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5) 11.11 � A ∈ Mn(C)� specC(A) = {λ1, . . . , λs}. K
χA�Ø��Ïf´ t− λ1, . . . , t− λs. ·��±r½n ??

¥� R(i, `)Ú N(i, `)©OP� R(λi, `)Ú N(λi, `). d�

�­êúª´

N(λi, `) = R(λi, `− 1) + R(λi, ` + 1)− 2R(λi, `),

Ù¥ λi ∈ specC(A), ` ∈ Z+.

~ 11.12 �µ

A =



2 0 −1 0 0 0 0

2 2 −2 0 0 0 −1

0 0 1 0 0 0 0

−1 0 1 1 0 0 1

0 0 0 0 1 0 0

2 1 −2 0 1 1 −1

1 0 −1 0 0 0 1



∈ M7(C).
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O� JA.

). dO�ÅO��:

χA = t7−9 t6+34 t5−70 t4+85 t3−61 t2+24 t−4 = (t−2)2(t−1)5.

� λ1 = 2 Ú λ2 = 1. w, R(λ1, 0) = 7. dO�Å�

R(λ1, 1) = 6, R(λ1, 2) = 5. u´,

N(λ1, 1) = R(λ1, 0)+R(λ1, 2)−2R(λ1, 1) = 7+5−2×6 = 0.

dO�Å� R(λ1, 3) = 5., u´,

N(λ1, 2) = R(λ1, 1)+R(λ1, 3)−2R(λ1, 2) = 6+5−2×5 = 1.

Ï� λ1��ê­ê�u 2, ¤±� ` > 2�, N(λ1, `) = 0.

w,R(λ2, 0)=7. dO�Å�R(λ2, 1)=4, R(λ2, 2)=2. u´,

N(λ2, 1) = R(λ2, 0)+R(λ2, 2)−2R(λ1, 1) = 7+2−2×4 = 1.

dO�ÅO�� R(λ2, 3) = 2. u´,

N(λ2, 2) = R(λ2, 1)+R(λ2, 3)−2R(λ1, 2) = 4+2−2×2 = 2.

Ï� λ2��ê­ê�u 5, ¤±� ` > 2�, N(λ2, `) = 0.
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dd�Ñ

JA =



2 1 0 0 0 0 0

0 2 0 0 0 0 0

0 0 1 1 0 0 0

0 0 0 1 0 0 0

0 0 0 0 1 1 0

0 0 0 0 0 1 0

0 0 0 0 0 0 1



. �

~ 11.13 � A ∈ M5(C). �

rank(A) = 3, rank(A2) = 2, rank(A+E) = 4, rank((A+E)2) = 3.

¦ JA

). d��^��� λ1 = 0Ú λ2 = −1´ A�ü�A�

�. �âþ�ù½n 11.10,

N(λ1, 1) = R(λ1, 0)+R(λ1, 2)−2R(λ1, 1) = 5+2−2×3 = 1

Ú

N(λ2, 1) = R(λ2, 0)+R(λ2, 2)−2R(λ2, 1) = 5+3−2×4 = 0.

5¿� rank(A) = 3Ú rank(A + E) = 4©O%¹ λ1�A

Û­ê´ 2Ú λ2�AÛ­ê´ 1. dd�Ñ N(λ1, 2) = 1
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Ú N(λ2, 2) = 1. ·�k

JA =



0

0 1

0 0

−1 1

0 −1


. �

12 Ý
�q��½

Ún 12.1 � A,B∈Mn(F ) � A∼sB. Ké?¿ f∈F [t],

f (A)∼sf (B). AO/, rank(f (A)) = rank(f (B)).

y². � A = P−1BP , Ù¥ P ∈ GLn(F ). Ï�é?¿

k ∈ N, Ak = P−1BkP, ¤± f (A) = P−1f (B)P. �

½n 12.2 (�q�O{I) � A,B ∈ Mn(F ). K A ∼s B
��=� AÚ B d�Ó�Ð�Ïf|.

y². � A ∼s B. K µA = µB (1�Ù1�ù·K 4.9). �

p1, . . . ps´ µA�üüp��Ä��Ø��Ïf. K§�

�´ µB �üüp��Ä��Ø��Ïf. �âÚn 12.1,

é?¿ ` ∈ N, i ∈ {1, 2, . . . , s}, rank(pi(A)`) = rank(pi(B)`).

dþ�ù½n 11.10, AÚ Bd�Ó�Ð�Ïf|.
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��,�AÚBd�Ó�Ð�Ïf| {p1, . . . , pk}. r
AÚ Bw¤ F n��f©OP�AÚ B. -

F n = V1 ⊕ · · · ⊕ Vk = W1 ⊕ · · · ⊕Wk,

Ù¥ Vi ´ A-Ø�©�, Wi ´ B-Ø�©�, i=1, 2, . . . , k.

N�eI��2�AViÚ BWi
�4�õ�ªÑ´ pi. -

pi = tdi + αi,di−1t
di−1 + · · · + αi,1t + αi,0,

Ù¥ αi,n−1, . . . , αi,1, αi,0 ∈ F . Ï� Vi´ A-Ø�©�, ¤

±§´ A-Ì��. u´�3 vi ∈ V ¦� Vi = F [AVi] · vi.
dd�ÑAUi3Ä. vi,A(vi), . . .Adi−1(vi)e�Ý
´

Mi =



0 0 · · · 0 −αi,0
1 0 · · · 0 −αi,1
0 1 · · · 0 −α2

... ... . . . ... ...

0 0 · · · 1 −αi,di−1


∈ Mdi(F ).

Ón�3 wi ∈ V ¦� Wi = F [BVi]wi, � BWi
3Ä.

wi,B(wi), . . .Bdi−1(wi)e�Ý
�´Mi. d1�Ù1n

ù½n 5.9,

A ∼s


M1 O · · · O

O M2 · · · O
... ... . . . ...

O O · · · Mk

 Ú B ∼s


M1 O · · · O

O M2 · · · O
... ... . . . ...

O O · · · Mk

 .
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u´, A ∼s B. �

½n 12.3 (�q�O{II) � A,B ∈ Mn(F ). K A ∼s B
��=�eãü:Ó�¤á:

(i) χA = χB, ½ µA = µB;

(ii) � p1, . . . , ps´ χA½ µA3 F [t]¥�üüp��(Ä

��)Ø��Ïf, �

∀ i∈{0, 1, . . . , n+1}, j∈{1, 2, . . . , s}, rank(pj(A)i)=rank(pj(B)i).

y². � A ∼s B. K χA = χB Ú µA = µB (1�Ù1nù

½Â 7.6��?ØÚ1�Ù1�ù·K 4.9). dÚn 12.1,

é?¿ i ∈ {0, 1, . . . , n}, j ∈ {1, 2, . . . , s},

pj(A)i ∼s pj(B)i =⇒ rank(pj(A)i) = rank(pj(B)i).

��, � χA = χB Ú (ii), ½ µA = µB Ú (ii)¤á. K

AÚ B d�Ó�Ð�Ïf|(þ�ù½n 11.10). u´,

A ∼s B (½n 12.2). �

½n 12.4 (�q�O{III) � A,B ∈ Mn(F ). K A ∼s B
��=�é?¿ f ∈ F [t], rank(f (A)) = rank((f (B)).

y². � A ∼s B. Ún 12.1 %¹, é?¿ f ∈ F [t],

rank(f (A)) = rank((f (B)). ��, Ï� rank(µA(A))=0, ¤
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± rank(µA(B))=0. u´ µA(B)=O. dd�� µB|µA(1�

Ù1�ùÚn 4.2). Ón µA|µB. u´, µA = µB. d½n

12.3��, A ∼s B. �.

~ 12.5 � A ∈ Mn(C). y²: A ∼s At.

y². 5¿�é?¿ f ∈ F [t], f (A)t=f (At). �

rank(f (A)) = rank(f (A)t) = rank(f (At)).

d½n 12.4��, A ∼s At. �

~ 12.6 � A,B ∈ Mn(R). y²: XJ�3 P ∈ GLn(C)

¦� A = P−1BP , K�3 Q ∈ GLn(R)¦� A = Q−1BQ.

y². Ï��3 P ∈ GLn(C)¦� A = P−1BP , ¤±é?

¿ f ∈ C[t], rank(f (A)) = rank(f (B)) (½n 12.4. AO/,

?¿ g ∈ R[t], rank(g(A)) = rank(g(B)). 2d½n 12.4, �

3 Q ∈ GLn(R)¦� A = Q−1BQ. �

~ 12.7 � A ∈ GLn(C). y²:

JA =


Jd1(λ1) O · · · O

O Jd2(λ2) · · · O
... ... . . . ...

O O · · · Jdk(λk)


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%¹

JA−1 =


Jd1(λ

−1
1 ) O · · · O

O Jd2(λ
−1
2 ) · · · O

... ... . . . ...

O O · · · Jdk(λ
−1
k )

 .

y². Äk, A ∈ GLn(C)%¹ A�A���". u´, λ−1i

k¿Â. � λ ∈ specC(A). K

|λE−A| = 0 ⇐⇒ |A||λA−1−E| = 0 ⇐⇒ |λ−1E−A−1| = 0.

= λ ∈ specC(A) ⇐⇒ λ−1 ∈ specC(A−1). u´, pλ = t− λ
´ χA �Ïf��=� qλ = t − λ−1 ´ χA−1 �Ïf. �

` ∈ {0, 1, . . . , n}. K

rank((A−λE)`) = rank(A`(E−λA−1)`) = rank((λ−1E−A−1)`).

u´,é?¿ ` ∈ {0, 1, . . . , n}, rank(pλ(A)`) = rank(qλ(A)`).

�âþ�ù½n 11.10, é?¿ λ ∈ specC(A), pλ 3 A�

Ð�Ïf|¥�­ê�u qλ 3 A−1 �Ð�Ïf|¥�

­ê. �é?¿ m ∈ Z+, Jm(λ)Ñy3 JA¥�­ê�u

Jm(λ−1)Ñy3 JA−1 ¥�­ê. �

5) 12.8 þã~f`²: XJ specCA={1,−1},KA∼sA−1.
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1nÙ SÈ�m

1 îª�m

�½: 3�!¥ V ´¢ê� Rþ�k���5�m.

1.1 V þ�SÈ

½Â 1.1 � f (x,y)´ V þ�V�5.÷v f (x,x)´�

½�. K¡ (V, f )´��îª�m, f ´ V þ�SÈ.

~ 1.2 (IOîª�m) � V = Rn,

f : V × V −→ R
(x,y) 7→ xty.

5¿� f (x,y) = xtEy. u´, f ´ Rné¡V�5., �

f (x,x) = xtx´�½�. u´, (V, f )´îª�m.

~ 1.3 � V = Mn(R),

f : V × V −→ R
(X, Y ) 7→ tr(X tY ).

e¡·�5�y f ´ V þ�SÈ.
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Äk� α, β ∈ R, A,B ∈ V ,

f (αA + βB, Y ) = tr((αA + βB)tY ) (f �½Â)

= tr((αAt + βBt)Y ) (=��5�)

= tr(α(AtY ) + β(BtY )) (Ý
¦{©�Æ)

= αtr(AtY ) + βtr(BtY ) (tr´�5¼ê)

= αf (A, Y ) + βf (B, Y ) (f �½Â).

u´, f 'u1��C�´�5�. aq/��y f 'u

1��C��´�5�. � f ´V�5.. 5¿�

f (Y,X) = tr(Y tX) = tr((Y tX)t) = tr(X tY ) = f (X, Y ).

u´, f ´é¡�. � X = (xi,j) 6= O. K

f (X,X) = X tX =

n∑
i=1

n∑
j=1

x2i,j > 0.

u´, f (X,X)´�½�. dd�Ñ (V, f )´îª�m.

~ 1.4 � V = R[x](n), a, b ∈ R� a < b.

φ : V × V −→ R
(f, g) 7→

∫ b
a f (x)g(x) dx.

e¡·�5�y φ ´ V þ�SÈ. Äk� α, β ∈ R,
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p, q ∈ V ,

φ(αp + βq, g) =

∫ b

a

(αp(x) + βq(x))g(x))dx (φ�½Â)

= α

∫ b

a

p(x)g(x)dx + β

∫ b

a

q(x)g(x)dx (

∫ b

a

�5)

= αf (p, g) + βf (q, g) (f �½Â).

u´, φ'u1��C�´�5�. aq/��y φ'u

1��C��´�5�. � φ´V�5.. φw,´é¡

�. � f ∈ R[x](n) \ {0},

φ(f, f ) =

∫ b

a

f (x)2dx > 0.

u´, φ(f, f )´�½�. dd�Ñ (V, φ)´îª�m.

·�rîª�m V þ�SÈP� ( | ). =

( | ) : V × V −→ R
(x,y) 7→ (x|y).

|^þãÎÒ, SÈ�Ä�5�Xe:

(i) (V�5)é?¿ x,y, z ∈ V , α, β ∈ R,

(αx+βy|z) = α(x|z)+β(y|z), (x|αy+βz) = α(x|y)+β(x|z).

(ii) (é¡5)é?¿ x,y ∈ V ,

(x|y) = (y|x).
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(iii) (�½5)é?¿ x ∈ V ,

(x|x) ≥ 0 � (x|x) = 0 ⇐⇒ x = 0.

½Â 1.5 � V ´îª�m, v1, . . . ,vm ∈ V . ½Â

G(v1, . . . ,vm) = ((vi|vj))m×m.

¡�� v1, . . . ,vm� GramÝ
.

dSÈ�é¡5�� G(v1, . . . ,vm)´é¡�.

·K 1.6 � V ´îª�m, v1, . . . ,vm ∈ V . K v1, . . . ,vm

�5�'��=�

rank(G(v1, . . . ,vm)) < m.

y². � α1, . . . , αm ∈ R¦�

G(v1, . . . ,vm)


α1

...

αm

 =


0
...

0

 . (1)

þã�§|�du
m∑
j=1

αj(vi|vj) = 0, i = 1, . . . ,m.

dd�Ñ�d^�:

(vi|
m∑
j=1

αjvj︸ ︷︷ ︸
w

) = 0, i = 1, . . . ,m. (2)
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e rank(G(v1, . . . ,vm)) < m, K�3 α1, . . . , αm ∈ R,

Ø��", ¦� (1)¤á. (�þÆÏ1�Ù1nùíØ

4.2). u´, (2)¤á. dd�Ñ

m∑
i=1

αi(vi|w) = (

m∑
i=1

αivi|w) = (w|w) = 0.

�w = 0. l
 v1, . . . ,vm�5�'.

��,� v1, . . . ,vm�5�'.K�3 α1, . . . , αm ∈ R,

Ø��", ¦�w = 0. u´, (2)¤á. @o, (1)¤á. d

d�Ñ rank(G(v1, . . . ,vm)) < m (þÆÏ1�Ù1nùí

Ø 4.2). �

·K 1.7 �V ´îª�m, v1, . . . ,vm ∈ V , α1, . . . , αm∈R.
- w = α1v1 + · · · + αmvm. K

(w|w) = (α1, . . . , αm)G(v1, . . . ,vm)


α1

...

αm

 .

y². |^SÈ�V�55�Ñ

(w|w) = (

m∑
i=1

αivi|
m∑
j=1

αjvj) =

m∑
i=1

m∑
j=1

αiαj(vi|vj)

= (α1, . . . , αm)G(v1, . . . ,vm)


α1

...

αm

 . �
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5) 1.8 dþãü�·K��, G(v1, . . . ,vm) ´��½

�. §´�½���=� v1, . . . ,vm�5Ã'.

1.2 �Ý!ål!�ÝÚ��

½Â 1.9 � V ´îª�m, x ∈ V . ¡
√

(x|x)´ x��

Ý, P� ‖x‖. 2� y ∈ V . K ‖x−y‖¡� x� y�m�

ål.

dSÈ��½5��, ‖x‖´û½Â�� ‖x‖ = 0��=

� x = 0. l
, x = y��=� ‖x− y‖ = 0. dV�5�

� ‖x‖ = ‖ − x‖. l
, ‖x− y‖ = ‖y − x‖.

½n 1.10 � x,y ∈ V . K|(x|y)| ≤ ‖x‖‖y‖ (Cauchy-

BunyakovskiØ�ª). AO/, |(x|y)| = ‖x‖‖y‖��=
� x,y�5�'.

y². � x = 0½ y = 0�½n¥�(Øw,¤á. �

y 6= 0Ú λ´?¿¢ê. K (x+ λy|x+ λy) ≥ 0. |^V�

55Úé¡5�

(x + λy|x + λy) = (y|y)λ2 + 2(x|y)λ + (x|x) ≥ 0.

u´, ∆ := 4(x|y)2 − 4(y|y)(x|y) ≤ 0. dd�Ñ

(x|y)2 ≤ (y|y)(x|y) =⇒ |(x|y)| ≤ ‖x‖‖y‖.

14



5¿� |(x|y)| = ‖x‖‖y‖��=�∆ = 0��=��

3 λ ∈ R¦�
(x + λy|x + λy) = 0.

ù(Ø�du x + λy = 0 (SÈ�½5). 3 y 6= 0�^�

e, þã(Ø�du xÚ y�5�'. �

~ 1.11 3IOîª�m¥, Cauchy-BunyakovskiØ�ª

´é?¿ x1, . . . , xn, y1, . . . , yn∈R

|x1y1 + · · · + xnyn| ≤
√
x21 + · · · + x2n

√
y21 + · · · + y2n.

3~ 1.3½Â�Ý
îª�m¥, Cauchy-BunyakovskiØ

�ª´é?¿ A,B ∈ Mn(R),

|tr(AtB)| ≤
√

tr(AtA)
√

tr(BtB).

3~ 1.4½Â�õ�ªîª�m¥, Cauchy-Bunyakovski

Ø�ª´é?¿ f, g ∈ R[x](n),

|
∫ b

a

f (x)g(x)dx| ≤

√∫ b

a

f (x)2dx

√∫ b

a

g(x)2dx.

� x,y ∈ V , ��3 α ∈ R¦� x = αy½ y = αx.

K¡ x,y²1. XJ α ≥ 0,K¡ x,yÓ�.XJ α ≤ 0,K

¡ x,y��. k��¡ 0´���.

íØ 1.12 � x,y ∈ V . K ‖x + y‖ ≤ ‖x‖ + ‖y‖. �ª¤
á��=� xÚ yÓ�.
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y². ·�O�

‖x + y‖2 = (x + y|x + y) (�Ý�½Â)

= (x,x) + 2(x,y) + (y,y) (V�5Úé¡5)

= ‖x‖2 + 2(x|y) + ‖y‖2 (�Ý�½Â)

≤ ‖x‖2 + 2‖x‖‖y‖ + ‖y‖2 (Cauchy-Bunyakovski)

= (‖x‖ + ‖y‖)2.

u´, ‖x + y‖ ≤ ‖x‖ + ‖y‖.
e¡�y�ª¤á�¿�^�. Ø�� y 6= 0. dþ

¡O����ª¤á��=� (x|y) = ‖x‖‖y‖. �â½n
1.10, d��3 α ∈ R¦� x = αy. u´, (x|y) = ‖x‖‖y‖
�du (αy|y) = ‖αy‖‖y‖, = α‖y‖2 = |α|‖y‖2. �ó�,

α = |α|. = x,yÓ�. �

� x ∈ V \ {0}. XJ ‖x‖ = 1,K¡ x´ü �þ. �

v ∈ V \ {0}. K v/‖v‖´� vÓ��ü �þ, ¡� v�

ü z�þ.

½Â 1.13 � x,y ∈ V \ {0}. ¡

arccos

(
(x|y)

‖x‖‖y‖

)
´ x,y�Y�.

�â Cauchy-BunyakovskiØ�ª, Y�´û½Â�. §�

Ï~����´ [0, π].
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½Â 1.14 � x,y ∈ V. XJ (x|y) = 0, K¡ xÚ y��,

P� x⊥y.

"�þ�?Û�þÑ��.

Ún 1.15 � x,x1, . . . ,xk ∈ V , Ù¥ x1, . . . ,xk �".

(i) x⊥x ⇐⇒ x = 0.

(ii) XJ x1, . . . ,xk üü��, K§��5Ã'.

y². (i) 5¿�

(x|x) = 0 ⇐⇒ ‖x‖ = 0 ⇐⇒ x = 0.

(ii) Ï�é?¿ i, j ∈ {1, 2, . . . , k}÷v i 6= j, ·�k

(xi,xj) = 0,¤±G(x1, . . . ,xk) = diag((x1|x1), . . . , (xk|xk)).
Ï�é?¿ i ∈ {1, 2, . . . , k}, (xi|xi) 6= 0, ¤±

rank(G(x1, . . . ,xk)) = k.

�â·K 1.6, x1, . . . ,xk�5Ã'. �

~ 1.16 (��½n) � x,y ∈ V . y² x⊥y��=�

‖x + y‖2 = ‖x‖2 + ‖y‖2.

y². Ï� ‖x + y‖2 = ‖x‖2 + 2(x|y) + ‖y‖2, ¤±

‖x + y‖2 = ‖x‖2 + ‖y‖2

��=� (x|y) = 0, = x⊥y. �
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