
1ÊÙ Eê�Úõ�ª

2 ��¥�ÏfÚ�ª

PÒ.3�!¥,�D´��.KD∗ = D \ {0}Ú UD´D

¥¤k�_��8Ü. d1oÙ1nù·K 3.24, UD'u

D¥�¦{´��+.

2.1 �ØÚ��

½Â 2.1 � a ∈ D∗Ú b ∈ D. XJ�3 c ∈ D¦�

b = ca,

K¡ a´ b�Ïf(divisor), b´ a��ª(multiple). d

�, ·�¡ a3 D¥�Ø b, P� a|b.

~ 2.2 3 Z¥, 2|4� 2 - 5. 3 Q[x]¥, (x+ 1)|(x2− 1)�

(x+ 1) - (x2 + 1). 3 Z2[x]¥, (x+ 1̄)|(x2 + 1̄) (Freshmen’s

dream).

·K 2.3 � a, b ∈ D∗, c, f, g ∈ D. K

(i) XJ a|bÚ b|c, K a|c;

(ii) XJ a|f Ú a|g, Ké?¿ u, v ∈ D, a|(uf + vg).
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y². (i) � b = paÚ c = qb, Ù¥ p, q ∈ D∗. K c = (qp)a.

u´, a|c. (ii) �1�Ù1oùÚn 7.1�y²aq. �

½Â 2.4 � a, b ∈ D. XJ�3 u, v ∈ UD ¦� ua = vb,

K¡ aÚ b3 Dþ��, P� a ≈ b.

e¡�y ≈´�d'X. é?¿ a ∈ D, 1a=1a =⇒ a≈a.
g�5¤á. � a ≈ b. K�3 u, v ∈ U ¦� ua = vb. �

vb = ua. u´, b ≈ a. é¡5¤á. � a ≈ bÚ b ≈ c. K

�3 s, t, u, v ∈ U ¦� sa = tbÚ ub = vc. u´

usa = utb = tvc.

Ï� UD´+, ¤± us, tv ∈ UD. � a ≈ c. D45¤á.

~ 2.5 3 Z¥, UZ = {1,−1}. � a ≈ b ⇐⇒ a = ±b. �
F ´�. K UF [x] = F ∗. �3 F [x]¥,

f ≈ g ⇐⇒ ∃ α, β ∈ F ∗, αf = βg.

AO/, � f 6= 0�, f ≈ lc(f )−1f . ùp, lc(f )−1f ´Ä�

Xê�u 1�õ�ª,{¡Ä�õ�ª(monic polynomial)

 lc(f )−1f ¡� f �Ä�Ü©.

~ 2.6 � f, g ∈ F [x]∗. y²: f ≈ g��=� f Ú g�Ä

�Ü©�Ó.
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y². � f ≈ g. K�3 u, v ∈ F ∗¦� uf = vg. K

f = u−1vg =⇒ lc(f ) = u−1vlc(g)

=⇒ lc(f )−1f = (u−1v)−1lc(g)−1(u−1v)g = lc(g)−1g.

� f Ú g�Ä�Ü©�Ó.

��, ·�k lc(f )−1f = lc(g)−1g. � f ≈ g. �

·K 2.7 � a, b ∈ D∗. K a ≈ b��=� a|bÚ b|aÓ�
¤á.

y². � a ≈ b. K�3 u, v ∈ UD ¦� ua = vb. K

a = u−1vb. � b|a. Ón, a|b.
��, � b|aÚ a|b. K�3 c, d ∈ D∗¦� a = cbÚ

b = da. K a = cda. d��¥���Æ(1oÙ1�ùí

Ø 3.24)��, cd = 1. � c, d ∈ UD, = a ≈ b. �

2.2 ��úÏfÚ��ú�ª

½Â 2.8 � a, b1, . . . , bn ∈ D∗. XJ a´z� b1, . . . , bn

�Ïf, K¡ a ´ b1, . . . , bn ���úÏf. 2� g ´

b1, . . . , bn ���úÏf. XJéu b1, . . . , bn �?¿úÏ

f a, ·�k a|g. K¡ g´ b1, . . . , bn�����úÏf.

� c, d1, . . . , dn ∈ D∗. XJ c ´z� d1, . . . , dn ��

ª, K¡ c´ d1, . . . , dn���ú�ª. 2� `´ d1, . . . , dn
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���ú�ª. XJéu d1, . . . , dn�?¿úÏf c, ·�

k `|c. K¡ `´ d1, . . . , dn�����ú�ª.

·K 2.9 � b1, . . . , bn ∈ D∗.

(i) � g´ b1, . . . , bn���úÏf. K h ∈ D∗�´ b1,

. . . , bn���úÏf��=� h ≈ g.

(ii) � `´ b1, . . . , bn���ú�ª, K h ∈ D∗�´ b1,

. . . , bn���ú�ª��=� h ≈ `.

y². (i) � h�´ b1, . . . , bn���úÏf. K g|h� h|g.

K·K 2.7%¹ g ≈ h.

��, � h ≈ g. K·K 2.7%¹ h|gÚ g|h. Ï� g|bi,
¤± h|bi (·K 2.3 (i)). � h´ b1, . . . , bn�úÏf. 2� d

´ b1, . . . , bn�úÏf. K d|g. u´, d|h. � h´ b1, . . . , bn

���úÏf.

(ii) � h�´ b1, . . . , bn���ú�ª. K `|h� h|`.
K·K 2.7%¹ g ≈ `. ��, � h ≈ `. K·K 2.7%¹ h|`
Ú `|h. Ï� bi|`, ¤± bi|h (·K 2.3 (i)). � h´ b1, . . . , bn

�ú�ª. 2� q´ b1, . . . , bn�ú�ª. K `|q. u´, h|q.
� h´ b1, . . . , bn���ú�ª. �

XJ b1, . . . , bn ∈ D∗���úÏf�3, K§���

�úÏfP� gcd(b1, . . . , bn). TPÒ3���¿Âe´

���. aq/, XJ b1, . . . , bn ∈ D∗���ú�ª�3,
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K§����ú�ªP� lcm(b1, . . . , bn). TPÒ3��

�¿Âe�´���.

d1�Ù1où�� Z¥�k���"����ú
ÏfÚ��ú�ªÑ�3. §����úÏfÚ��ú�

ªÏ~´����ê.

e¡�íØ`²õ������úÏfÚ��ú�

ª�O��±z¤ü�����/.

íØ 2.10 � D ¥?¿k�õ��"�Ñk��úÏ

f(��ú�ª). � b1, . . . , bn ∈ D∗, Ù¥ n > 2. K

gcd(b1, . . . , bn) = gcd(b1, gcd(b2, . . . , bn))

( lcm(b1, . . . , bn) = lcm(b1, lcm(b2, . . . , bn)) ).

y². � g = gcd(b1, . . . , bn)Ú h = gcd(b1, gcd(b2, . . . , bn)).

K g ´ b2, . . . , bn�úÏf. � g| gcd(b2, . . . , bn). u´, g

´ b1 Ú gcd(b2, . . . , bn)�úÏf. dd�Ñ g|h. aq/,

h|bi, i = 1, 2, . . . , n. � h|g. �â·K 2.7, g ≈ h. u´,

h = gcd(b1, . . . , bn) (·K 2.9).

'u��ú�ª�(Øaq�y. �

2.3 ��õ�ª���úÏfÚ��ú�ª

�!¥ F �L�.
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·K 2.11 � f1, . . . , fn ∈ F [x]Ø��". K f1, . . . , fn�

��úÏf�3. � g ´ f1, . . . , fn ��úÏf. K�3

a1, . . . , an ∈ F [x]¦�

a1f1 + · · · + anfn = g. (1)

y². � I = {u1f1 + · · ·unfn |u1, . . . , un ∈ F [x]}. - g´

I ¥gê����"õ�ª. K�3 a1, . . . , an ∈ F [x]¦

� (1)¤á. ·���y² g´ f1, . . . , fn���úÏf.

é?¿ i ∈ {1, 2, . . . , n}, � ri = rem(fi, g, x). K

fi = qig + ri,

Ù¥ qi ∈ F [x]. d (1)��,

ri = fi − qia1f1 − · · · − qianfn ∈ I.

u´, ri ∈ I . Ï� deg(ri) < deg(g), ¤± ri = 0. � g|fi,
i = 1, 2, . . . , n. ·�y²
 g´ f1, . . . , fn�úÏf.

2� a´ f1, . . . , fn�úÏf. d1ÊÙ1�ù·K

2.3(ii)Ú (1)��, a|g. u´, g´ f1, . . . , fn���úÏf.

�

½Â 2.12 � f, g ∈ F [x]Ø��". XJ 1´ f Ú g��

�úÏf, K¡ f Ú gp�.

½n 2.13 � f, g∈F [x]. K f, gp���=��3 u, v∈F [x]

¦� uf + vg = 1.
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y². � f, g p�. �â·K 2.11, �3 u, v∈F [x] ¦�

uf + vg = 1 (� n = 2). ��, � h´ f, g�����ú

Ïf. d1ÊÙ1�ù·K 2.3(ii), h|1. � h ∈ F ∗. l
gcd(f, g) = 1. �

|^ F [x]¥�Ø{, ·��±�O Euclid�{5O

�ü�õ�ª���úÏf.

*Ð�Î=�Ø{(Extended Euclidean Algorithm)

Ñ\: a, b ∈ F [x]∗

ÑÑ: g ∈ F [x]∗, u, v ∈ F [x]¦� g= gcd(a, b)Ú ua+ vb=g.

1. [Ð©z] - r0 := a; r1 := b; i = 1; u0 := 1; v0 := 0;

u1 := 0; v1 := 1;

2. [Ì�] while ri 6= 0 do

(a) i := i + 1;

(b) qi := quo(ri−2, ri−1, x); ri := rem(ri−2, ri−1, x);

(c) ui := ui−2 − qiui−1; vi := vi−2 − qivi−1;

end do;

3. [O��£] g := ri−1; u := ui−1; v := vi−1;

4. [�£] return g, u, v;
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y². Äk�yT�{3k�ÚS7,ª�. 5¿��{

¥�Ì��)��'u{ªS�÷v:

deg(r1) > deg(r2) > · · · .

Ï��"õ�ª�gêÑ�K, ¤±TS�k�Ú7,ª

�. d�����{ª�½´". dd��, �{ª�.

��{ª�u rk+1 = 0. K�{ÑÑ� g = rk �

rem(rk−1, rk, x) = 0. ¯¢þ, �{�)�ûS�

q2, . . . , qk, qk+1.

üS��m�'XXe

ri−2 = qiri−1 + ri, i = 2, 3, . . . , k + 1. (2)

e¡·�5�y g = gcd(a, b). �â (2), ·�k

r0 = q2r1 + r2

r1 = q3r2 + r3
...

rk−4 = qk−2rk−3 + rk−2

rk−3 = qk−1rk−2 + rk−1

rk−2 = qkrk−1 + rk

rk−1 = qk+1rk

(3)

äó 1. é j = 1, 2, . . . , k, g|rk−j.
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äó 1�y². é j 8B. � j = 1�, d (3)¥����

�§��, g|rk−1. � j > 1�(Øé 1, 2, . . . , j − 1Ñ¤á.

5¿� (3)¥��§

rk−j = qk−(j−2)rk−(j−1) + rk−(j−2).

�â8Bb�, ·�k g|rk−(j−2)Ú g|rk−(j−1). 2�âþã
�§Ú1ÊÙ1�ù·K 2.3(ii)��, g|rk−j. äó 1¤á.

Täó%¹ g|r0Ú g|r1. u´, g´ r0, r1�úÏf.

2� d ∈ F [x]∗´ r0Ú r1�úÏf.

äó 2. é j = 2, 3, . . . , k, d|ri, i = 2, 3, . . . , k.

äó 2�y². é i8B.� i = 2�,d (3)¥1���§

Ú1ÊÙ1�ù·K 2.3(ii)��, d|r2. � i > 2�(Øé

2, 3, . . . , i− 1Ñ¤á. 5¿� (3)¥��§

ri−2 = qiri−1 + ri.

d1ÊÙ1�ù·K 2.3(ii)��, d|ri. äó 2¤á.

Täó%¹ d|rk. u´, d|g. ·��Ñ g = gcd(a, b).

���y ua + vb = g.

äó 3. é i = 0, 1, . . . , k, uia + vib = ri.

äó 3�y². é i8B. i = 0, 1�, u0, v0, r0Ú u1, v1, r1

Ð©���½��, u0a + v0b = r0Ú u1a + v1b = r1. �

i > 2�(Øé 2, 3, . . . , i− 1Ñ¤á. d8Bb���:

ui−2a + vi−2b = ri−2 Ú ui−1a + vi−1b = ri−1.
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u´, qiui−1a + qivi−1b = qiri−1. dd�Ñ,

(ui−2 − qiui−1)a + (vi−2 − qivi−1)b = ri−2 − qiri−1.

�â*ÐEuclid�{Ì�¥1 (c)ÚÚ ri = rem(ri−2, ri−1, x)

��:

uia + vib = ri.

äó 3¤á.

3äó 3¥� i=k� uka + vkb=rk, = ua + vb=g. �

5) 2.14 XJ·��I�O�ü�õ�ª���úÏ

f, K�I�1�{¥ùÚÜ©.

~ 2.15 � f = x4 + 1̄Ú g = x3 + 1̄´ Z2[x]¥�õ�ª.

O� gcd(f, g).

). � r0 = f Ú r1 = g. K r2 = rem(r0, r1, x) = x + 1̄,

r3 = rem(r1, r2, x) = 0̄. � gcd(f, g) = x + 1̄.

~ 2.16 � f, g ∈ F [x]∗. y²:

lcm(f, g) =
fg

gcd(f, g)
.

y². � h = gcd(f, g). K�3 a, b ∈ F [x]¦� f = ahÚ

g = bh. K a, bp�. d½n 2.13, �3 u, v ∈ F [x]¦�

ua + vb = 1. (4)
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5¿�

` :=
fg

gcd(f, g)
= abh = ag = bf.

� `´ f Ú g�ú�ª.

2� q ´ f Ú g �ú�ª. � q = cf = dg, Ù¥

c, d ∈ F [x]. �â (4), ·�k

uaq + vbq = q =⇒ uadg + vbcf = q =⇒ ud` + vc` = q.

� `|q. dd��, ` = lcm(f, g).

2.4 ØØ©)

½n 2.17 � A ∈ Mn(F ), f ∈ F [t] � f (A) = O. 2�

f = pq, Ù¥ p, q ∈ F [t]� gcd(p, q) = 1. K

sol(p(A)x = 0)⊕ sol(q(A)x = 0) = F n,

Ù¥ x = (x1, . . . , xn)t´���þ. AO/,

rank(p(A)) + rank(q(A)) = n.

y². P Vp = sol(p(A)x = 0)Ú Vq = sol(q(A)x = 0). Ï�

gcd(p, q) = 1, ¤±�3 u, v ∈ F [t]¦�

u(t)p(t) + v(t)q(t) = 1.
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u´,

u(A)p(A) + v(A)q(A) = E. (5)

� v ∈ Vp ∩ Vq. �â (5), ·�k

(u(A)p(A) + v(A)q(A))v = Ev.

�

u(A)p(A)v + v(A)q(A)v = v =⇒ 0 = v.

u´, Vp ∩ Vq = {0}.
� u ∈ F n. - v = u(A)p(A)uÚw = v(A)q(A)u. K

(5)%¹ y + z = x. 5¿�:

q(A)v = q(A)u(A)p(A)u (y�½Â)

= u(A)q(A)p(A)u (F [A]´���)

= u(A)f (A)u (f = pq)

= u(A)Ou (f (A) = O)

= 0.

� v ∈ Vq. Ónw ∈ Vp. nþ¤ã, Vp ⊕ Vq = F n.

�â1�Ù1�ù~ 2.17, dim(Vp) + dim(Vq) = n. 2

|^éó½n� n− rank(p(A)) + n− rank(q(A)) = n. �

rank(p(A)) + rank(q(A)) = n. �
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~ 2.18 � char(F ) 6= 2, A ∈ Mn(F )÷v A2 = E. y²:

rank(A + E) + rank(A− E) = n.

y². � f (x) = x2−1 = (x− 1)︸ ︷︷ ︸
p

(x + 1)︸ ︷︷ ︸
q

. Ï� char(F ) 6= 2.

¤± gcd(x− 1, x+ 1) = 1. qÏ� f (A) = A2−E = O. d

þã½n��, rank(p(A)) + rank(q(A)) = n. =

rank(A + E) + rank(A− E) = n.

� char(F ) = 2�, þ~¥�(Ø��Ø¤á. ~X: �

E2 ∈ M2(Z2). K E2
2 = E2. � E2 + E2 = E2 − E2 = O2.

� φ ∈ Hom(F n, F n)Ú f ∈ F [t]. -

f (t) = fmt
m + fm−1t

m−1 + · · · + f1t + f0,

Ù¥ fm, fm−1, . . . , f1, f0 ∈ F . K

f (φ) = fmφ
m + fm−1φ

m−1 + · · · + f1φ + f0E ,

Ù¥ E �Ll F n� F n�ðÓN�.

½n 2.19 � φ ∈ Hom(F n, F n), f ∈ F [t] � f (φ) = O,
Ù¥ O �Ll F n � F n �"N�. 2� f = pq, Ù¥

p, q ∈ F [t]� gcd(p, q) = 1. K

ker(p(φ))⊕ ker(q(φ)) = F n.
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y². �A´�5N� φ : F n→F n3IOÄe�Ý
. K

ker(p(φ)) = sol(p(A)x = 0) Ú ker(q(φ)) = sol(q(A)x = 0).

u´, ½n 2.17%¹½n 2.19. �

3 ��Ïf©)��

3�!¥D´��, D∗ = D \ {0}, F �L�.

3.1 ��ÚØ���

½Â 3.1 � a ∈ D∗Ø�_. XJéu?¿ b, c ∈ D∗,

a|bc =⇒ a|b½ a|c.

K¡ a ´�� (prime element). XJØ�3��_�

b, c ∈ D∗ ¦� a = bc, K¡ a ´Ø��� (irreducible

element).

Ún 3.2 ��¥���Ñ´Ø���.

y². � a ∈ D∗ ´��, ��3 b, c ∈ D∗ ¦� a = bc.

K a|b½ a|c. Ø�� a|b. K�3 q ∈ D∗¦� b = qa. �

a = aqc. d��¥���Æ(1oÙ1nùíØ 3.25)��,

1 = qc. � c�_. ddíÑ aØ��. �.
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5) 3.3 þã·K�_·KØ¤á. ·�ò30�Eê

���Ñ~f.

Ún 3.4 3 ZÚ F [x]¥, Ø���Ñ´��.

y². 5¿� Z¥�Ø���Ò´��½öK��ê. �

â1�Ù1�ùÚn 7.16 (1��), z���½öK��

êÑ´��.

'uõ�ª�y²�1�Ù1�ùÚn 7.16�y²

aq, �
ES Bezout'X, ·�ãXe.

� f ∈ F [x] \ F ´Ø���. � g, h ∈ F [x] \ F ÷v
f |gh. 2� f - g. ·�5y² f |h. � r = gcd(f, g). K�

3 s ∈ F [x]¦� f = sr. XJ s ∈ F , K f ≈ r. � f |g. g

ñ. � deg(s) > 0. u´, deg(r) < deg(f ). Ï� f Ø��,

¤± deg(r) = 0. d1ÊÙ1�ù·K 2.9 (i)��, ·��

±?�Úb� r = 1. �â½n 2.13, �3 u, v ∈ F [x]¦�

uf + vg = 1 =⇒ ufh + vgh = h =⇒ f |h. �

Ún 3.5 � a ∈ D∗´Ø���(��), � ã ≈ a. K ã�

´Ø���(��).

y². � a ´Ø���� ã = bc. Ù¥ b, c ∈ D. K

a = (ub)c, Ù¥ u ∈ UD. u´, ubÚ c¥��k��´�

_�. � b, c¥k��´�_�.

���/�±aqy². �
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Ún 3.6 � p, a, b ∈ D∗, Ù¥ p´��. � k ∈ Z+ ¦�

pk|ab� p - b. K pk|a.

y². é k 8B. d���½Â, k = 1�(Ø¤á. �

k > 1�(Øé k − 1¤á. Ï� p|ab� p - b, ¤± p|a.

��3 c ∈ D∗ ¦� a = cp. u´, �3 d ∈ D∗ ¦�

pkd = cpb. �â��¥���Æ, pk−1d = cb. d8Bb�,

pk−1|c. dd��, pk|a. �

3.2 ��Ïf©)��

½Â 3.7 � a ∈ D∗ ´Ø�_�. XJ�3Ø���

p1, . . . , pn¦�

a = p1 · · · pn.

K¡ akØ��©). þª¡� a���Ø��©).

d1�Ù1�ù~ 7.13 (1��)ÚÚn 3.2��, z�ý

é��u 1��êÑkØ��©).

~ 3.8 44 = 22 · 11, −45 = −32 · 9.

242340461377689532 = 41 · 11 · 22 · 13 · 32145712.
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