTHEF, A

vie{0,1,...,n+1},5€{1,2,..., s}, rank(p;(A)")=rank(p;(B)").
JERR. WA~ B W xa=xp MM us=pug (%:%%5#

E N T.6 JE TR A S i ar A 4.9). 513 121,
MER 1€ {0,1,...,n}, 5 €{1,2,...,s},

pi(A) ~ pj(B)" = rank(p;(A)") = rank(p;(B)’).

R, BExa = xg M (i), B pa = pp M (i1) AL N
A M B 3L A 9 & B (L — e B 11.10). T =2,
A~, B (E#122). O

EIE 12.4 (FAMAFIRIEIIL) & A, B € M, (F). W A~ B
I HARG MR [ e Ft], rank(f(A)) = rank((f(B)).

L. WA~ B O BIHE 1S, IR f e Fli,
rank(f(A)) = rank((f(B)). &z, BN rank(ua(A))=0, B

6



UL vank(pa(B))=0. T4 pa(B)=0. BRI pplpa (55—
B S B 4.2), FIE palup. TR, pa = pp. BEH
12.3 7[5, A ~, B. 0.

5 12.5 % A € M,(C). iE#A: A ~, At
IEBH. 22234 f € FJt], f(A)'=F(A"). &

rank(f(A)) = rank(f(A)") = rank(f(A")).
MR 12 The, A~y AL O

5 12.6 % A, B € M,(R). iL#: 42 R A5 & P € GL,(C)
144 A= P 'BP, WA £ Q c GL,(R) /% A= Q'BQ.
EBH. BA % E& P e GL,(C) 113 A= P I1BP, Ay ASH4E
& [ € C[t], rank(f(A)) = rank(f(B)) (R 12./. #H A,
£%& g € R[t], rank(g(A)) = rank(g(B)). AR E*Z 12.4, &
£ QeGL,R)#EMHF A=Q 'BQ. O

i 12.7 % A € GL,(C). 80

(Juh) O - 0
| o
\ 0 0 - Jyu(W))



Bet
%

(JaY) O 0
| 0 a0
e O o JuNY)

. B2k, A€ GL,(C) 24 A M4 IaMRIE R, T2, 21
B &L RN € specg(A). N

NE—A| =0 < |A|]MT'—E| =0 < |[N'E-A71 =0.

BP A € spece(A) <= At espece(A™). TA, pp=t— A
AXAWBEATEHERG gy =t -1 & 0 AT, &
¢e{0,1,...,n}. N

rank((A—AE)") = rank(AY(E-XAYY) = rank((ATE—-A"1H").

TR, HEE L€ {0,1,...,n}, rank(py(A4)) = rank(g\(A)").
WAl E—H 2 32 11.10, SAEFE N € specg(A), py £ A 49
MERTAFTHERF T AA ' HMFRTAFT Y
TR O BHEEmeZt, J,\) BAAE J FHERSET
JnZTH) A T, PR TS O

ERR 12.8 LB F B 4o R speccA={1, —1}, 1] A~ AL



F=F RNIEFEg

1 BXmXN =g
YysE: EARR VR SER R A TR 2 ]

1.1V EBARFR

EX 1.1 3% f(x,y) £V L@ &HEAHL f(x,x) £ E
Zay. AR (V) f) =AM, f 2V EsRR.

i 1.2 (ArAERKXENH) XV =R",

FiVxV — R

(xy) = Xy
E2EE f(x,y)=x'Ey. TA, fR2R" ALK ER H
f(x,x)=x'x REEW. T (V,f) REXX =]
) 1.3 % V = M,(R),

fiVxV — R
(X,Y) — to(X'Y).

TaSARBIE f 2V Lo RAR.



AriXa ER, A BeV,

flaA+BB,Y) =tr((aA + BB)'Y) (f 892 X)

tr((aA' + BBY)Y) (% F 49 H R
tr(a(AY) + B(BY)) (4EI% ik 9 B i)
atr(AY) + ptr(BY)  (tr 2& MR
af(AY)+Bf(B,Y) (f 892 ).

TR, fATHE-NEAAEKES. RURTIIE f X T
BN ANAERMG, B[ AREER 255

£V, X) = tr(Y'X) = tr(YIX)) = te(XTY) = f(X,Y).

?%, f ANTAREG . X X = (QEZ‘J) 7é O. N

X, X)=X'X = zn: zn:xij > 0.

i=1 j=1
TA, [(X,X) ZER. dFE (V,f) AR 2.
B 1.4 XV =R[z]™, a,bc R B a <b.

o: VXV — R
(f.9) — [} fl)g(x)da

TEAMEREIERZV ESAR BLRK 8 € R,
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p,qeV,

b
olap + g, g) = /( p(x) + Ba(z))g(x))dz (¢ # SL)

/ daz+5/ x)dzx / M)

=af(p.g)+6f(¢.9) (f LX)

TR, 6 XTHF—ANEAARMEN. EMMRTIRIE X T
B AT AR ERMEE. 3 ANEAEA. ¢ BAREIAR
8. % f € Rlx]™\ {0},

b
o(f, f) = / f(z)*dz > 0.
T2, o(f, f) RIEERE). HFE (V,¢) R =],

BAFERRA 2]V B AAE N (]). B
(): VxV — R
(x,y) = (x|y)
FH ERRFS, R EE A B a0 R

(i) W& MEE x,y,2€ V, o, B € R,
(ax+By|z) = a(x|z)+8(y|z), (x|ay+0z) = a(x|y)+8(x|z).
(i) R ERE x,y € V),

(xly) = (y|x).
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(i) (EEMEIMEExeV,

(x|x) >0 H (x|x)=0<+= x=0.

ENX 1.5 KV ARXTE, vi,...,v,, € V. &L
G(vi, -5 vin) = (Vi V) mxm-

MRZH vy, ..., v, 89 Gram FERE.

H RIS FRIE TS0 GV, . .., Vi) EFTRRE.

ﬁ&ﬂ 1.6 iﬂ’tVﬁ%Bﬁi\ﬁ]ﬂ, Vi,...,V, € V. ’j\]’] Vi,...
LorEAE X G HALY
rank(G(vy, ..., vy)) < m.

WERR. W o, ..., q,, € RHTE

aq 0
G(Vla' 7Vm) -
O, 0
ERITRRHEN T
ZO&j(VZ"Vj)ZO, iZl,...,m.
j=1
H A5 HH S 2R A
(V@"Z(XjVj):O, izl,...,m.
j=1
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A7 rank(G(vy, ..., vy)) < m, WAFFE ay,...,ap € R,
ANEANE, MG (1) BOL. (ﬂi#ﬁﬂﬁﬁﬁﬁﬁﬁgﬁjﬁﬁm
4.2). TH&, (2) BAr. HtkE

Zai(vilw) = (Z a;vilw) = (wjw) = 0.

Mow =0. NIt vy, ..., v, ZIEFHR.

RZ, RV, Vi ARG WIEAE o, .o € R,
ANERE AFE w=0. T, (2) ML B4, (1) 8oL H
A H rank(G(vy, ..., vi)) < m (B — 2508 =i
w4.2). O

WL 1.7 XV ARKRKXEN, vi,...,.vi, €V, a1, ..., a,ER.

W=V + -+ vy, N

aq
(Wlw) = (a1, ..., )GV, ..., v) | ¢
A
TEBR . A AR O et P15
(W|w) = Z&ZVZ‘ Zozjvj ZZO&ZOA]’(V@"V]')
i=1 j=1
a
= (a1, ..., an)G(vy,...,vp) | ¢ . O
Qm
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AR 1.8 § EEBRAGHAT 4, G(vy,...,v,) £FEZ
0. CRAELYHMRXY vy, ..., v, ZELX.

1.2 KE., BE. BEMER

EX 1.9 XV AKRXZTH, x e V. £ /(x]x) £ x 69K
B e x| Bty eV. U |x—y|| FH x5y 2 My
LENE

b P R 2 T, o] R B 5 SCAGT L (x| = 0 24 FLAX
W x = 0. T, x = y S ALY ||Jx — y|| = 0. 0L
x| = = x|l AT, |lx =yl = lly — x]I.

EHE 1.10 & x,y € V. W|x|y)| < x|yl (Cauchy-
Bunyakovski I~ 3 X). &A1, |(x|y)| = [|x]||ly] % HBAX
Y x,y &KPHEAEX.

WERR. Hx =08y = O @ H P IE R B IR, WK
y # 0 AN RAEESEEL W (x+ Ay|x + Ay) > 0. FFHRE
PEPEFICTRRPELS

(x + Ay [x +Ay) = (y[y)A* + 2(x[y)A + (x]x) > 0.
T, A= 4x|y)? — 4lyly)(x|y) < 0. HEH
(xly)” < (yly)(xly) = |x[y)] < X[yl
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R |(x|y)| = x|yl BEAE A =0 BB HEF
£ ) € R fiif5
(x+ \y|x+ Ay) = 0.
XEWEFENT x+ Ay =0 (NRIEEM). £y # 01554
T, EREERFEN T x My &AL O
5] 1.11 AAREBRR X B %, Cauchy-Bunyakovski I~ 3 X
7‘%}1]—/{3{:% L1y s Tpy Y1y - - - 7ynER

‘x1y1+”'+xnyn’ < \/x%++x%\/y%++yg

B 1.8 2 SLA4EEBL X 2 H ¥, Cauchy-Bunyakovski 7~
FXAMEE A, B e M,(R),

tr(A’B)| < y/tr(AtA)+/tr(B!B).

BEAB] 1.4 X895 KR K= 8 ¥, Cauchy-Bunyakovski
REXANEE f,g € Rlz]™,

| / bf(x)g(x)das\ < \/ / b f(x)de\/ / b g(z)2dz.

wxyeV, Hfiffa e Rffiffx = ay By = ax.
MEF x,y F47. R o >0, MK x,y B@. Wk o <0, N
Mox,y Rom. HRHHK 0 &%k may.

I 1.12 Ex,ye V. N |x+y| < |Ix| + [yl FXA&
25 HARY xFey Bl M.
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WERR. AT

Ix+yl* = (x+ylx+y) (KR 5E )
= (x,x) +2(x,y) + (v,y)  CERVERDSFRAE)
= [Ix[I” + 2(x|y) + [ly|]” (R E )
< Ix|I* + 2Ix[[ly | + lly|I* (Cauchy-Bunyakovski)
= ([l + [ly[))*.

T, x+yl < [xll+ |yl

N RS RO e E R ATy # 0. B L
M THE R A AE AL 2 HAE (x|y) = ||x|| [y ]| R4 € 22
1.10, HEBJAFAE o € RfER x = ay. T2, (x]y) = ||x]||ly]|
F T (ayly) = llaylllyll, B ally[|* = |afllyl]*. #5 <,
o= |al. Bl x,y [FH. O

wWxcV\{0o} i |x|]| =1 WK x2ElzmE. &
ve V\{0}. W v/|v|| &5 v A B &, FRY v K]
L NCXIACE

EX 1.13 & x,y € V\ {0}. #&

arccos( (xly) )
[psif{nal
2 X,y B9

*E?E Cauchy-Bunyakovski N3¢, JMf 2 R LI, ERY
18 Y BB Yo 2 [0, ).
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EX 1.14 i x,yeV. X (x|y) =0, WA x F= y IEXT,
WA xLly.

FIn) &= SR [ E A IEAL.
S| 1.15 X x,x,....,x, €V, AP xq,...,x; IEER.
(i) x1x <— x=0.
(ii) B x1,...,x; AFERZ, NEE&HELE.
WERA. (i) iEE
(x|x) =0 <= [|x|| =0 <= x=0.

(il) RUASHER 0,5 € {1,2,... k} i # 5, ’ATH
(xi,%;) =0, FTLLG(xy, ..., xx) = diag((x1]x1), - - ., (Xx|Xx))-
RUONSHER 1 € {1,2,...,k}, (xi]x;) # 0, BFrCA

rank(G(xy,...,x;)) = k.

MR 1.6, x1,...,xp BHETLK. O

5l 1.16 (A 2) ik x,yeV. il xly % HXY
I+ y 1" =[x + lly [l

UEML. B [x +y|* =[x + 2(x[y) + [ly[]*, P72k
I+ y[* = lIx]I* + Iyl

FHARY (x|y)=0, FFxly. O
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