
 

⼏丝 Letlk.SIbe a differential field of hero and KHFKH.in
be thedoff poly ring werk in thediffvariables y Y Let Ed

be a fxddifdosedfddextenlionoflk.SI TheaffinespaceA
RitRadenbud Basis Theorem

赢1tinhisfwtdygeneiatdasardodli.fideal

DilfntidhhdstuuslK 在 ft SE KM
In particular Ms 4 kid

INedueibledeonpostionc_ffeEverydfw.it
y En is a finite intentionof irreducible

diff varieties If是ǛVi issudaniwedundanlfmonimddeeonposition.eduis called an irreducible componentofVe

let AEKH.in州K be an irreducibledfpdynonodlirrehibleasapdyinklyiijEN.in叮 Select an arbitraryrankingRon OHM
ht SA bethe Sepwant of A mhR.hn
lemma pih.si HEKM SAfl们 is a prime

doff ideal and A isadfdadeic.at ofP underR
脚3.3zIIAKRNA.SN
Let IA SAE Qin Qt be the minimal primedecomposition
of IA.SN Then IAFMQ.mn Q Suppressingthose

Qi with REQi and denote the lefts by Ri Pr Then
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Hi RAM is the minimal prime decomposition HAI

dtt s ofA underany arbitrary ranking
S4PEN SA and SE Ri Pro

1些 SEIP follows from Lemma233andthefact At
Siue SA仍ER Pr SAER Pr

SER Pr follows fromthe feetdat P 𠮩 are theunique
irreducible components of A了 图

Renda A is the fcharacteristicsetof p⼆阴孤泊了

CS is the giantof A under anyofhiding 㕾
AIRor NM is called the general componentof A

12 Bare called singular componentsof A

咝 叫 A州三州 ⽩ 2y
tA 您 忙刋 2⻔ y prime doffideal

A 2州 2 Y 2 EM SA Y 2yj.MS2 训训 ⽕2 ⾮刋 盥 腻4幽焰煍
们 5 ⾮刋 问 is the general componentof A and
Ellis the singular component of A

To solve YEN over 𣲚 删 表1
姕 ⼟河 ⼆ 第⼆城 ⼆ 可让 Xtc

So Y xtciorfo.cc an arbitraryconstant
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吐A songEEn of A is called a noningdaizeoifasepardsofAst.gl0 AndifSgFofrdsepandofA
y is called a singularsolutionhero of Ao
Nonsingularzeros belong to general component of A but
general componentof A may contain singular solutionsof A_
Eykri A 412
PEKM.fzysineeNLA.SN10了 ngo is theonly singularsolutionofA
A 2州 3州 2⽕⽕三州
IN A ⽕上灯ㄟ y A ⽕三州⼆ sat

Thus go is embedded in thegeneral componentofA仁以
Geometrically Klan制 gin is a one

paranoidfamilyof
nonsingularsolutionsCcahtraryconstant 想吐

012涁盥 Given AtKH 炒 irreduciblewith No 0

呲open decide whether co EN San

Withdeeperresults lowpower theorem not covered in our course
we have the following Rit's component theorem

īlg let AEKH 灯 be a SpdymtinkletlAKP.mnPr be theminimal prime decompositionof们
then ⺕ BiEKH.iihiredueibkstpisdCBil.ci ni
In particular if A is irreducible then⺕ ist Bia AGE炒
and for it A involves a properderivativeofthe leaderof
each Biw.it any ranking and ordBiKordCA
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chapter 4 Extensions of differential fields
Let lk.SIbe a deferential fieldof bro let x be an indeterminate

over K Then s canbe extended to a derivation So on ka st
8 昨 0 givenby 8 赫刈⼆贰 scilxi.de is also a derivation on
Mst 𥻘 0 and䭯 1 givenby 表傠炸 Ěiri
Anyderivations on 𠯻 which extends S is givenby

SF So t S凶表 conversely by defining 狄 渊 EKG
Sis ⼗paid is a derivation on 𠯻 extending S

proof First suppose 8 is a chin on 𠯻 extending 8 Then

V fziEKG7 GG 8MX it Ě iriiflxkf.pt 利斯
So SFS 8州委 Now let Si 𠯻 1例 be definedby
SAKS fit 姒表HI Then V afk.f.la fdaHf.Mdia1 8la
f

iii is
iiit

tumor let KEL be fieldsof duo Thenanyderivation

on k couldbe extended to a derivation on Ln Thisextennis
unique if L is algebraic over K
proof let 8 be a derivation on K Firstsuppose L KA
If ⼦ is transcendental werk then thereexists a derivation Soon
K的 st.SK 8kand SoAko SoNowextends to a derivationon EKA
If risdgebiwcowk.lt FMbetheminimalpolynomialoftwerkLet g Ek的 be a polynomial to be determined 8extend
to a derivation Soon 𠯻 by selling 8 作 so

S S⼗ 㸪表 is a derivation on 㶭
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Wewant to choosegcxlst.fi mapsthe ideal F1们 to itself
Thecondition for this is that S.FIAko or 𠯻为 𠯻以拆成

lEFKGS.FIAH 㸪载仔 0 L 例⼆⽐炸𠯻上娳伙们
Sine 装吽 㸪 te KA⺮的 impliesthat we表仔
can find gakkai with desired property choose

gcxkkast.S.mgsFkGJtoitsdfNowS indueesamapIonkG7fkMby
不ANHFKMKS.AM t FK的 andthis了 is thedesiredhindon
On ⼮⼦⺮的 下的⼆ 㸪 81所咋的
Forthegeneral case let Eflk.si KEkELand8kH.ThenEdlLetcK8 lElk Sz E lkn.GE be anascending

chain in E Then YKi 87 wluac ki.FIaHilal is in E
By Nis lemma ⼆ a maximal eltlM.sn in E cleanly Mt

Uni If L is not algebraic over K then ⺕⼦ELtrans
over K Therewill be morethanone derivation on KAJwhichextends
Son K If L is algebraic werk for eadrEL.lt 劂懿灿

betheminimal polynomialof twerk let D bethederivation on L
whichextends Son K.FM 0 听州 1 感刈⼆殿的抖
iii 㖄 ⼆ 㖄 傠的⽕款扪which is unique 国

lordly If KEL are fieldsof bio and 8 be a
derivation on Lst.SK
EkIftELisdgoowkthen8lHEKlH.Inpahidaiif2ELis

dg over a constant subfield
of L then ⼦ is a constant 拉
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With the languageof doff pdp Definition2.1 can be ethan
Def43 let KEL be differential field extensionsand⼦EL If

⺕⽤MEKMst.PHno then r is saidtobedfrehddgowkOtherwise r is called differentially transcendental work
Let ⼦ 不Ek we do 不

gdigdqdwerkiflcy.iihlEKH.iihkst.FMinto Otherwise theyare
said to be differentially transcendental over

K.lemhtkELbedffdidfddeofdaroandrd.hnrisdfdgebiuiowk
tidegkskc.co

proof Spr is diff algebraicover k let AMEKMbeafraidof丘的纵川 Assume ohAku AMisofminimalorderandminimaldegcfumtr.grKDk underthedesiredcord

dearly ⼦⼦ 扣⻔ are dg.indep over Kand this algebraicover
KA ⼦ ⼦州 And AAFO SAH.tt砶 ⼆0 where

ItAl EKG ⼦们 ⼆ ⼦𠯢 有1㖃仔 EKG ⼦ ⼦们

VKEN th E KA ⼦ ⼦们
So ⼮ K ⼦ ⼀ 孙仔们 and tidegkskn.intr.degksk.co impliesthat ⼦ ⼦ ⼦ 扣 are dgdep.dk
So ⼦ is diffalgebraic werk 国

Remark D If risdfdgwerkandfcyitoisadofp.ly ofminimal
orderwhichvanishes at then tr.bg1 ⼦⽔ d G

21Theresult is false in the patiddofrdidcaelk.si 的
where tr.bg⼮吙 mightbe infinitybutthedifferentialtype fk is Emi
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