
1�Ù �5�f

·K 7.10 � A ∈ Mn(F ),

χA(t) = tn + an−1t
n−1 + · · · + a1t + a0, ai ∈ F.

K an−1 = −tr(A)Ú a0 = (−1)n det(A). AO/, A�_�

�=� 0Ø´ A�A��.

y². � A = (ai,j)n×ndA�õ�ª�½Â��

χA(t) = det


t− a1,1 −a1,2 · · · −a1,n
−a2,1 t− a2,2 · · · −a2,n
... ... . . . ...

−an,1 −an,2 · · · t− an,n

 .

d1�ª�½Â��

χA(t) = (t− a1,1)(t− a2,2) · · · (t− an,n) + p(t),

Ù¥ p ∈ F [t]� deg(p)<n − 1. � deg(χA)=n� lc(χA)=1.

?,

an−1 − a1,1 − · · · − an,n = −tr(A).

,��¡,

a0 = χA(0) = det


−a1,1 −a1,2 · · · −a1,n
−a2,1 −a2,2 · · · −a2,n
... ... . . . ...

−an,1 −an,2 · · · −an,n

 = (−1)n det(A).
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5¿� χA(0) = 0��=� det(A) = 0. � 0´ A�

A����=� A�_. �

5) 7.11 ¯¢þ, ·��yþã·K¥� ai ´ A�¤

k n− i�Ìfª�Ú¦± (−1)n−i. ��2019-2020 cS

GÆÏ1�Ù1�gSK�N¹.

5) 7.12 þã·K`²: XJ A ∈ L(V )� dim(V ) = n,

K χA(t)´ ng�Ä�õ�ª.

·K 7.13 � V ´Eê� Cþ��5�mÚ A ∈ L(V ).

K A�½kA��þ.

y². Ï� χA ∈ C[t] \C,¤± χA3 C¥��k��� λ

(�êÆÄ�½n). = AkA��. u´, AkA��þ.

�

~ 7.14 � A ∈ Mn(C). y²: A�qu��þn�Ý
.

y². é n8B. � n = 1�, (Øw,¤á. � n > 1�

n− 1�(Ø¤á.

�Ä A ∈ Mn(C). r Aw¤ Cnþ3IOÄ e1, . . . , en

eÝ
�u A��5�f. kþ~��, Ak�� 1� A
f�m 〈u〉. �â1�Ù1�ù·K 5.3,

A ∼s

 λ ∗
O(n−1)×1 B

 ,
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Ù¥ λ ∈ C, B ∈ Mn−1(C). �â8Bb�. �3 P ∈
GLn−1(C)¦� P−1BP ´þn��. -

Q =

 1 O1×n−1

O(n−1)×1 P

 .

K P �_�

Q−1

 λ ∗
O(n−1)×1 B

Q

=

 1 O1×(n−1)

O(n−1)×1 P−1

 λ ∗
O(n−1)×1 B

 1 O1×(n−1)

O(n−1)×1 P


=

 λ ∗
O(n−1)×1 P−1BP


︸ ︷︷ ︸

T

.

Ï� P−1BP ®²´þn�Ý
, ¤± T �´´þn�Ý


. w,, A ∼s T. �

5) 7.15 þã~f`²: �f A ∈ L(V )3 V �,|Ä

e�Ý
´þn��.
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~ 7.16 � A ∈ Mn(F )´Xe©¬þn�/

A1 ∗ ∗ · · · ∗
O A2 ∗ · · · ∗
O O A3 · · · ∗
... ... ... . . . ∗
O O O · · · Ak


.

y²: χA = χA1 · · ·χAk.
y².

χA(t) = det(tE − A)

=



tEn1 − A1 ∗ ∗ · · · ∗
O tEn2 − A2 ∗ · · · ∗
O O tEn3 − A3 · · · ∗
... ... ... . . . ∗
O O O · · · tEnk − Ak


,

Ù¥ Ai´ ni��
, i = 1, 2, . . . , k. u´,

χA(t) =

k∏
i=1

det(tEni − Ai) =

k∏
i=1

χAi(t). �

~ 7.17 � V ´ Cþ� n��5�m, A ∈ L(V ). y²:

Ak n−1�� A-f�m.

y². 5¿� A�éó�f A∗ ∈ L(V ∗)� A∗��ê�
´ n. kþã·K A∗ kA��þ f . 2� λ´ f éA�

A��.
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� U = ker(f ). K dim(U) = n− 1. � u ∈ U . ·�k

f (A(u)) = (f◦A)(u) = (A∗(f ))(u) = (λf )(u) = λ(f (u)) = 0.

� A(u) ∈ U. u´, U ´ A-f�m. �

8 é�z

½Â 8.1 � A ∈ L(V ). XJ A3 V �,|Äe�Ý


´é�Ý
, K¡ A´�é�z�. XJ A ∈ Mn(F )�

qu��é�Ý
, K¡ A´�é�z�.

½n 8.2 (�é�z�O{I)�n = dim(V )ÚA ∈ L(V ).

K A�é�z��=� Ak n��5Ã'�A��þ.

y². � v1, . . . ,vn´ A� n��5Ã'�A��þ. �

A(vi) = λivi, i = 1, 2, . . . , n. 5¿� λ1, . . . , λn ∈ F Ø�
½üüØÓ. d�, v1, . . . ,vn´ V ��|Ä, �

(A(v1),A(v2), . . . ,A(vn)) = (λ1v1, λ2v2, . . . , λnvn)

= (v1, . . . ,vn)


λ1 0 · · · 0

0 λ2 · · · 0
... ... . . . 0

0 0 · · · λn

 .
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��, � A3Ä. ε1, . . . , εn e�Ý
´ diag(λ1, . . . , λn).

KA(εi) = λiεi. u´, εi´A�A��þ� ε1, . . . , εn�5

Ã'. �

íØ 8.3 � A ∈ Mn(F ). K A�é�z��=� Ak n

��5Ã'�A��þ. � Ak n��5Ã'�A��

þ v1, . . . ,vn. - P=(v1, . . . ,vn). K P−1AP ´é�Ý
.

y². r Aw¤ L(F n)þ��5�f÷v x 7→ Ax. Kd

þã½n��Ý
 A�qué�
��=� Ak n��

5Ã'�A��þ. d�, P ´lIOÄ�Ä. v1, . . . ,vn

�=�Ý
. u´, P−1AP ´é�
. �

5) 8.4 �5�f A ∈ L(V )�é�z��=� A3 V

?Û�|Äe�Ý
�é�z.

~ 8.5 (�dA|71�ò1 72�) �

A =

0 1

1 1

 ∈ M2(R).

�ä A ´ÄUé�z. XJ�±, ¦ P ∈ M2(R) ¦�
P−1MnP ´é�Ý
.

). O�

χA(t) = det

 t −1
−1 t− 1

 = t2 − t− 1.
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)�§�

λ1 =
1 +
√
5

2
, λ2 =

1−
√
5

2
.

e¡O�A��þ. A�� λ1éA�A��þ´�§|λ1 −1
−1 λ1 − 1

x1
x2

 =

0

0


��"). Ï� dim(V λ1) = 1, ¤±� (1, λ1)

t =�. aq

� λ2éA�A��þ (1, λ2)
t. Ï� λ1 6= λ2, ¤±ùü�

A��þ�5Ã'. K

P =

 1 1

λ1 λ2

 .

u´

P−1AP =

λ1 0

0 λ2

 .

~ 8.6 X~ ??¤«, R[x]n ¥'u�ê�f D �A��
þ´ f ∈ R \ {0}. Ø�3ü��5Ã'�A��þ. u

´, � n > 1´ DØUé�z.

Ún 8.7 � A ∈ L(V ), λ1, . . . , λk ∈ specF (A)üüØÓ.

K

V λ1 + · · · + V λk

´�Ú.
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y². é k8B. � k = 1�(Øw,¤á. � k > 1��

k − 1�(Ø¤á.

� vi ∈ V λi, i = 1, 2, . . . , k, ÷v

0 = v1 + · · · + vk.

K

0 = A(v1 + · · · + vk−1 + vk)

= A(v1) + · · · +A(vk−1) +A(vk)

= λ1v1 + · · · + λk−1vk−1 + λkvk.

1�ªÏ¦ λk�1�ª�~�

0 = (λk − λ1)v1 + · · · + (λk − λk−1)vk−1.

d8Bb���,

(λk − λ1)v1 = · · · = (λk − λk−1)vk−1 = 0.

Ï� (λk−λ1), . . . , (λk−λk−1)Ñ�",¤±v1= · · ·=vk−1=0.
? vk = 0. d1�Ù1�ù½n 1.11 (ii), V λ1+ · · ·+V λk

´�Ú. �

íØ 8.8 � A∈L(V ), n=dim(V ). XJ χA 3 F ¥k n

�ØÓ��, K A�é�z. � A ∈ Mn(F ). XJ χA 3

F ¥k n�ØÓ��, K A�é�z.
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y². � λ1, . . . , λn´ A�pØ�Ó�A��. ?� vi ∈
V λi, i = 1, 2, . . . , n. Ï� V λ1 + · · ·+ V λn´�Ú(Ún 8.7),

¤± v1, . . . ,vn�5Ã'(1�Ù1�ù½n 1.11 (ii)). u

´, A��þ v1, . . . ,vn´ V ��|Ä. d½n 8.2, A�
é�z.

éuÝ
�/, r Aw¤ L(F n)þ��5�f÷v

x 7→ Ax=�. �

~ 8.9 �

A =


1 0 1

0 1 0

−1 0 1

 ∈ M3(C).

�ä A´Ä�±é�z.

). O�� χA(t) = (t− 1)(t2 − 2t + 2). Ù�ê´

(t2 − 2t + 2) + 2(t− 1)2.

§�´p��. ¤± χA(t)3 C¥kn�pØ�Ó��.

dþãíØ, A�±é�z. �

½n 8.10 (�é�z�O{II) � A ∈ L(V )�

specF (A) = {λ1, · · · , λk}.

K A�é�z��=� V = V λ1 + · · · + V λk.
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y². � A�é�z. K�3A��þ v1, . . . ,vn�¤ V

��|Ä(½n 8.2). Ï� v1, . . . ,vn ∈ V λ1 + · · · + V λk , ¤

± V = 〈v1, . . . ,vn〉 ⊂ V λ1 + · · · + V λk. u´,

V = V λ1 + · · · + V λk.

��, ·�k V = V λ1 ⊕ · · · ⊕ V λk (Ún 8.7). �

ei,1, . . . ei,di´ V λi��|Ä, i = 1, 2, . . . , k. Ä.¥���

Ñ´A��þ. d�Ú©)��,

e1,1, . . . , e1,d1, . . . , ek,1, . . . , ek,dk

´ V ��|Ä. d½n 8.2, A�é�z. �

~ 8.11 � A ∈ L(V )�é�z, V ��|Ä.´

e1,1, . . . , e1,d1, . . . , ek,1, . . . , ek,dk.

Xþãy²¥�Ñ. K A3TÄ.e�Ý
´
λ1Ed1 O · · · O

O λ2Ed2 · · · O
... ... . . . ...

O O · · · λkEdk

 .

íØ 8.12 � A ∈ Mn(F )� specF (A) = {λ1, · · · , λk}. K
A�é�z��=� F n = V λ1 + · · · + V λk.
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y². rAw¤ F nþ3IOÄeÝ
�A��5�f=

�. �

½n 8.13 (�é�z�O{III) � A ∈ L(V )�

specF (A) = {λ1, · · · , λk}.

K A�é�z��=�

dim(V λ1) + · · · + dim(V λk) = dim(V ).

y². dÚn 8.7��,

dim(V λ1 + · · · + V λk) = dim(V λ1) + · · · + dim(V λk).

u´

dim(V λ1 + · · · + V λk) = dim(V ) =⇒ V λ1 + · · · + V λk = V.

d½n 8.10, A�é�z��=�

dim(V λ1) + · · · + dim(V λk) = dim(V ). �

íØ 8.14 � A ∈ Mn(F )� specF (A) = {λ1, · · · , λk}. K
A�é�z��=�

dim(V λ1) + · · · + dim(V λk) = n.

y². rAw¤ F nþ3IOÄeÝ
�A��5�f=

�. �
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~ 8.15 � A ∈ Mn(F )´�"��"Ý
. y² AØ�

é�z.

y². � k ∈ Z+¦� Ak = O. b� λ ∈ (F \ {0})´ A�

A���ÙéA�A��þ´ y. K

Ak(y) = Ak−1A(y) = Ak−1(λy) = λAk−1(y) = · · · = λky.

Ï�Ak=O,¤± λky=0. gñ. dd�Ñ, specF (A)={0}.
b� A �é�z. K dim(V 0) = n (½n 8.13). u´,

rank(A) = 0, = A = O. gñ. �

½Â 8.16 �A ∈ L(V ), λ ∈ specF (A). A�� λ3 χA(t)

¥�ê¡� λ��êê. A�f�m V λ��ê¡�

λ�AÛê. aq/, ·��±½ÂÝ
A����ê

ÚAÛê.

Ún 8.17 � A ∈ L(V ), λ ∈ specF (A). K λ��êê

Ø$u§�AÛê. éÝ
�kaq�(Ø.

y². � d´ λ�AÛê. K V λ´ A� d-�ØCf�

m(1�Ù1nù1��1�ã�y
A�f�m´AØ
C�). u´, 3 V �,|ÄeA�Ý
´B ∗

O C

 ,

12



Ù¥ B´AV λ3 V λ,|Äe�Ý
(1�Ù1�ù·K

5.3). Ï�AV λ = λEd, ¤± B = λEd. u´,

χA(t) = χB(t)χC(t) = (t− λ)dχC(t)

(�1�Ù1nù~ 8.15). ·�k (t− λ)d|χA(t). λ��

êê´����êm¦� (t− λ)m|χA(t). � d ≤ m. �

½n 8.18 (�é�z�O{IV) � A ∈ L(V ). K A�é
�z��=�±eü�^�¤á

(i) χA(t)3 F [t]¥�±©)��gÏf�È, = χA(t)

�¤k�Ñ3 F ¥;

(ii) ∀ λ ∈ specF (A), λ�AÛê�u§��êê.

y². � specF (A) = {λ1, · · · , λk}.
�A�é�z. d~ 8.11, A3,|Äe�Ý
´

λ1Ed1 O · · · O

O λ2Ed2 · · · O
... ... . . . ...

O O · · · λkEdk

 ,

Ù¥ di´ λi�AÛê, i = 1, 2, . . . , k. u´,

χA(t) = (t− λ1)d1(t− λ2)d2 · · · (t− λk)dk.

^� (i)Ú (ii)Ñ¤á.
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��, �^� (i)Ú (ii)¤á. K

χA(t) = (t− λ1)d1(t− λ2)d2 · · · (t− λk)dk,

Ù¥ di´ λi�AÛê, i = 1, 2, . . . , k. u´,

d1 + · · · + dk = deg(χA) = dim(V ).

�â½n 8.13, A�é�z. �

íØ 8.19 � A ∈ Mn(F ). K A�é�z��=�±eü

�^�¤á

(i) χA(t)3 F [t]¥�±©)��gÏf�È, = χA(t)

�¤k�Ñ3 F ¥;

(ii) é?¿ λ∈specF (A), λ�AÛê�uÙ�êê.

y². r Aw¤ F nþ3IOÄeÝ
� A��f. � �

����é�z�O{��þ�A��þÚA��Ã'.

Ún 8.20 �A ∈ L(V )Ú f ∈ F [t]"zA. � f = pq, Ù

¥ p, q ∈ F [t]÷v gcd(p, q) = 1. Ké?¿x∈ ker(p(A))\{0},
q(A)(x) 6= 0.

y². �âØØ©)½n, V = ker(p(A)) ⊕ ker(q(A)). u
´, ker(p(A)) ∩ ker(q(A)) = {0}. � x /∈ ker(q(A)). �.
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½n 8.21 (*Ð�ØØ©)) � A∈L(V ), f (t)∈F [t]\{0}
� f (A) = O. � f=q1q2 · · · qs, Ù¥ q1, . . . , qs∈F [t]üüp
�. é i∈{1, 2, . . . , s}, - Ki = ker(qi(A))Ú Ai = AKi. K

V = K1 ⊕ · · · ⊕Ks.

y². Äk, ·�5y²äó: K1 + · · · +Ks´�Ú. �

x1 + · · · + xs = 0,

Ù¥ x1 ∈ K1, . . . ,xs ∈ Ks. � pi = q1 · · · qi−1qi+1 · · · qs,
i = 1, 2, . . . , s. r pi(A)�^uþªüý�

pi(A)(x1) + · · · + ps(A)(xs) = 0.

d piÚ xj �½Â��, � i 6= j�, ·�k pi(A)(xj) = 0.

�þª�z{�

pi(A)(xi) = 0.

Ï� gcd(qi, pi) = 1, ¤± xi = 0 (Ún 8.20). �â1�Ù

1�ù½n 1.11 (ii), äó¤á.

é s8B. � s = 1�, V = K1. �(Ø´²��.

� s > 1� s − 1�½n¤á. - q = q2 · · · qs. K
gcd(q1, q) = 1. �âØØ©)½n,

V = K1 ⊕ ker(q(A)). (1)

�B´A3 ker(q(A))þ���N�. Ï� ker(q(A))´A-
f�m(1�Ù1ngùÂ·K 5.8), ¤± B´ ker(q(A))
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þ��5�f. Ï� q(A)3 ker(q(A))þ´r¤k�þ
ÑN¤"�þ, ¤± q(B)´ ker(q(A))þ�"�f. é B,
ker(q(A)), Ú q = q2 · · · qs^8Bb��

ker(q(A)) = ker(q2(B))⊕ · · · ⊕ ker(qs(B)).

2�â (1)�

V = K1 ⊕ ker(q2(B))⊕ · · · ⊕ ker(qs(B)). (2)

Ï� B´A����f, ¤± ker(qi(B))⊂Ki, i = 2, . . . , s.

�

ker(q2(B))⊕ · · · ⊕ ker(qs(B)) ⊂ K2 + · · · +Ks.

däóÚ (2), V = K1 ⊕K2 ⊕ · · · ⊕Ks. �

½n 8.22 (�é�z�O{V) � A ∈ L(V ). K A�é
�z��=� µA(t)3 F [t]¥�±©)�üüp��g

Ïf�È.

y². �A3 V �,|Äe�Ý
´ A=diag(λ1, . . . , λn).

K

µA(t) = µA(t) = lcm(t− λ1, . . . , t− λn) =
∏

α∈{λ1,...,λn}

(t− α).

(�1�Ù1nùÚn 5.7). u´, µA(t)3 F [t]¥�±©

)�üüp��gÏf�È.
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��,� µA(t)=(t− β1) · · · (t− βk),Ù¥ β1, . . . , βk∈F
üüØÓ. K t− βi, t− βjp�, i 6= j. d½n ??

V = U1 ⊕ · · · ⊕ Uk,

Ù¥ Ui = ker(A − βiE), i = 1, . . . , k. �â1�Ù1n

ùÚn 5.4, Ui´ A- ØC�. d Ui�½Â��§é?¿

x ∈ Ui, A(x) = βix, =���f AUi ´�ê¦�f βiEdi,
Ù¥ di = dim(Ui). d1�Ù1nù½n 5.9, A 3 V �,

|Äe�Ý
´
β1Ed1 O · · · O

O β2Ed2 · · · O
... ... . . . ...

O O · · · βkEdk

 . �

íØ 8.23 (�é�z�O{V) � A ∈ Mn(F ). K A�é

�z��=� µA(t)3 F [t]¥�±©)�üüp��gÏ

f�È.

^þã½níØ�Ä~ 8.15. Ï� A´�"��"Ý


, ¤± µA = tk� k > 1. u´, AØUé�z.

~ 8.24 � F �A�Ø�u 2. y²: V þ�éÜ�f A,
=÷v A2 = E, ´�é�z.

y². � f (t) = t2 − 1. K f (A) = O. d1�Ù1�ùÚ
n 4.2, µA(t)|f (t). u´, µA(t) = t − 1½ µA(t) = t + 1½
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µA(t) = (t− 1)(t + 1). §�Ø��ÏfÑ´�g��üü

p�. u´, A�é�z. �

5) 8.25 � F �A��u 2. KéÜ�f�é�z��

=� A = E. ù´Ï� A 6= E ��=� µA = (t− 1)2.

5) 8.26 ��f½Ý
´ÏLõ�ª'X�Ñ�, 1Ê

��O{'�N´A^.

9 Ì�f�m

½Â 9.1 � A ∈ L(V ) Ú v ∈ V . � f (t) ∈ F [t]. XJ

f (A)(v) = 0, K¡ f ´'u AÚ v�"zõ�ª. 'u

AÚ v�"zõ�ª¥gê����"õ�ª¡�'u

AÚ v�4�õ�ª. ·�^ µA,v PÄ��'u AÚ v

�4�õ�ª.

Ï� µA(A) = O, ¤±é?¿ v ∈ V , µA(A)(v) = 0. �é

u?Û v ∈ V , 'u A"z v��"õ�ª�3. u´,

'uAÚ v�4�õ�ª�õ�ª�3.

� f (A)(v) = 0. dõ�ª�{Ø{��

f (t) = q(t)µA,v(t) + r(t),

Ù¥ q, r ∈ F [t], deg(r) < deg(µA,v). �\A�

f (A) = q(A)µA,v(A) + r(A).
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üýÓ��^3 vþ��

0 = q(A)µA,v(A)(v) + r(A)(v) = 0 + r(A)(v).

u´, r(A)(v) = 0. Ï� deg(r) < deg(µA,v), ¤± r(t) = 0.

dd�Ñ µA,v|f . AO/, µA,v|µA. u´·�k

Ún 9.2 � A ∈ L(V )Ú v ∈ V . � f (t) ∈ F [t]. K f (t)

'u A"z v ��=� µA,v(t)|f (t).

½Â 9.3 � A ∈ L(V )Ú v ∈ V . d

v,A(v),A2(v), . . .

)¤�f�m¡�d A Ú v )¤�Ì�f�m. P�

F [A] · v

·K 9.4 � A ∈ L(V )Ú v ∈ V .

(i) F [A] · v = {p(A)(v)|p(t) ∈ F [t]};

(ii) F [A] · v´ A-ØC�;

(iii) � d=deg(µA,v). K v,A(v), . . . ,Ad−1(v)´ F [A] · v
��|Ä. AO/, d=dim(F [A] · v).

y². (i) �

p = pkt
k + pk−1t

k−1 + · · · + p0,
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Ù¥ pk, pk−1, . . . , p0 ∈ F . K

p(A)(v) = (pkAk + pk−1Ak−1 + · · · + p0E)(v)

= pkAk(v) + pk−1Ak−1(v) + · · · + p0v ∈ F [A] · v.

��,�w ∈ F [A] · v. K�3 ` ∈ N, α0, α1, . . . , α` ∈ F ¦
�w =

∑`
i=0 αiAi(v). - q(t) =

∑`
i=0 αit

i. K

w = q(A)(v) ∈ {p(A)(v)|p(t) ∈ F [t]}.

(ii) � w ∈ F [A] · v. �â (i), �3 p ∈ F [t] ¦�

w = p(A)(v). u´,

A(w) = Ap(A)(v).

- q = tp. KA(w) = q(A)(v) ∈ F [A] · v.
(iii) � w ∈ F [A] · v. �â (i), �3 p ∈ F [t] ¦�

w = p(A)(v). dõ�ª�{Ø{, �3 q, r ∈ F [t]÷v

deg(r) < dÚ

p(t) = q(t)µA,v(t) + r(t) =⇒ p(A) = q(A)µA,v(A) + r(A).

�^� vþ�

w = p(A)(v) = q(A)µA,v(A)(v) + r(A)(v) = r(A)(v).

Ï� deg(r) < d,¤±w´ v,A(v), . . . ,Ad−1(v)3 F þ�

�5|Ü. u´,

F [A] · v = 〈v,A(v), . . . ,Ad−1(v)〉.
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2� α0, α1, . . . , αd−1 ∈ F ¦�
∑d−1

i=0 αiAi(v) = 0. - f =

αd−1t
d−1 + · · · + α1t + α0. K f (A)(v) = 0. Ï� deg f < d,

¤± f (t) = 0, = αd−1 = · · · = α1 = α0 = 0. u´,

v,A(v), . . . ,Ad−1(v)�5Ã'. �
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