
1ÊÙ Eê�Úõ�ª

1 ��õ�ª

ÎÒ�½: 3�!¥ (R,+, 0, ·, 1)´���.

1.1 ��õ�ª���E

� R´���. -

R̃ = {(r0, r1, r2, . . . , rn, . . .) | rn ∈ R,k�õ��"}.

·�½Â

+ : R̃× R̃ −→ R̃

((. . . , rn, . . .), (. . . , sn, . . .)) 7→ (. . . , rn + sn, . . .)
.

5¿�ü��kk�õ��"��Ã¡S��ÚE´�

��kk�õ��"��Ã¡S�. �\{´û½Â�.

����y (R̃,+, 0̃)´��+, Ù¥ 0̃�Ld 0|¤�Ã

¡S�.

2½Â

· : R̃× R̃ −→ R̃

((. . . , rn, . . .), (. . . , sn, . . .)) 7→ (. . . ,
∑

i+j=n risj, . . .)

↑n

.
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� w ∈ N¦� rw = rw+1 = · · · = 0Ú sw = sw+1 = · · · = 0.

K� ` ≥ 2w�,
∑

i+j=` risj = 0. �¦{´û½Â�. e¡

·�5�y (R̃, ·, 1̃)´���¹N�+, Ù¥

1̃ = (1, 0, 0, . . .).

��5¤á5g R´���Ú

n∑
k=0

rksn−k =

n∑
k=0

rn−ksk.

e¡·�5�y(ÜÆ. � ã, b̃, c̃ ∈ R̃, Ù¥

ã = (a0, a1, . . .), b̃ = (b0, b1, . . .), c̃ = (c0, c1, . . .).

·��y² (ãb̃)c̃ = ã(b̃c̃). �d, ·�b�

p̃ = ãb̃, q̃ = (ãb̃)c̃, ũ = b̃c̃, ṽ = ã(b̃c̃).

K

qn =
∑
i+j=n

picj =
∑
i+j=n

(∑
k+`=i

akb`

)
cj =

∑
k+`+j=n

akb`cj.

aq/,

vn =
∑
k+i=n

akui =
∑
k+i=n

ak

∑
`+j=i

b`cj

 =
∑

k+`+j=n

akb`cj.

� qn = vn. dd��(ÜÆ¤á.
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·�25�y¦{ü 

r̃1̃ = (r0, r1, r2, . . .)(1, 0, 0, . . .) = (r0, r1, r2, . . .) = r̃.

� (R̃, ·, 1̃)´���¹N�+.

��·��y©�Æ. � f̃=ã(b̃ + c̃)Ú g̃=ãb̃ + ãc̃. K

fn =
∑
i+j=n

ai(bj + cj) =
∑
i+j=n

(aibj + aicj)

=

∑
i+j=n

aibj

 +

∑
i+j=n

aicj


= gn.

�©�Æ¤á. ·�y²
eã·K.

·K 1.1 Ê�| (R̃,+, 0̃, ·, 1̃)´���.

Ún 1.2 � (R,+, 0, ·, 1)´���. K

φ : R −→ R̃

r 7→ (r, 0, 0, . . .)

´ü��Ó�.

y². d R̃¥$��½Â��, é?¿ r, s ∈ R,

φ(r + s) = (r + s, 0, 0, . . .) = φ(r) + φ(s),

φ(rs) = (rs, 0, 0, . . .) = φ(r)(φ(s),
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Ú

φ(1) = (1, 0, 0, . . .) = 1̃.

� φ´�Ó�. XJ φ(r) = 0̃,K (r, 0, 0, . . .) = (0, 0, 0, . . .).

� r = 0. �â1oÙ1�ùÚn 2.46, φ´ü�. �

u´, R� R̃�f� {(r, 0, 0, . . .) | r ∈ R}Ó�. ·�

�±r (r, 0, 0, . . .){P� r.

éu?¿ r ∈ R, s̃ = (s0, s1, . . . , sn, . . .) ∈ R̃,

rs̃ = (r, 0, 0, . . .)(s0, s1, . . . , sn, . . .) = (rs0, rs1, rs2, . . .).

-

x = (0, 1, 0, 0, . . .).

·�^êÆ8B{5y²: é?¿ n ∈ Z+

xn = (0, . . . , 0︸ ︷︷ ︸
n

, 1, 0, 0, . . .). (1)

� n=1�, (Øw,¤á. � n>1�(Øé n−1¤á. K

xn = xxn−1 = x(0, . . . , 0︸ ︷︷ ︸
n−1

, 1, 0, 0, . . .)

= (0, 1, 0, 0, . . .)(0, . . . , 0︸ ︷︷ ︸
n−1

, 1, 0, 0, . . .)

= (0, . . . , 0︸ ︷︷ ︸
n

, 1, 0, 0, . . .).

8B{�¤.
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dd�Ñé?¿ r̃ = (r0, r1, r2, . . . , rn, 0, 0, . . .) ∈ R̃,

r̃ = r0 + r1x + r2x
2 + · · · + rnx

n.

�

R̃ =

{
n∑
k=0

rkx
k |n ∈ N, rk ∈ R

}
:= R[x].

·�¡ (R[x],+, 0, ·, 1)´Rþ'u�½� x���õ�ª

�. ·K 1.1`² (R[x],+, 0, ·, 1)´û½Â����. �â

Ún 1.2, ·��±@� R ⊂ R[x].

5) 1.3 d x�½ÂÚ (1)��, é?¿ r0, r1, . . . , rn∈R,

r0 + r1x + · · · + rnx
n = 0 ⇐⇒ r0 = r1 = · · · = rn = 0.

1.2 \{�¦{

½Â 1.4 � p = pnx
n + pn−1x

n−1 + · · · + p0 ∈ R[x], Ù

¥ pn, pn−1, . . . , p0 ∈ R. XJ pn 6= 0, K¡ n ´ p �

gê (degree), P� deg(p); pn ´ p �Ä�Xê (leading

coefficient), P� lc(p). � p = 0�, §�gê½Â� −∞

ÙÄ�Xê½Â� 0.

·K 1.5 � p, q ∈ R[x]. K deg(p+q) ≤ max(deg(p), deg(q)).

� p, qgêØÓ�, �Ò¤á.
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y². � p =
∑k

i=0 pix
iÚ q =

∑`
j=0 qjx

j, Ù¥ pi, qj ∈ R
� pk 6= 0Ú q` 6= 0. Ø�� k ≥ `. u´

p + q = pkx
k + · · · + p`+1x

`+1 +
∑̀
i=0

(pi + qi)x
i.

� deg(p + q) ≤ k� k > `��Ò¤á. � p = 0½ q = 0

�(Øg,¤á. �

·K 1.6 � p, q ∈ R[x]. K deg(pq) ≤ deg(p) + deg(q). �

lc(p)lc(q) 6= 0�, �Ò¤á� lc(pq) = lc(p)lc(q).

y². � p =
∑k

i=0 pix
iÚ q =

∑`
j=0 qjx

j, Ù¥ pi, qj ∈ R
� pk 6= 0Ú q` 6= 0. u´

pq = (pkq`)x
k+` + (pkq`−1 + pk−1q`)x

k+`−1 + $g�.

� deg(pq) ≤ k + `� pkq` 6= 0��Ò¤á� lc(pq) = pkq`.

� p = 0½ q = 0�(Øg,¤á. �

~ 1.7 � f = 2̄x2 + 3̄x + 1̄Ú g = 3̄x + 4̄´ Z6[x]¥�õ

�ª. O� f + gÚ fg.

). ��O��

f + g = 2̄x2 + 6̄x + 5̄ = 2̄x2 + 5̄.

|^©�ÆO��

fg = f 3̄x+f 4̄ = (6̄x3+9̄x2+3̄x)+(8̄x2+12x+4̄) = 5̄x2+3̄x+4̄.
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½n 1.8 � D ´��. K D[x]´��. AO/, � F ´

��, F [x]´��.

y². � p, q ∈ D[x] \ {0}. K lc(p)Ú lc(q)ÑØ�u 0. Ï

�D´��, ¤± lc(p)lc(q) 6= 0. �â·K 1.6, lc(pq) 6= 0.

� pq 6= 0. �

~ 1.9 � F ´�. K F [x]�©ª�P� F (x). AO/,

R(x) ´ ¢Xê�kn¼ê�¤��. � p ´�ê. K

Zp(x)´A����Ã��.

1.3 D�½n

�!`²XÛrõ�ªw¤“¼ê”.

½n 1.10 � S ´���, φ : R −→ S ´�Ó�, �

s ∈ S. K�3����Ó� φs : R[x] −→ S ÷v

φs|R = φ Ú φs(x) = s.

y². ½Â:

φs : R[x] −→ S∑n
i=0 rix

i 7→
∑n

i=0 φ(ri)s
i.

e¡�y φs´�Ó�. � p =
∑k

i=0 pix
iÚ q =

∑`
j=0 qjx

j,

Ù¥ pi, qj ∈ R. Ø�� k ≥ `. u´

p + q = pkx
k + · · · + p`+1x

`+1 +
∑̀
i=0

(pi + qi)x
i.
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K

φs(p+ q) = φ(pk)s
k + · · ·+ φ(p`+1)s

`+1 +
∑̀
i=0

φ(pi + qi)s
i (φs�½Â)

= φ(pk)s
k + · · ·+ φ(p`+1)s

`+1 +
∑̀
i=0

(φ(pi) + φ(qi))s
i (φ�±\{)

=

(
k∑

i=0

φ(pi)s
i

)
+

(∑̀
j=0

φ(qj)s
j

)
(\{��Æ)

= φs(p) + φs(q) (φs�½Â)

2O�:

φs((pix
i)(pjx

j)) = φs((pipj)x
i+j)

= φ(pipj)s
i+j (φs�½Â)

= φ(pi)φ(pj)s
i+j (φ�±¦{)

=
(
φ(pi)s

i
) (
φ(pj)s

j
)

(S¥¦{��).
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u´,

φs(pq) = φs

( k∑
i=0

pix
i

)∑̀
j=0

qjx
j


= φs

 k∑
i=0

∑̀
j=0

(pix
i)(qjx

j)

 (2Â©�Æ)

=

k∑
i=0

∑̀
j=0

φs
(
(pix

i)(qjx
j)
)

( φs�±\{)

=

k∑
i=0

∑̀
j=0

(
φ(pi)s

i
) (
φ(qj)s

j
)

(þãO�)

=

(
k∑
i=0

φ(pi)s
i

)∑̀
j=0

φ(qj)s
j

 (2Â©�Æ)

= φs(p)φs(q) (φs�½Â).

��,

φs(1R) = φs(1Rx
0) = φ(1R)s0 = 1Ss

0 = 1S.

� φs´�Ó�. é?¿ r ∈ R,

φs(r) = φs(rx
0) = φ(r)s0 = φ(r) =⇒ φs|R = φ.

�35¤á.

� ψ : R[x] −→ S´�Ó�÷v ψ|R = φÚ ψ(x) = s.
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K

ψ(p) =

k∑
i=0

ψ(pi)ψ(x)i (ψ´�Ó�)

=

k∑
i=0

φ(pi)s
i (ψ�5�)

= φ(p) (φ�½Â).

��5¤á. �

·�¡þã½n¥��Ó� φs¡�'u φ3 s?�

D�Ó�. � S = R� φ = idR�, φsÒ´Ï~�l R[x]

� R�3 s?�D�N�: f (x) 7→ f (s)

~ 1.11 � f = x2 − 4 ∈ Z[x]. O� f (15).

y². � φ = idZ. K

f (15) = 152 − 4 = 221.

½

f (15) = φ15(f ) = φ15((x− 2)(x + 2))

= φ15(x− 2)φ15(x + 2) (φ15´�Ó�)

= 13× 17 = 221.

~ 1.12 � π : Z −→ Zn´ûN�(�Ó�). K

φ : Z −→ Zn[x]

m 7→ m̄.
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d½n 1.10 ��, φy ´�Ó�, Ù¥ φy|Z = φ = π �

φy(x) = x.

~ 1.13 � g = (179x− 286)(413x− 587). O� g(3̄), Ù¥

3̄ ∈ Z5. d½n 1.10��, φ3̄ : Z[x] −→ Z5 ´�Ó�, Ù

¥ φ3̄|Z´l Z� Z5�ûN�, � φ3̄(x) = 3̄. K

g(3̄) = φ3̄(g) (ÎÒ�½Â)

= φ3̄((179x− 286)(413x− 587))

= φ3̄(179x− 286)φ3̄(413x− 587) (φ3̄´�Ó�)

= (179 3̄− 286)(413 3̄− 587) (φ3̄�½Â)

= (4̄ 3̄− 1̄)(3̄ 3̄− 2̄) = 2̄.

íØ 1.14 � F ´�, A ∈ Mn(F ). K

ρA : F [x] −→ F [A]∑k
i=0 pix

i 7→
∑k

i=0 piA
i

´�Ó�, Ù¥ k ∈ N, p0, p1, . . . , pk ∈ F .

y². �â1oÙ1�ù § 3.5!, F [A]´���. 5¿�

ρ : F −→ F [A]

λ 7→ λEn

´�Ó�. �â½n 1.10, ρA´d ρA|F = ρÚ ρA(x) = A

(½��Ó�. �
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~ 1.15 � f = x2 − 4 ∈ R[x], A =

2 1

0 2

. O� f (A).

). ({ 1)

f (A) = A2 − 4E =

4 4

0 4

− 4E =

0 4

0 0

 .

({ 2) Ï� f = (x− 2)(x + 2), ¤±

f (A) = (A− 2E)(A + 2E) =

0 1

0 0

4 1

0 4

 =

0 4

0 0

 .

·�^õ�ªD��*:­#Qã�e¦Ý
_�

õ�ª{.

Ún 1.16 � F ´�, A ∈ Mn(F ). K�3�"õ�ª

f ∈ F [t]¦� f (A) = O.

y². r Mn(F )¥���w¤ F þ��I�m F n2 ¥

��þ. K E = A0, A, . . . , An2 3 F þ�5�'. ��3

α0, α1, . . . , αn2 ∈ F , Ø��", ¦�

α0E + α1A + · · · + αn2A
n2 = O.

� f = α0 + α1t+ · · ·+ αn2t
n2. K f ∈ F [t] \ {0}. þã�5

'X%¹ f (A) = O. �
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·K 1.17 � F ´�, A ∈ Mn(F ). K A´�_Ý
��

=��3õ�ª f ∈ F [t] ÷v f 'u x0 �Xê�"�

f (A) = O.

y². � f (t) = fmt
m+· · ·+f1t+f0,Ù¥ fm, . . . , f1, f0 ∈ F .

XJ f (A) = O� f0 6= 0. K

A(fmA
m−1 + · · · + f1E) + f0E = O

=⇒ A (−f−1
0 (fmA

m−1 + · · · + f1E))︸ ︷︷ ︸
B

= E.

� B = A−1.

��, � A�_. - g(t) = gkt
k + gk−1t

k−1 + · · · + g0

´ F [t]¥¦� g(A) = O�gê�$��"õ�ª. XJ

g0 = 0, K

g(A) = O =⇒ A(gkA
k−1 + gk−1A

k−2 + · · · + g1E) = O.

- h(t) = gkt
k−1 + gk−1t

k−2 + · · ·+ g1. K h 6= 0� deg(h) =

k − 1. d k�4�5��, h(A) 6= O. � g(A) = O%¹

Ah(A) = O. Ï� A�_, h(A) = O. gñ. �

5) 1.18 dþãy²�Ý
 B ��, XJ A �_, K

A−1 ∈ F [A].

��, ·�£ã�þ��Ä{.
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PÒ.� F ´�, A(t) ∈Mn(F [t]),=A(t) = (ai,j(t))n×n,Ù

¥ ai,j(t) ∈ F [t]. � α ∈ F . -

A(α) = (ai,j(α))n×n.

·K 1.19 � F ´�, A(t), B(t) ∈Mn(F [t]), α ∈ F . K

(A(t)+B(t))(α) = A(α)+B(α), (A(t)B(t))(α) = A(α)B(α)

Ú

det(A(t))(α) = det(A(α).

y². dõ�ª�\�ª�Ó�����. �

~ 1.20 � A,B ∈ Mn(F ). y²: (AB)∨ = B∨A∨.

y². � AÚ B �_. K

A∨ = det(A)A−1 Ú B∨ = det(B)B−1.

u´

B∨A∨ = det(A) det(B)B−1A−1 = det(A) det(B)(AB)−1 = (AB)∨.

� A½ B¥��d��Ø�_�, -M(t) = tE +A

Ú N(t) = tE + B. K det(M)Ú det(N)Ñ´gê� n�

õ�ª. �§�´ Mn(F (t))¥�Ý
. dþ�ã�(Ø

�� (M(t)N(t))∨ = N(t)∨M(t)∨. 5¿�õ�ªÝ
��

�Ý
E´õ�ªÝ
. �â·K 1.19,

(M(0)N(0))∨ = N(0)∨M(0)∨.
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Ï� A = M(0)Ú B = N(0), ¤± (AB)∨ = B∨A∨. �

1.4 õ�ª�Ø{

Ún 1.21 � f, g ∈ R[x]� g 6= 0. 2� lc(g)�_. K�

3���õ�ª q, r ∈ R[x]÷v

f = qg + r Ú deg(r) < deg(g).

y². (�35)� deg(f ) < deg(g)�,- q = 0Ú r = f =

�. ÄK, �

f = fn+kx
n+k+fn+k−1x

n+k−1+· · ·+f0, g = gnx
n+gn−1x

n−1+· · ·+g0,

Ù¥k ≥ 0, fi, gj ∈ R� gn�_.

·�é k8B. � k = 0�, O�

f − fng−1n g = (fn − fng−1n gn)xn + (fn−1 − fng−1n gn−1)x
n−1 + · · ·+ f0 − fng−1n g0

= (fn−1 − fng−1n gn−1)x
n−1 + · · ·+ f0 − fng−1n g0︸ ︷︷ ︸
r

2- q = fng
−1
n . K f = qg + r� deg(r) < n=�.

� k > 0��35é�u k��Ñ¤á. O�

f − fn+kg
−1
n xkg

= (fn+k − fn+kg
−1
n gn)xn+k + (fn+k−1 − fn+k−1g

−1
n gn−1)x

n+k−1+

· · ·+ (fk − fn+kg
−1
n g0)x

k + fk−1x
k−1 + · · ·+ f0

= (fn+k−1−fn+k−1g
−1
n gn−1)x

n+k−1+ · · ·+(fk−fn+kg
−1
n g0)x

k+fk−1x
k−1+ · · ·+ f0︸ ︷︷ ︸

h

.
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K deg(h) < n + k. d8Bb�½y²¥1�ã�(Ø�

�, �3 q̃, r ∈ R[x]÷v

h = q̃g + r Ú deg(r) < n.

K

f = (fng
−1
n xn−k + q̃)︸ ︷︷ ︸

q

g + r.

�35¤á.

(��5) 2� q′, r′ ∈ R[x]÷v

f = q′g + r′ Ú deg(r′) < deg(g).

K

(q − q′)g = r′ − r. (2)

Ï� deg(r) < deg(g)� deg(r′) < deg(g), ¤±

deg(r′ − r) < deg(g)

(·K 1.5). Ï� lc(g)�_, ¤±

deg((q − q′)g) = deg(q − q′) + deg(g)

(·K 1.6). dd��, (2)%¹ q = q′. ?
, r = r′. ��5

¤á. �

÷^Ún 1.21�ÎÒ, ·�¡ q´�Øª f 'uØª

g�û, r´{ª. P� quo(f, g, x)Ú rem(f, g, x). k��

�±�Ñ�½� x.
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~ 1.22 � f = x3 + 3x + 1Ú g = 2x2 + 1´ Q[x]¥�õ

�ª. O� rem(f, g, x).

). ��O��

h := f − 1

2
xg =

5

2
x +

1

2
.

Ï� deg(h) < deg(g), ¤±

rem(f, g, x) =
5

2
x +

1

2
Ú quo(f, g, x) =

1

2
x.

~ 1.23 � f = 3̄x3 + 2̄x2 + 1̄Ú g = 2̄x2 + 4̄´ Z5[x]¥�

õ�ª. O� quo(f, g, x)Ú rem(f, g, x).

). 5¿� 2̄−1 = 3̄. u´

h1 := f − 3̄ · 3̄xg = f − 4̄xg = 2̄x2 − x + 1̄ = 2̄x2 + 4̄x + 1̄.

h2 := h1 − g = 4̄x− 3̄ = 4̄x + 2̄.

u´,

f − 4̄xg − g = 4̄x + 2̄ =⇒ f = (4̄x + 1)g + (4̄x + 2̄).

·��� quo(f, g, x) = 4̄x + 1Ú rem(f, g, x) = 4̄x + 2̄.

½n 1.24 ({ª½n) � a ∈ RÚ f (x) ∈ R[x]. K

f (a) = rem(f, x− a, x).
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y². Ï� lc(x− a) = 1´�_�� deg(x− a) = 1, ¤±

�3 q ∈ R[x]Ú r ∈ R¦�

f (x) = q(x)(x− a) + r.

5¿�r x��� a´�Ó�. u´,

f (a) = q(a)(a− a) + r.

� f (a) = r. �

½n 1.25 � F ´�, f, g ∈ F [x]� g 6= 0. K�3���

õ�ª q, r ∈ F [x]÷v

f = qg + r Ú deg(r) < deg(g).

y². Ï� g 6= 0, ¤± lc(g) 6= 0. Ï� F ´�, ¤± lc(g)

�_. �âÚn 1.21, ûÚ{ª�3���. �

1.5 õ�ª��

½Â 1.26 � F ÚK´�,� F ´K�f�.� f ∈ F [x]

� α ∈ K. XJ f (α) = 0, K¡ α ´ f 3 K ¥���

�(root), = α´�§ f (x) = 03 K ¥���).

~ 1.27 õ�ª x2 − 2 ∈ Q[x]3 R¥k� ±
√

2, �§3

Q¥Ã�.
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·K 1.28 � F ´�, � f ∈ F [x]� deg(f ) = n > 0. K

(i) α ∈ F ´ f ����=� rem(f, x− α, x) = 0;

(ii) f 3 F ¥�õk n�pØ�Ó��.

y². (i) d{ª½n��,

f (α) = 0 ⇐⇒ rem(f, x− α, x) = 0.

(ii) é n8B. � n = 1�, f = f1x + f0, f1, f0 ∈ F �
f1 6= 0. u´, f d���� −f0f

−1
1 . (Ø¤á. �(Ø

é F [x]gê�u n − 1g�õ�ª¤á, Ù¥ n > 0. X

J f 3 F ¥vk�, K(Øw,¤á. b� α ∈ F ´ f

����. �â (i), f (x) = g(x)(x − α), Ù¥ g ∈ F [x]�

deg(g) = n− 1. d8Bb� g3 F ¥�õk n− 1�ØÓ

��, � f 3 F ¥�õk n�ØÓ��. �

íØ 1.29 � F,K´�� F ´K�f�. � f ∈ F [x]�

deg(f ) = n > 0. K

(i) α ∈ K ´ f ����=� rem(f, x− α, x) = 0;

(ii) f 3 K ¥�õk n�pØ�Ó��.

y². Ï� F ⊂ K, ¤± F [x] ⊂ K[x]. �íØ�dþã·

K����(rXê� F ��K). �
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