read "C:/Users/DELL/Desktop/ISSAC2025CR/src/AddDecomp.txt";
read "C:/Users/DELL/Desktop/ISSAC2025CR/src/DField.txt";

read "C:/Users/DELL/Desktop/ISSAC2025CR/src/LogPart.txt";

read "C:/Users/DELL/Desktop/ISSAC2025CR/src/PrimitiveCR.txt";
read "C:/Users/DELL/Desktop/ISSAC2025CR/src/Primitivelnt.txt";
read "C:/Users/DELL/Desktop/ISSAC2025CR/src/Rational.txt";
read "C:/Users/DELL/Desktop/ISSAC2025CR/src/Reduction.txt";

VVVVVYVYV

E> # load modules
> with(AddDecomp); with(DField); with(LogPart);with(PrimitiveTower);with
(Primitivelnt);with(Rational);with(Reduction);
[SPrimitive]

[AlgebraicDerivative, AssociatedMatrix, Derivative,

FromFunctionalToRational, FromRationalToFunctional, Tower]

[ CompleteLogarithmicPart, IsACompletelLogarithmicPart, LogarithmicPart,
VerifyLogPart |

[AuxiliaryReduction, Basis, CollectTowerInfo, CompleteReduction, Projection,
Verification]

[AlgRaab, ConstantCoefficient, DecompositionOfGenerators,
DecompositionOfRemainder, DifferentiateResidue, LocalResidue,
LogarithmicPartlI, PolynomialMatrix, PrimInt]

[BasisElement, CoefflLaurent, Coefficient, EEA, ExtendedEuclidean,
ExtendedEuclideanOld, HdegAndHcoeff, HeadTerm, LaurentCoeffAndMonomial,
LaurentMatryoshka, LinearReduction, Matryoshka, NormalizedBasis,
NormalizedElement, NormallyProperAndLaurentPolynomialParts,
NumerAndMonicDenom, PadicExpand, ProperAndPolynomialParts, TdegAndTcoeff]

[GCanonicalForm, GKernelAndShellReduction, GKernelReduction, (1)
GShel lReduction, GShellReductionl, HermiteReduce, Indicator,
LaurentPolynomialReduction, LaurentPolynomialReductionl,

LaurentPolynomialReduction2, ResidualForm0]

V¥ Example 3.12

|;> # set up a tower

> K313 := x, [t], [1/x];
K313 :=x, [t], l] (1.1)
X
|;># associate pairs
> CollectTowerinfo(K313);
Ho, Ly [ ¢, L ] (1.2)
X X X




> # input an integrand
> f 1= ((XF1)*A2+(XA2+2%x+2) *t+x+1)/ (x*(t+1));

po ) P (P42 x42) thxt]

B x (t+1)
|;># initial reduction
> (g, s, p) := op(HermiteReduce(K313, f));
X  tx+x+t+x+l

b ) :207 - )
B S t+1 X
|;> # auxiliary reduction
> (q,r) := AuxiliaryReduction(K313, p);

2

q,r:tx-i—;x, +

t. 1
X X

|;> # projection
1

U vi= = tt+t, 0
9

E># verification
> normal(Derivative(K313, g+q+u)+ (s+v) - f);
0
|;> # complete reduction
> (I_Part, NI_Part) := CompleteReduction(K313, f);

t2, -—
X

Sl

|;> # input an integrand

> (u,v) := Projection(K313, r, _Towerinfo[1][3], _Towerinfo[1][4]);

I Part, NI Part :=t X-l-l Xz—i-l t2+t, A
i 2 2 t+1
|;># verification
> Verification(K313, f, I_Part, NI_Part);
L correct
V¥ Example 4.4
|;> # set up a tower
> K44 = x, [t1, t2], [1/(x-1), -t1l/x];
K44 :=x, [tI, t2], [L _u
i x—1 X
|;> # associate pairs
> CollectTowerIinfo(K44);
|: O’ 1 ) 1 ) 1’ |:|:t1’ 1 ]J |:l tlzy tl :|:|:|’ |:O: _t_ly t_ly _15
x—1 x—1 x—1 2 x—1 X X

(1.

(1.

(1.

(1.

(1.

(1.

(1.

(2.

(2.

>fi= (((Xx-1)"2*t1+Xx)* 1273+ x*(X-1)*t1)/ (xN2*(x-1)*t212); ft := t2172;

3)

4)

5)

6)

7)

8)

9)

1)

2)



((x—1)% ti+x) t2+x (x—1) tI
IS (x—1) 2

£t = t2 (2.3)

f:=

|;> # initial reduction

> (g, s, p) := op(HermiteReduce(K44,f)); (gt, st, pt) := op
(HermiteReduce(K44,ft));

] (t1 X*—2 t] x+tl+x) t2
g7 S) p:f_y O) 9
t2 x (x—1)
i gt, st, pt:=0, 0, t2° (2.4)
|;># auxiliary reduction

> (q,r) := AuxiliaryReduction(K44, p); (qt,rt) := AuxiliaryReduction

(K44, pt);
2

o opeotLt2 et 2 2t
X X X X
qt, rt=x tZ+ (2 t1 x—2 t1—2 x) t2+42 x t1°—2 t1°—6 x t14+6 tI  (2.5)
2
+6 x, _2
X

E> # projection
> (u,v) := Projection(K44, r, _Towerinfo[2][3], _TowerInfo[2][4]);
(ut,vt) := Projection(K44, rt, _TowerlInfo[2][3], _Towerinfo[2][4]);

U, v:z-% t?+2 t2, 0

2
ut, vt :=0, 2 (2.6)
L X
|;># verification
> normal(Derivative(K44, g+q+u)+ (s+v) - f); normal(Derivative(K44,
gt+qt+ut)+ (st+vt) - ft);
0
L 0 (2.7)
|;> # complete reduction
> (I_Part, NI_Part) := CompleteReduction(K44, f); (I_Part_t,
NI_Part_t) := CompleteReduction(K44, ft);
2
[ Part, NI Part = — + L2t 2 L2000
t2 X X 2
I Part t, NI Part t:=x t2+ (2 t1 x—2 t1—2 x) t2+2 x t1°—2 tI° (2.8)
2
6 x t14+6 146 x -2t
X

|;># verification
> Verification(K44, f, 1_Part, NI_Part); Verification(K44, ft,
I_Part_t, NI_Part_t);

correct



LL correct (2.9)

V¥ Example 4.5 (not available because there are not yet maple
scripts for a complete reduction for algebraic functions in
Maple)

VY Example 5.4

|;> # set up a tower
> K54 := x, [t1, t2, t3], [1/(x-1), (1-t1)/x, 1/t1+1/x];

K51:=x, [, 12, 3) |——, A L] (4.1)
i x—1 X tl X
|;> # associate pairs
> CollectTowerInfo(K54);
[o, E— ,L[kL ! }[ltﬁ tl}”[m—il+k-ﬂ,4,(42)
x—1 x—1 x—1 2 x—1 X X X
[ka—35+l],0,X+“,1,L[k&x+tﬂﬂ}
i X X x tl X x tl
|;> # input an integrand
>f = (x+(x-1)*t2)/((x-1)*t1)+(t2+(1-t1)*t3)/x;
f::x+(x—1) t2  t24(-tl+1) t3 (4.3)
i (x—1) tI X
|;> # determine elementary integrability
>g := PrimInt(K54,f);
g:=1In(tl) +t2 t3—1n(x) + t3 (4.4)

|;># verification

>F := subs({tl = log(1-x), t2 = log(x)+polylog(2, x), t3 = In(x)-Li(1
-x)}, f); G := subs({tl = log(1-x), t2 = log(x)+polylog(2, x), t3 =
In(x)-Li(1-x)},9);

x+ (x—1) (In(x) +polylog(2, x))

e (x—1) In(-x+1)

n In(x) +polylog(2, x) + (-In(-x+1)+1) (In(x) —Li(-x+1))

X

G:=In(In(-x+1)) + (In(x) +polylog(2, x)) (In(x) —Li(-x4+1)) —Li(-x (4.5)
o+
'> normal (diff(G,x)-F);
_ 0 (4.6)
> # try int
>int(F,x);

A 7\



\ 4

x4+ (x—1) (In(x) +polylog(2, x))
J( (x—1) In(-x4+1) (4.7)

In(x) +polylog(2, x) + (-In(-x+1) +1) (1n(x)—Li(—x+1)))dX
b

+

Example 5.4+ (removed from the submitted version due to lack
of space)

|;> # set up a tower
> K :=x, [t1, t2, t3], [1/x, 1/t1-1/(x+1), 1/(t1+1)+1/(x+2)];

K:=x, [tl, t2, t3], L1 1 1 + 1

(5.1)

b

x tl x+1 ti+1 x42

(5.3)

|:> # associate pairs
> CollectTowerlnfo(K);
|: 0’ l: l) 17 |:|:t1’ l ) |:O1 i_ L ’ ! ’ _17 |:|:t2’ L_L:H}, (5-2)
X X X tl x+1 x+1 tl x+1
[0 x+3+tl 1 ! Htg x+3+tl HH
i (t1+1) (x+2) x+2° T (tI+1) (x+2)
|;> # input an integrand
> f = (2*¥tLIN2*3*X+2*t1*t3* XN 2+6*t1*t3* X +2*t1* XN 2+4*t1*X+xN2+Xx-2)/(
(t1+1)*t1*x*(x+2));
po 2t 3 x 42 t1 3 X 4+6 t1 t3 x+2 t] X +4 t] x+x+x—2
L (t1+1) tI x (x+2)
|;> # determine elementary integrability
>g:=PrimInt(K,f);
i g:=1n(tl+1)—1n(tl) + tF +1In(x+1) —In(x+2) + t2+ t3 (5.4)
|;># verification
>F := subs([tl = log(x), t2 = -log(x+1)+Li(x), t3 = log(x+2)+int(1/
(log(x)+1), x)],f); G:=subs([tl = log(x), t2 = -log(x+1)+Li(x), t3 =
log(x+2)+int(1/(log(x)+1), x)1.9);
1 2 1 o
F:= 2 1 1 2) — Ei(1, -1
0 7D ol x (g gy 2 m0)” (n(x+2) —e T Ei (1, -1n(x)
—1)) x+2 In(x) (In(x+2) —e ' Ei(1, -1In(x) —1)) x* 46 In(x) (In(x
+2)—e ' Ri(1, -In(x) —=1)) x+2 In(x) ¥ +4 x In(x) + X +x—2)
G:=1In(ln(x) + 1) — In(In(x)) + (In(x +2) —e " Ei(1, -1n(x) = 1)) +Li(x) (5.5)
| —eVEi(L -In(x) —1)
> simplify(evala(normal(diff(G,x)-F)));
0

(5.6)

E># try int



>int(F,x);
1
(In(x) +1) In(x) x (x+2)
+2 1n(x) (lr1(x—|—2)—e_1 Ei(1, -In(x)—1)) X +6 In(x) (In(x+2)
—e! Ei(1, -In(x) —1)) x+2 ln(x) X +4 x 11’1(X)+X2+X—2) dx

(2 In(x)* (In(x+2) —e " Ei(1, -1In(x) —1)) x (5.7)

Y Example 5.7

|:> # set up a tower

> K57 := vy, [t], [1/(x+Y)];

K57 =y, [t], [Xj_y} (6.1)

|;> # associate pairs
> CollectTowerInfo(K57);

[O’ Xiry’ X-llry’ b Ht X—li-yHH (8.2)

|;> # input a function
> f 1= 2%/ (AN 2*X+tN2*y -xN2-X*Y);

£o= 2 x (6.3)

t? X-I—t2 y—X2—X v

|;> # complete reduction
> (g0, r0) := CompleteReduction(K57, f);

g0, 10:=0, 2X2
(x+y) (t7—x)

(6.4)

E> # complete reduction
> (gl,rl1) := CompleteReduction(K57, Derivative(x, [t], [1/(x+Yy)], f));

(lXJrly) (_2t+ 4X2J
2 2 X+y  (x+y) 1

gl, rl:= , (6.5)
] 2 —x (x+y) (*=x)
|;> # look for a C(x)-linear relation between r0 and r1
> normal(2*x*rl-r0);
0 (6.6)

[> # the minmal telescoper is 2*x*Dx - 1
|:># find a certificate
>g:= 2*x*gl-g0;

(6.7)




g 2 (6.7)

|:># verification
> normal(2*x*Derivative(x, [t], [1/(x+y)], f) - f - Derivative(K57,g))

0 (6.8)



