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·K 5.6 � φ : Rn −→ Rm´�5N�.

(i) XJ v1, . . . ,vk ∈ Rn �5�', K φ(v1), . . . , φ(vk)

��5�'.

(ii) XJ U ´Rn�f�m, K φ(U)´Rm�f�m. A

O/, im(φ)´ Rm�f�m.

(iii) XJ W ´ Rm �f�m, K φ−1(W ) ´ Rn �f�

m. AO/, φ−1({0m})´ Rn�f�m.

y². (i)� α1, . . . , αk ∈ R,Ø��",¦�
∑k

i=1 αivi=0n.

�âþ�Ù·K 5.3,

0m = φ(0n) = φ

(
k∑
i=1

αivi

)
=

k∑
i=1

αiφ(vi).

(ii) � x,y ∈ φ(U). K�3 u,v ∈ U ¦� φ(u) = xÚ

φ(v) = y. é?¿ α, β ∈ R,

αx + βy = αφ(u) + βφ(v)

= φ(αu + βv) (þ�Ù·K 5.3)

∈ φ(U).

�â1�Ù1�ù·K 1.16, φ(U)´f�m.
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(iii) é?¿ x,y ∈ φ−1(W ), α, β ∈ R, ·�O�

φ(αx + βy) = αφ(x) + βφ(y).

Ï�φ(x), φ(y)∈W�W´f�m,¤±αφ(x)+βφ(y)∈W .

dd�Ñ φ(αx + βy) ∈ W . l, αx + βy ∈ φ−1(W ). �

½Â 5.7 �φ : Rn −→ Rm´�5N�. f�mφ−1({0m})
¡� φ�Ø (kernel), P� ker(φ).

·K 5.8 � φ : Rn −→ Rm´�5N�. K φ´ü���

=� ker(φ) = {0n}.

y². � φ´ü�. �âþ�Ù·K 5.3, φ(0n) = 0m. Ï�

φ´ü�, ¤± ker(φ) = {0n}. ��, � ker(φ) = {0n}. �
x,y ∈ Rn¦� φ(x) = φ(y). K

φ(x− y) = φ(x)− φ(y) = 0m.

u´, x− y ∈ ker(φ). Ï� ker(φ) = {0n}, ¤± x− y = 0.

� x = y, = φ´ü�. �

5.2 �Ä.Ú�êk'�5�

½n 5.9 � v1, . . . ,vn´ Rn��|Ä, w1, . . . ,wn´ Rm

¥�?¿�½��þ. K�3����5N� φ ¦�

φ(vj) = wj, j = 1, 2, . . . , n.
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y². ½Â

φ : Rn −→ Rm∑n
j=1 αjvj 7→

∑n
j=1 αjwj, α1, . . . , αn ∈ R

.

Ï� v1, . . . ,vn´Ä., ¤±é?¿ x ∈ Rn, �3���

α1, . . . , αn ∈ R¦� x =
∑n

j=1 αjvj. u´, φ´û½Â�.

w, φ(vj) = wj, j = 1, 2, . . . , n.

e¡�y φ´�5�. �

x =

n∑
j=1

αjvj, y =

n∑
j=1

βjvj, αj, βj ∈ R.

K

φ(x + y) = φ

 n∑
j=1

αjvj +

n∑
j=1

βjvj


= φ

 n∑
j=1

(αj + βj)vj


=

n∑
j=1

(αj + βj)wj (φ�½Â)

=

n∑
j=1

αjwj +

n∑
j=1

βjwj

= φ(x) + φ(y) (φ�½Â).
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� λ ∈ R. K

φ(λx) = φ

 n∑
j=1

(λαj)vj


=

n∑
j=1

(λαj)wj (φ�½Â)

= λ

n∑
j=1

αjwj

= λφ(x) (φ�½Â).

��, ·�5�y��5. � ψ : Rn :−→ Rm´�5

N�÷v ψ(vj) = wj, j = 1, 2, . . . , n. K

ψ(x) = ψ

 n∑
j=1

αjvj

 =

n∑
j=1

αjψ(vj) =

n∑
j=1

αjwj = φ(x).

� ψ = φ. �

~ 5.10 � e1, e2 ´ R2 �IOÄ, � θ ∈ [0, 2π). � Rθ :

R2 −→ R2��5N�÷v

Rθ(e1) = cos(θ)e1+sin(θ)e2, Rθ(e2) = − sin(θ)e1+cos(θ)e2.

·�¡ Rθ´ R2þ�^= (rotation).

~ 5.11 � λ1, . . . , λn ∈ R, e1, . . . , en´ Rn�IOÄ. �

f : Rn −→ R´÷v f (ej) = λj, j = 1, 2, . . . , n��5N
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�. Ké?¿ x = x1e1 + · · · + xnen ∈ Rn,

f (x) = λ1x1 + · · · + λnxn.

¡ f ´ Rnþ��5¼ê.

~ 5.12 �A ∈ Rm×n, φA : Rn −→ Rm´÷vφA(ej)= ~A(j),

j = 1, 2, . . . , n. Ké?¿ x = x1e1 + · · · + xnen ∈ Rn,

φA(x) = x1 ~A
(1) + · · · + xn ~A

(n).

¡ φA´d Ap���5N�.

�H´±A�XêÝ
�àg�5�§§|, b∈Rm

� L´± B = (A|b)�O2Ý
��5�§|. K

ker(φA) = sol(H) � L�N ⇐⇒ b ∈ im(φ).

Ún 5.13 � φ : Rn −→ Rm ´�5N�, v1, . . . ,vd ´

ker(φ)��|Ä.

(i) XJ v1, . . . ,vd,vd+1, . . . ,vd+k �5Ã', K φ(vd+1),

. . . , φ(vd+k)�5Ã';

(ii) XJv1, . . . ,vd,vd+1, . . . ,vn´Rn��|Ä,Kφ(vd+1),

. . . , φ(vn)´ im(φ)��|Ä.

y². (i) � αd+1, . . . , αd+k ∈ R¦� αd+1φ(vd+1) + · · · +
αd+kφ(vd+k)=0m. K φ(αd+1vd+1 + · · · + αd+kvd+k) = 0m.
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dd��,

αd+1vd+1 + · · · + αd+kvd+k ∈ ker(φ).

��3 α1, . . . , αd ∈ R¦�

αd+1vd+1 + · · · + αd+kvd+k = α1v1 + · · · + αdvd.

Ï� v1, . . . ,vd, vd+1, . . . ,vd+k ´�5Ã', ¤± αd+1 =

· · · = αd+k = 0. � φ(vd+1), . . . , φ(vd+k)�5Ã'.

(ii) d (i)��, φ(vd+1), . . . , φ(vn)�5Ã'. ¦�w

,3 im(φ)¥. ·���y² im(φ)¥�?¿�þÑ´

§���5|Ü=�. � y ∈ im(φ). K�3 x ∈ Rn ¦

� y = φ(x). Ï� v1, . . . ,vn ´ Rn ��|Ä, ¤±�3

β1, . . . , βn ∈ R¦�

x = β1v1 + · · · + βdvd + βd+1vd+1 + · · · + βnvn.
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�

y = φ(x) = φ

(
n∑
i=1

βivi

)
(½Â)

= φ

(
d∑
i=1

βivi

)
+ φ

 n∑
j=d+1

βjvj

 (φ�5)

= φ

 n∑
j=d+1

βjvj

 (

d∑
i=1

βivi ∈ ker(φ))

=

n∑
j=d+1

βjφ(vj) (φ�5). �

½n 5.14 (éó½n, �5N��) � φ : Rn −→ Rm ´

�5N�. K

dim(ker(φ)) + dim(im(φ)) = n.

y². � v1, . . . ,vd´ ker(φ)��|Ä. dÄ*¿½n (1

�Ù1�ù½n 2.11), Rnk�|Äv1, . . . ,vd, vd+1, . . . ,vn.

dÚn 5.13 (ii), φ(vd+1), . . . , φ(vn)´ im(φ)��|Ä. u

´, dim(im(φ)) = n− d. �

íØ 5.15 � φ : Rn −→ Rn ´�5N�. K φ´ü��

�=�§´÷�.

y². XJ φ´ü�, K dim(ker(φ)) = 0. dþã½n��

dim(im(φ)) = n. qÏ� im(φ) ⊂ Rn, ¤± im(φ) = Rn (1
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�Ù1�ù·K 2.13). = φ´÷�. ��, XJ φ´÷�,

K dim(im(φ)) = n. dþã½n��, dim(ker(φ)) = 0. 3

�â·K 5.8, φ´ü�. �

~ 5.16 |^½n 5.14y²éó½½n��§�.

y². � A ∈ Rm×n, H ´± A�XêÝ
� n�àg�

5�§|, φA´d Ap��l Rn� Rm��5N�. d

~ 5.12��, im(φA) = Vc(A)Ú ker(φA) = sol(H). �½n

5.14%¹éó½n��§�.

·K 5.17 � φ : Rn −→ Rm´�5N�, U ´ Rn�f�

m, W ´ Rm�f�m.

(i) dim(U) ≥ dim(φ(U));

(ii) � φ´÷��, dim(φ−1(W )) ≥ dim(W ).

y². (i) � u1, . . . ,ud´ U ��|Ä. K

φ(U) = 〈φ(u1), . . . , φ(ud)〉.

�â1�Ù1�ùíØ 2.9, dim(φ(U)) ≤ d.

(ii) � w1, . . . ,wd´W ��|Ä. Ï� φ´÷�, �

3 u1, . . . ,ud ∈ Rn, ¦� φ(u1) = w1, . . . , φ(ud) = wd. �

â1�Ù/nù·K 5.6 (i), u1, . . . ,ud �5Ã'. w,,
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u1, . . . ,ud ∈ φ−1(W ). �âÄ*¿½n(1�Ù1�ù½n

2.11), φ−1(W )k�¹ u1, . . . ,ud�Ä. �

dim(φ−1(W )) ≥ dim(W ). �

6 Ý
�$�

3�!¥, � e1, . . . , en; ε1, . . . , εm ©O´ Rn Ú Rm

�IOÄ.

6.1 �5N�3IOÄe�Ý
L«

�Ä�5N� φ : Rn −→ Rm. é j = 1, 2, . . . , n, �

φ(ej) =

m∑
i=1

ai,jεi.

�â1�Ù1nù½n 5.9, φdÝ


A = (φ(e1), . . . , φ(en)) = (ai,j)m×n

��(½. ·�¡ A´�5N� φ3IOÄe�Ý
�

L«, {¡ φ�Ý
. P� Aφ.
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� x = (x1, . . . , xn)t. K

φ(x) = φ

 n∑
j=1

xjej


=

n∑
j=1

xjφ(ej)

=

n∑
j=1

xj ~A
(j) (�þ��úª)

=


∑n

j=1 a1,jxj
...∑n

j=1 am,jxj

 (�I��úª)

~ 6.1 � φ : Rn −→ Rm ´"N�, = φ(ej) = 0m, j =

1, 2, . . . , n. K

Aφ =


0 · · · 0
... . . . ...

0 · · · 0


m×n

.

¡�� m × n�"Ý
, P� Om×n. � m = n�, {¡

� n�"�
, P� On½ O.

~ 6.2 � φ : Rn −→ Rn ´ê¦N�, = φ(ej) = λej,
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j = 1, 2, . . . , n, Ù¥ λ ∈ R. K

Aφ =


λ 0 · · · 0

0 λ · · · 0
... ... . . . ...

0 0 · · · λ

 .

¡�� n�ê¦(�)
, k�P� diagn(λ). P diagn(1)�

En. ¡� n�ü �
. §éA��5N�´ðÓN�.

~ 6.3 � f : Rn −→ R´�5¼ê, f (e1)=α1, . . . , f (en)=αn.

K Af = (α1, . . . , αn). � x = (x1, . . . , xn)t. K

f (x) = α1x1 + · · · + αnxn.

~ 6.4 � Tθ : R2 −→ R2´^=, =

Tθ(e1) = cos(θ)e1+sin(θ)e2 Ú Tθ(e2) = − sin(θ)e1+cos(θ)e2.

K Tθ�Ý
´ cos(θ) − sin(θ)

sin(θ) cos(θ)

 .

u´

Tθ

x
y

 = x

cos(θ)

sin(θ)

+y

− sin(θ)

cos(θ)

 =

cos(θ)x− sin(θ)y

sin(θ)x + cos(θ)y

 .
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½n 6.5 � Hom(Rn,Rm)´l Rn� Rm��5N��8

Ü. ½Â

Φ : Hom(Rn,Rm) −→ Rm×n

φ 7→ Aφ

.

K Φ´V��Ù_´

Ψ : Rm×n −→ Hom(Rn,Rm)

A 7→ φA
.

y². � φ ∈ Hom(Rn,Rm). Ψ ◦ Φ(φ) = Ψ(Aφ). 5¿�

Ψ(Aφ)(ej) = ~A
(j)
φ = φ(ej), j = 1, 2, . . . , n.

�â1�Ù1nù½n 5.9§Ψ(Aφ) = φ. u´,

Ψ ◦ Φ = idHom(Rn,Rm).

� A ∈ Rm×n. K Φ ◦ Ψ(A) = Φ(φA). 5¿�Ý
 Φ(φA)�

1 j�´ φA(ej) = ~A(j), j = 1, 2, . . . , n. u´, Φ(φA) = A.

dd�� Φ ◦ Ψ = idRm×n. �

e¡�·K´^Ý
5£ã�5N�.

·K 6.6 � φ : Rn −→ Rm´�5N�, §3IOÄe�

Ý
´ A ∈ Rm×n.

(i) im(φ) = Vc(A), l dim(im(φ)) = rank(A). AO/,

φ´÷���=� A1÷�.
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(ii) ker(φ)´ AéA�àg�5�§|�)�m, l

dim(ker(φ)) = n− rank(A). AO/, φ´ü���=

� A�÷�.

(iii) φ´V���=�m = n� A÷�.

y². �â½n 6.5, φ = φA.

(i) d1�Ù1nù~ 5.12��, im(φ) = Vc(A). �

dim(Vc(A)) = rank(A).

5¿� φ÷��=� Vc(A) = Rm, = Vc(A) = Rm��=

� dimVc(A) = m.

(ii) d1�Ù1nù~ 5.12��, ker(φ)´ AéA�

àg�5�§|�)�m. �âéó½nÚ (i), ·�k

dim(ker(φ)) = n− rank(A).

�â1�Ù1nù·K 5.8, φü��=� ker(φ) = {0n},
=þã)�m´0n. �â1�Ù1nùÚn 4.2, rank(A)=n.

(iii)´ (i)Ú (ii)���íØ. �

~ 6.7 � e1, . . . , e4 ´ R4 �IOÄ, ε1, ε2, ε3 ´ R3 ��
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|Ä. �5N� φ : R4 :−→ R3d
φ(e1) = 2ε1 − ε3

φ(e2) = ε2 − ε3

φ(e3) = 4ε1 + ε2 − 3ε3

φ(e4) = 2ε1 + ε2 − 2ε3

O�

(i) O� φ3 e1, e2, e3, e4; ε1, ε2, ε3e�Ý
;

(ii) O� ker(φ)Ú im(φ)��ê;

(iii) ©OO� ker(φ)Ú im(φ)��|Ä..

). (i) d½Â��:

Aφ = (φ(e1), φ(e2), φ(e3), φ(e4)) =


2 0 4 2

0 1 1 1

−1 −1 −3 −2

 .

(ii) |^Ð�1C��

Aφ −→


1 1 3 2

2 0 4 2

0 1 1 1

 −→


1 1 3 2

0 −2 −2 −2

0 1 1 1

 −→


1 1 3 2

0 1 1 1

0 0 0 0

 .

Ï� rank(Aφ) = 2, ¤± dim(im(φ)) = 2. déó½n�

�, dim(ker(φ)) = 4− 2 = 2.
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(iii) ker(φ)éA�àg�5�§|´ x1 + x2 + 3x3 + 2x4 = 0

x2 + x3 + x4 = 0.
⇐⇒

 x1 + x2 = −3x3 − 2x4

x2 = −x3 − x4.

u´, ker(φ)��|Ä´
−2

−1

1

0

 Ú


−1

−1

0

1

 .

��m im(φ) �Ä´ Aφ ¥�4��5Ã'|. Ï�

dim(im(φ)) = 2, ¤±� Aφ¥?¿ü��5Ã'���þ

=�. ~X im(φ)��|Ä´ ~A
(1)
φ ,

~A
(2)
φ .

~ 6.8 |^�§��éó½ny²N���éó½n.

y². � φ : Rn −→ Rm ´�5N�, §3IOÄe�Ý


´ A ∈ Rm×n. 2� HA´± A�XêÝ
�àg�5

�§|. �â�§�éó½n(1�Ù1nù½n 4.6)

dim(sol(HA)) + rank(A) = n.

�â·K 6.6 (i)Ú (ii),

dim(ker(φ)) + dim(im(φ)) = n.

=N��éó½n(1�Ù1nù½n 5.13)¤á.
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6.2 �5N��$�

½Â 6.9 � φÚ ψ´l8Ü S � Rm�N�, λ ∈ R. -:

φ + ψ : S −→ Rm

s 7→ φ(s) + ψ(s)
Ú

λφ : S −→ Rm

s 7→ λφ(s).

©O¡�N��\{�N��ê¦$�.

�â Rm¥�5$��5�, ·�����yN��\{

Úê¦÷v��ÆÚ(ÜÆ�ùü�$�÷v©�Æ.

·K 6.10 (i) �φ : Rn→Rm´�5N�, ψ1, ψ2 : S→Rn

´N�, λ1, λ2∈R. K

φ ◦ (λ1ψ1 + λ2ψ2) = λ1(φ ◦ ψ1) + λ2(φ ◦ ψ2).

(ii) � φ1, φ2 : Rn→Rm, ψ : S→Rn´N�, λ1, λ2∈R. K

(λ1φ1 + λ2φ2) ◦ ψ = λ1(φ1 ◦ ψ) + λ2(φ2 ◦ ψ).

y². (i) � s ∈ S. K

φ ◦ (λ1ψ1 + λ2ψ2)(s) = φ((λ1ψ1 + λ2ψ2)(s)) (EÜ�½Â)

= φ(λ1ψ1(s) + λ2ψ2(s)) (½Â 6.9)

= λ1φ ◦ ψ1(s) + λ2φ ◦ ψ2(s) (φ�5)

= (λ1φ ◦ ψ1 + λ2φ ◦ ψ2)(s) (½Â 6.9).
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� φ ◦ (λ1ψ1 + λ2ψ2) = λ1(φ ◦ ψ1) + λ2(φ ◦ ψ2).

(ii) � s ∈ S. K

(λ1φ1 + λ2φ2) ◦ ψ(s) = (λ1φ1 + λ2φ2)(ψ(s)) (EÜ�½Â)

= λ1φ1 ◦ ψ(s) + λ2φ2 ◦ ψ(s) (½Â 6.9)

= (λ1φ1 ◦ ψ + λ2φ2 ◦ ψ)(s) (½Â 6.9).

� (λ1φ1 + λ2φ2) ◦ ψ = λ1(φ1 ◦ ψ) + λ2(φ2 ◦ ψ). �

·K 6.11 � φÚ ψ ´l Rn � Rm ��5N�, λ ∈ R.
K φ + ψÚ λφ�´�5N�.

y². � x,y ∈ Rn. ·�O�

(φ + ψ)(x + y) = φ(x + y) + ψ(x + y) (N�\{�½Â)

= φ(x) + φ(y) + ψ(x) + ψ(y) (�5N��½Â)

= (φ + ψ)(x) + (φ + ψ)(y) (N�\{�½Â).

� α ∈ R. K

(φ + ψ)(αx) = φ(αx) + ψ(αx) (N�\{�½Â)

= αφ(x) + αψ(x) (�5N��½Â)

= α(φ + ψ)(x) (N�\{�½Â).
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u´, φ + ψ´�5N�. aq/,

(λφ)(x + y) = λφ(x + y) (N�ê¦�½Â)

= λ(φ(x) + φ(y)) (�5N��½Â)

= (λφ)(x) + (λφ)(y) (N�ê¦�½Â).

(λφ)(αx) = λφ(αx) (N�ê¦�½Â)

= λαφ(x) (�5N��½Â)

= α(λφ)(x) (N�ê¦�½Â). �

6.3 Ý
��5$�

� φ, ψ ∈ Hom(Rn,Rm), §�3IOÄe�L«©O

´ A = (ai,j)m×nÚ B = (bi,j)m×n. K

(φ+ ψ)(ej) = φ(ej) + ψ(ej) = ~A(j) + ~B(j), j = 1, 2, . . . , n.

dd·�½Âü�Ý
 AÚ B�Ú

A + B = ( ~A(1) + ~B(1), . . . , ~A(n) + ~B(n)).

�d/, A + B = (ai,j + bi,j)m×n.

� λ ∈ R. K

(λφ)(ej) = λφ(ej) = λ ~A(j), j = 1, 2, . . . , n.
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dd·�½ÂÝ
�ê¦

λA = (λ ~A(1), . . . , λ ~A(n)).

�d/, λA = (λai,j)m×n.

dÝ
\{Úê¦�½Â�½n 6.5��µé?¿

λ ∈ R, A,B ∈ Rm×n,·�kφA+φB = φA+B ÚλφA = φλA.

����yÝ
�\{÷v��ÆÚ(ÜÆ, �éu

?¿ A,B ∈ Rm×n, A + Om×n = AÚ A + (−A) = Om×n.

?, éu?¿ λ, µ ∈ R, (λµ)A = λ(µA). ©�Æ:

λ(A + B) = λA + λB Ú (λ + µ)A = λA + µA.

~ 6.12 �

A =

1 0 −1

0 2 0

 Ú B =

2 1 −3

2 2 1

 .

O� 3A− 2B.

).

3A− 2B =

3 0 −3

0 6 0

−
4 2 −6

4 4 2

 =

−1 −2 3

−4 2 −2


~ 6.13 � A,B ∈ Rm×n. y²:

rank(A + B) ≤ rank(A) + rank(B).
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y². Ï� A + B = ( ~A(1) + ~B(1), . . . , ~A(n) + ~B(n))�

~A(1) + ~B(1), . . . , ~A(n) + ~B(n) ∈ Vc(A) + Vc(B),

¤± Vc(A + B) ⊂ Vc(A) + Vc(B). �

dimVc(A+B) ≤ dim(Vc(A)+Vc(B)) ≤ dimVc(A)+dimVc(B),

= rank(A + B) ≤ rank(A) + rank(B).

íØ 6.14 � Hom(Rn,Rm)l Rn � Rm ��5N��8

Ü. ½Â

Φ : Hom(Rn,Rm) −→ Rm×n

φ 7→ Aφ

.

K Φ´V��Ù_´

Ψ : Rm×n −→ Hom(Rn,Rm)

A 7→ φA
.

?,é?¿ λ, µ ∈ R, φ, ψ ∈ Hom(Rn,Rm), A,B ∈ Rm×n,

·�k:

Φ(λφ + µψ) = λΦ(φ) + µΦ(ψ)

Ú

Ψ(λA + µB) = λΨ(A) + µΨ(B).
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y². �â½n 6.5,·����y Φ�±�5$�.�d§

·�O�

Φ(λφ + µψ) = Aλφ+µψ (Φ�½Â)

= Aλφ + Aµψ (Ý
\{�½Â)

= λAφ + µAψ (Ý
ê¦�½Â)

= λΦ(φ) + µΦ(ψ) (Φ�½Â).

aq/,

Ψ(λA + µB) = φλA+µB (Ψ�½Â)

= φλA + φµB (Ý
\{�½Â)

= λφA + µφB (Ý
ê¦�½Â)

= λΨ(A) + µΦ(B) (Ψ�½Â).
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