
1�Ù �m�/ª

íØ 3.4 |^þg½n 3.3 �b�ÚÎÒ, 2� φ ´÷

�. K V/ ker(φ)ÚW �5Ó�.

y². dþã½n����. �

íØ 3.5 � V1, V2´ V �f�m. K V2/(V1∩V2)Ú (V1 +

V2)/V1�5Ó�.

y². � φ : V2 −→ V1 + V2 ´i\, π : V1 + V2 −→
(V1+V2)/V1´g,Ý�. Kψ = π◦φ´lV2� (V1+V2)/V1

��5N�. 5¿�?¿ (V1 + V2)/V1¥���Ñ�±L

«� (v1 + v2) + V1, Ù¥ v1 ∈ V1,v2 ∈ V2, �

(v1+v2)+V1 = (v1+V1)+(v2+V2) = (0+V1)+(v2+V1) = v2+V1.

u´,?Û (V1 +V2)/V1¥���Ñ�±L«� v2 +V1. ·

�í�:

ψ(v2) = π ◦ φ(v2) = π(v2) = v2 + V1.

u´ ψ ´÷�. e v2 ∈ V1 ∩ V2, K v2 + V1 = V1. dd

��, V1 ∩ V2 ⊂ ker(ψ). ��, � v2 ∈ ker(ψ). K ψ(v2) =

v2 + V1 = V1. u´, v2 ∈ V1 ∩ V2. l ker(ψ) = V1 ∩ V2. d

íØ 3.4, ùü�û�m�5Ó�. �
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þãy²�±^e���ã{'/L«.

V2 V1 + V2

V2/ ker(ψ) (V1 + V2)/V1

πker(ψ)

φ

ψ
π

ψ̄

� ker(ψ) = V1 ∩ V2.

íØ 3.6 � V1, V2 ´ V �f�m, � V1 + V2 ´�Ú. K

(V1 + V2)/V1Ú V2�5Ó�.

y². díØ 3.5, (V1 + V2)/V1 � V2/{0}�5Ó�. �

φ : V2 −→ V2´ðÓN�. díØ 3.4, V2� V2/{0} �5
Ó�. dd��, (V1 + V2)/V1� V2�5Ó�. �

4 Ä.��ê

3�!¥ V ´� F þ��5�m.

4.1 4��5Ã'8

½Â 4.1 � S ⊂ V ´��8. XJ S ¥?¿k�õ��

�Ñ�5Ã', K¡ S ´�5Ã'8. �M ⊂ S ´�5

Ã'8. XJé?¿ v ∈ S, v ∈ 〈M〉, = S ⊂ 〈M〉, K¡
M ´ S ¥���4��5Ã'8.

~ 4.2 � S = {x, x3, 2x3 + x} ⊂ Q[x]. ¦ S ¥¤k�4

��5Ã'|.
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). 5¿�gêüüØÓ�õ�ª|¤�8Ü´�

5Ã'�. f8 S1 = {x, x3} ´�5Ã'|. ù´Ï

� 2x3 + x = 2x3 + x. f8 S2 = {x, 2x3 + x} ´4�
�5Ã'|. ù´Ï� x3 = (1/2)(2x3 + x) − (1/2)x.

 S3 = {2x3 + x, x3} �´4��5Ã'|. ù´Ï�

α(2x3 + x) + βx3 = 0, α, β ∈ Q%¹X α = 0,l β = 0.

� S3´�5Ã'8. 25¿� x = (2x3 + x)− 2x3=�.

�5�m¥�?Û¹k�"�þ�f8Ñk4��

5Ã'8. �y²ù�(ØI� ZornÚn(��8B{).

8�·�Ì�'%k�)¤��5�m.

·K 4.3 � S ⊂ V ´��8. � T ⊂ S ´�5Ã'8.

2� V = 〈v1, . . . ,vk〉. Keãäó¤á.

(i) (�*¿) S ¥k4��5Ã'8 M �¹ T , �

card(M) ≤ k.

(ii) (�³)�M Ú N ´ S ¥ü�4��5Ã'8. K

card(M) = card(N).

(iii) (L«��) � M = {w1, . . . ,ws} ⊂ S. K M ´ S

¥�4��5Ã'8��=�é?¿� v ∈ S, �3
��� α1, . . . , αs ∈ F ¦� v = α1w1 + · · · + αsws.

y². (i)Ú (ii)�þÆÏ1�Ù1�ù·K 2.3. (iii)´þ

ÆÏ1�Ù1�ù·K 1.11 (iv)���íØ. �
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4.2 Ä.Ú�ê

½Â 4.4 �5�m V �4��5Ã'|¡� V �|Ä.

XJ V �4��5Ã'| B k�, K V ��ê½Â

� card(B). ÄK V ��ê½Â�∞. XJ V = {0},Ù�
ê½Â� 0. �5�m V ��êP� dimF (V )½ dim(V ).

�â·K 4.3, �5�m��ê´û½Â�.

½Â 4.5 � v1, . . . ,vn ´ V ��|Ä. é?¿� x ∈ V ,

�3��� x1, . . . , xn ∈ F ¦�

x = x1v1 + · · · + xnvn = (v1, . . . ,vn)


x1

...

xn

 .

¡ (x1, . . . , xn)t´ x3Ä. v1, . . . ,vn��I.

�I��3��5d·K 4.3 (iii)��.

~ 4.6 (�I�m) F n�IOÄ

e1 =



1

0

0
...

0

0


, e2 =



0

1

0
...

0

0


, · · · , en =



0

0

0
...

0

1


.
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u´ dim(F n) = n.

~ 4.7 (Ý
�m) � Ei,j ∈ Fm×n, Ù¥3 i 1 j �?

���´ 1, Ù§?���´ 0, i = 1, 2, . . . ,m, j =

1, 2 . . . , n. K {Ei,j | i ∈ {1, 2, . . . ,m}, j ∈ {1, 2 . . . , n}} ´
Fm×n ��|Ä. u´ dimFm×n = mn. e¡·�y²

SMn(F )��|Ä´

S = {Ei,i | i = 1, 2, . . . , n}∪{Ei,j+Ej,i | i, j ∈ {1, 2, . . . , n}, i 6= j}.

y². ����y S ⊂ SMn(F ). � A = (ai,j) ∈ SMn(F ).

K ai,j = aj,i. u´

A =

n∑
i=1

ai,iEi,i +
∑

1≤i<j≤n
ai,j(Ei,j + Ej,i).

XJ
n∑
i=1

bi,iEi,i +
∑

1≤i<j≤n
bi,j(Ei,j + Ej,i) = O,

Ù¥ bi,i, bi,j ∈ F . ����y¤k� bi,i = 0, bi,j = 0. u

´ S ´ SMn(F )��|Ä. �

l dim(SMn(F )) = 1 + 2 + · · · + n = n(n + 1)/2.

~ 4.8 (�ê�m) F [x]��|Ä´ {1, x, x2, . . . , xn, . . .}.
u´ dimF [x] =∞. f�mF [x](d)��|Ä´{1, x, . . . , xd−1},
Ù�ê´ d. d	, dimRC = 2. ù´Ï�

C = {a + b
√
−1 | a, b ∈ R}.
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� dimQC = dimQR =∞ (y²I�Ù§êÆ�£).

~ 4.9 Ï�� α1, . . . , αk ∈ RüüØÓ�, eα1x, . . . , eαkx

3Rþ�5Ã',¤±d k�?¿5��, dim Map(R,R)=∞.

½n 4.10 (Ä*¿½n) � V ´k���5�m. XJ

S ⊂ V ´�5Ã'8, K�3 V �Ä. T ¦� S ⊂ T .

y². Ï� V ´k���, ¤±§´k�)¤�. dÄ.

�½ÂÚ·K 4.3��íÑ½n. �

½n 4.11 (�5N�Ä�½n II) � V ��|Ä´

v1, . . . ,vn, W ´ F þ��5�m� w1, . . . ,wn ∈ W .

K�3����5N� φ : V −→ W ¦�

φ(v1) = w1, . . . , φ(vn) = wn.

y². �þÆÏ1�Ù1nù½n 5.9�y². �

½n 4.12 � V , W ´ F þ�k���5�m. K V

Ú W �5Ó���=� dim(V ) = dim(W ). AO/, �

dimF (V ) = n�, V Ú F n�5Ó�.

y². � dim(V ) = dim(W ) = n. -v1, . . . ,vnÚw1, . . . ,wn

©O´ V Ú W �Ä.. d½n 4.11 �3�5N� φ :

V −→ W Ú ψ : W −→ V ¦� φ(vi) = (wi)Ú ψ(wi) = vi,

i = 1, 2, . . . , n. u´, ψ ◦ φ(vi) = vi, i = 1, 2, . . . , n. d½n
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4.11���5�� ψ ◦ φ´ V þ�ðÓN�. Ón, φ ◦ ψ
´W þ�ðÓN�. u´, φ´�5Ó�.

��, � V ��|Ä´ v1, . . . ,vn, φ : V −→ W ´�

5Ó�. e α1, . . . , αn ∈ F ¦�

α1φ(v1)+· · ·+αnφ(vn) = 0W =⇒ φ(α1v1+· · ·+αnvn) = 0W .

Ï� φ´ü�, ¤± α1v1 + · · · + αnvn = 0V . u´,

α1 = · · · = αn = 0 =⇒ φ(v1), . . . φ(vn)�5Ã'.

d½n 4.10��, dim(W )≥ dim(V ). Ón dim(V )≥ dim(W ).

u´, dim(V ) = dim(W ). �

4.3 eZ�êúª

3��!¥, V ´k���5�m.

Ún 4.13 � U ´ V �f�m. K

dim(V/U) = dim(V )− dim(U). (1)

y². � v1, . . . ,vk ´ U ��|Ä. d½n 4.10��§�

3 vk+1, . . . ,vn ∈ V ¦� v1, . . . ,vk,vk+1, . . . ,vn ´ V �

�|Ä. e¡·�5y² vk+1 + U, . . . ,vn + U ´ V/U �

�|Ä. Äk, � αk+1, . . . , αn ∈ F ¦�

αk+1(vk+1 + U) + · · · + αn(vn + U) = U.
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K (αk+1vk+1+· · ·αnvn)+U = U . = (αk+1vk+1+· · ·αnvn)∈U .

�ó�, �3 α1, . . . , αk ∈ F ¦�

αk+1vk+1 + · · · + αnvn

= α1v1 + · · · + αkvk

=⇒ α1v1 + · · · + αkvk + (−αk+1)vk+1 + · · · + (−αn)vn = 0.

Ï� v1, . . . ,vk,vk+1, . . . ,vn�5Ã', ¤±

αk+1 = · · · = αn = 0.

u´, vk+1 + U, . . . ,vn + U �5Ã'. 2� v + U ∈ V/U ,

Ù¥ v ∈ V . K�3 β1, . . . , βn ∈ V ¦�

v = β1v1 + · · · + βkvk︸ ︷︷ ︸
x

+ βk+1vk+1 + · · · + βnvn︸ ︷︷ ︸
y

.

u´

v + U = x + y + U

= (x + U) + (y + U) (û�m¥�$�)

= U + (y + U) (x ∈ U)

= y + U (U ´ V/U ¥�")

= βk+1(vk+1 + U) + · · · + βn(vn + U). (û�m¥�$�)

dd��, vk+1 + U, . . . ,vn + U ´ V/U ��|Ä. l

dim(V/U) = n− k. �
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·K 4.14 (i) � U ´ V �f�m, K U 6= V ��=�

dim(U) < dim(V ).

(ii) � V1, V2´ V �f�m. K

dim(V1) + dim(V2) = dim(V1 + V2) + dim(V1 ∩ V2).

(iii) � φ : V −→ W ´�5N�. K

dim(ker(φ)) + dim(im(φ)) = dim(V ).

y². (i) (�{1) �þÆÏ1�Ù1�ù·K 2.13.

(�{2)

dim(U) < dim(V )
(1)⇐⇒ dim(V/U) > 0 ⇐⇒ V/U 6= {U} ⇐⇒ U  V.

(ii) (�{1) �þÆÏ1�Ù1�ù·K 2.14.

(�{2) dþ±ùÂíØ 3.7Ú½n 4.12,

dim((V1 + V2)/V1) = dim(V2/(V1 ∩ V2))

(1)
=⇒ dim(V1 + V2)− dim(V1) = dim(V2)− dim(V1 ∩ V2).

(iii) (�{1) �þÆÏ1�Ù1nù½n 5.14.

(�{2) d�5N�Ä�½nIÚ½n 4.12,

dim(V/ ker(φ)) = dim(im(φ))
(1)

=⇒ dim(V )−dim(ker(φ)) = dim(im(φ)). �
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·K 4.15 � V1, . . . , Vk ´ V �f�m. K

dim(V1 + · · · + Vk) ≤ dim(V1) + · · · + dim(Vk).

�Ò¤á��=� V1 + · · · + Vk ´�Ú.

y². ·�é k8By²Ø�ª. � k = 1�Ø�ªw,

¤á. � k > 1�Ø�ªé k − 1¤á. K

dim(V1 + V2 + · · · + Vk)

= dim(V1) + dim(V2 + · · · + Vk)

− dim(V1 ∩ (V2 + · · · + Vk)) (·K 4.14 (ii))

≤ dim(V1) + dim(V2 + · · · + Vk)

≤ dim(V1) + dim(V2) + · · · + dim(Vk). (8Bb�)

� V1 + · · · + Vk ´�Ú. é k8B. � k = 1�w,.

� k > 1� k − 1�(Ø¤á.

dim(V1 + V2 + · · · + Vk)

= dim(V1) + dim(V2 + · · · + Vk)

− dim(V1 ∩ (V2 + · · · + Vk)) (·K 4.14 (ii))

= dim(V1) + dim(V2 + · · · + Vk) (½n 1.12 (iii))

= dim(V1) + dim(V2) + · · · + dim(Vk). (8Bb�)

��, � dim(V1 + · · · + Vk) = dim(V1) + · · · + dim(Vk). ·

��y² V1 + · · ·+ Vk´�Ú.b�Ø´�Ú.d½n 1.12
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(iii), �3 i ∈ {1, . . . , k}¦�

Vi ∩ (V1 + · · · + Vi−1 + Vi+1 + · · · + Vn) 6= {0}.

Ø�� i = 1. K

dim(V1 + V2 + · · · + Vk)

= dim(V1) + dim(V2 + · · · + Vk)

− dim(V1 ∩ (V2 + · · · + Vk)) (∵·K 4.14 (ii))

< dim(V1) + dim(V2 + · · · + Vk) (∵ V1 ∩ (V2 + · · · + Vk) 6= {0})

≤ dim(V1) + dim(V2) + · · · + dim(Vk). (∵fy�Ø�ª)

gñ. �

4.4 |^�5N��Øy²Ý
��Ø�ª

Ø�{Ä�Ú½Xe:

1. rÝ
)º��I�m��5N�;

2. |^éó½n dim(ker(φA)) + rank(A) = nr�=�

�Ø��ê;

3. |^Ø�m�“�¹”'XÚ�5N�Ä�½n (I),

�E�5ü�;

4. |^�5ü��±���m��êy²Ø�ª.
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~ 4.16 � A ∈ Fm×sÚ B ∈ F s×n. y²:

rank(AB) ≥ rank(A) + rank(B)− s.

y². �

φA : F s −→ Fm

x 7→ Ax
Ú

φB : F n −→ F s

x 7→ Bx.

K

φA ◦ φB : F n −→ Fm

x 7→ ABx.

� φA ◦ φB = φAB.

� KA = ker(φA), KB = ker(φB)Ú KAB = ker(φAB).

- dA = dim(KA), dB = dim(KB)Ú dAB = dim(KAB). K

dA+rank(A) = s, dB+rank(B) = n, dAB+rank(AB) = n.

��y²�Ø�ª�du

n− dAB ≥ s− dA + n− dB − s ⇐⇒ dA + dB ≥ dAB.

5¿� KB ⊂ KAB ⊂ F n. ½Â:

ρ : KAB −→ KA

x 7→ Bx.

5¿� ABx = 0m %¹ Bx ∈ KA. �þã�5N�´û

½Â�. w, KB = ker(ρ). �â�5N�Ä�½n I, �

3�5ü� ρ̄ : KAB/KB −→ KA.
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Ï� ρ̄´ü�, ¤±

dim(KAB/KB) = dim(im(ρ̄)) ≤ dA.

�âÚn 4.13, dAB − dB ≤ dA =⇒ dAB ≤ dA + dB. �

~ 4.17 � A,B ∈ Mn(F )� AB = BA. y²:

rank(A + B) + rank(AB) ≤ rank(A) + rank(B).

y². �

φA : F n −→ F n

x 7→ Ax
Ú

φB : F n −→ F n

x 7→ Bx.

K

φA ◦ φB : F n −→ Fm

x 7→ ABx.
Ú

φA + φB : F n −→ Fm

x 7→ (A + B)x.

� φA ◦ φB = φAB � φA + φB = φA+B.

� KA = ker(φA), KB = ker(φB), KAB = ker(φAB)Ú

KA+B = ker(φA+B). - dA = dim(KA), dB = dim(KB),

dAB = dim(KAB)Ú dA+B = dim(KA+B). K

dA+rank(A)=dB+rank(B)=dAB+rank(AB)=dA+B+rank(A+B)=n.

��y²�Ø�ª�du

n−dA+B+n−dAB ≤ n−dA+n−dB ⇐⇒ dA+dB ≤ dA+B+dAB.
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dþ~�ín��: KB ⊂ KAB. Ï� AB = BA, ¤

± KAB = KBA. � KA ⊂ KAB. u´

KA + KB ⊂ KAB =⇒ dim(KA + KB) ≤ dAB.

2�â�êúª

dA+dB−dim(KA∩KB) ≤ dAB =⇒ dA+dB ≤ dAB+dim(KA∩KB).

u´, ��y² dim(KA ∩KB) ≤ dA+B. ����y

KA ∩KB ⊂ KA+B.

�����Ø�ªw,¤á. �

5 �IC�Ú�5N��Ý
L«

3�!¥ V ´� F þ� n��5�m.

5.1 �IC�

½n 5.1 � e1, . . . , en´ V ��|Ä, e′1, . . . , e
′
n ∈ V . K

e′1, . . . , e
′
n´V ��|Ä��=��3���P ∈ GLn(F )

¦�

(e′1, . . . , e
′
n) = (e1, . . . , en)P. (2)

(¡ P ´lÄ. e1, . . . , en�Ä. e′1, . . . , e
′
n�=�Ý
).
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y². � P∈GLn(F )¦� (2)¤á. e α1, . . . , αn∈F ¦�

α1e
′
1 + · · · + αne

′
n = 0.

K

(e′1, . . . , e
′
n)


α1

...

αn

 = (e1, . . . , en)P


α1

...

αn

 = 0.

Ï� e1, . . . , en�5Ã', ¤±

P


α1

...

αn

 =


0
...

0

 .

Ï� P ÷�, ¤± α1 = · · · = αn = 0. u´ e′1, . . . , e
′
n�5

Ã'. Ï� dim(V ) = n, ¤± e′1, . . . , e
′
n´ V ��|Ä.

��, � e′1, . . . , e
′
n´ V ��|Ä. Ï� e1, . . . , en´

V ��|Ä, ¤±�3 P ∈ Mn(F )¦� (2)¤á. ·�Ä

ky² P �_. ÄK, P Ø÷�, l�3 β1, . . . , βn ∈ F ,

Ø��", ¦�

P


β1

...

βn

 =


0
...

0

 .

d (2),

β1e
′
1 + · · · + βne

′
n = 0,
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= e′1, . . . , e
′
n �5�'. gñ. u´ P ∈ GLn(F ). 2�

Q ∈ GLn(F )¦�

(e′1, . . . , e
′
n) = (e1, . . . , en)Q.

K (0, . . . ,0) = (e1, . . . , en)(P −Q). d e1, . . . , en��5Ã

'5�� P −Q = O, = P = Q. ��5¤á. �

½n 5.2 � e1, . . . , en Ú e′1, . . . , e
′
n ´ V �ü|Ä, P l

1�|Ä�1�|�=�Ý
. � x ∈ V 3ùü|Äe
��I©O´ (x1, . . . , xn)tÚ (x′1, . . . , , x

′
n)t. K

x′1
...

x′n

 = P−1


x1

...

xn

 .

y². ·�O�

x = (e′1, . . . , e
′
n)


x′1
...

x′n

 = (e1, . . . , en)P


x′1
...

x′n

 .

d�I���5��
x1

...

xn

 = P


x′1
...

x′n

 =⇒


x′1
...

x′n

 = P−1


x1

...

xn

 . �
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~ 5.3 � e1, e2´ R2�IOÄ. y²

v1 =

2

1

 Ú v2 =

1

2


�´�|Ä. � x = (5, 1)t. ¦ x3 v1,v2e��I.

y². ÏLÝ
L«, ·�k

(v1,v2) = (e1, e2)

2 1

1 2


︸ ︷︷ ︸

P

.

Ï� A�_, ¤±d½n 5.1��, v1,v2´Ä. O��

P−1 =

 2
3
−1
3

−1
3

2
3

 .

2�â½n 5.2, x3 v1,v2e��I´ 2
3
−1
3

−1
3

2
3

5

1

 =

 3

−1

 .

~ 5.4 �ä p1 = x(x− 1), p2 = x(x− 2), p3 = x(x− 2) + 1

3 F [x](3)¥´Ø´�|Ä.

). Ï� p1 = x2− x, p2 = x2− 2x, p3 = x2− 2x+ 1, ¤±

(p1, p2, p3) = (1, x, x2)


0 0 1

−1 −2 −2

1 1 1


︸ ︷︷ ︸

P

.
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Ï� det(P ) = 1 6= 0, ¤± A�_. d½n 5.1, p1, p2, p3

´�|Ä.

5.2 �5N��Ý
L«

3��!¥ V ´ n��5�m, W ´m��5�m.

§�äk�Ó�Ä� F . 3� e1, . . . , en ´ V ��|Ä,

ε1, . . . , εm´W ��|Ä.

½n 5.5 � φ ∈ Hom(V,W ). K�3��� A ∈ Fm×n¦

�é?¿ x = x1e1 + · · · + xnen, φ(x)3 ε1, . . . , εme��

I´ 
y1

...

ym

 = A


x1

...

xn

 . (3)

¡ A´ φ3Ä. e1, . . . , enÚ ε1, . . . , εme�Ý
L«.

y². (�35) �

φ(ej) = a1,jε1 + · · · + am,jεm,

j = 1, 2, . . . , n. -

A = (ai,j)i=1,...,n,j=1,...,m.

K φ(ej) = (ε1, . . . , εm) ~A(j), j = 1, 2, . . . , n. u´,

(φ(e1), . . . , φ(en)) = (ε1, . . . , εm)A.
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dd��,

φ(x) = (φ(e1), . . . , φ(en))


x1

...

xn

 = (ε1, . . . , εm)A


x1

...

xn

 .

d�I���5�� (3)¤á.

(��5)2�B ∈ Fm×n¦�r (3)¥A�¤B��

ª¤á. Kéu?¿ j ∈ {1, 2, . . . , n},

φ(ej) = (ε1, . . . , εm) ~B(j).

d�I���5�� ~B(j) = ~A(j), j = 1, 2, . . . , n. u´

A = B. �

~ 5.6 � f ∈ Hom(V, F ), = f ´ V þ��5¼ê. ¦ f

3 e1, . . . , enÚ 1e�Ý
.

). � f (ej) = αj, j = 1, 2, . . . , n. K f 3þãÄ.e�Ý


´ (α1, . . . , αn). é?¿ x = x1e1 + · · · + xnen, f (x)'

u 1��IÚÙ���Ó. u´

f (x) = (α1, . . . , αn)


x1

...

xn

 = α1x1 + · · · + αnxn.

~ 5.7 �φ : R[x](n) −→ R[x](n)´ d/dx. ¦φ3 1, x, . . . , xn−1

Ú 1, x, . . . , xn−1e�Ý
.
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). 5¿�, φ(1) = 0, φ(xk) = kxk−1, k = 1, 2 . . . , n − 1.

u´,

(φ(1), φ(x), φ(x2), . . . , φ(xn−1))

= (1, x, x2, . . . , xn−1)



0 1 0 · · · 0 0

0 0 2 · · · 0 0

0 0 0 · · · 0 0
... ... ... . . . ... ...

0 0 0 · · · 0 n− 1

0 0 0 · · · 0 0


︸ ︷︷ ︸

A

.
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