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Zeilberger’'s method

In the early 1990s, Zeilberger developed an algorithmic theory for
proving identities in combinatorics and special functions.
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Zeilberger's method

In the early 1990s, Zeilberger developed an algorithmic theory for
proving identities in combinatorics and special functions.
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Telescoping

Problem. For a sequence f(k) in some class &(k), decide whether
there exists g(k) € &(k) s.t.

f(k) =g(k+1)—g(k)
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Telescoping
Problem. For a sequence f(k) in some class &(k), decide whether
there exists g(k) € &(k) s.t
flk) =glk+1)—glk) = Ac(g)
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Examples.

» Rational sums
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Creative telescoping

Problem. For a sequence f(n,k) in some class &(n,k), find a linear
recurrence operator L € F(n,S,] and g € &(n,k) s.t.

L(n,S,) (f) = Aclg)
—

Telescoper

Call g the certificate for L.
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Call g the certificate for L.
Example. Let f(n,k) = (2)2 Then a telescoper for f and its
certificate are

(2k—3n—3)k2()*
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L=(n+1)S,—4n—2 and g=
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L=(nt1)S,—4n—2 and g— K33 W)
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Since f(n,k) =0 when k < 0 or k > n, we have
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Creative telescoping for f = (’Z)Z: L(f) = Ar(g), where
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Proving identities

"\ 2n
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k=0
Creative telescoping for f = (’Z)Z: L(f) = Ar(g), where
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Verify the initial condition:

Then the identity is proved!
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Handbooks of identities
Dixon's identity

2 wfa+b\ (b+c\ (cta) (a+b+c)!
21 <a—|—k) <b+k> <c+k> ~ alble!
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Handbooks of identities
Dixon's identity
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Fundamental problems

Creative telescoping

m
L(.X, ax) (f(-xvyla cee 7ym)) = Zay,-(gi(X,}’la
Telescoper =1

<3 Ym))

7/30



Fundamental problems

Creative telescoping

L(x,dy) (.91, ym)) = D 9y (82,31, ¥m))
Telescoper i=1

Existence problem.
For a function f(n,k), decide whether telescopers exist?
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Fundamental problems

Creative telescoping

L(x,dy) (.91, ym)) = D 9y (82,31, ¥m))
Telescoper i=1

Existence problem.
For a function f(n,k), decide whether telescopers exist?

Construction problem.
For a function f(n,k), how to computer a telescoper if it exists?

Tools:

Algebraic analysis (holonomic D-modules)
Differential and difference algebra
Non-commutative rings (Ore polynomials)
Computational algebraic geometry

v v vV v Vv
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Existence of telescopers

Timeline of works on existence problem

8/30



Existence of telescopers
Timeline of works on existence problem

1990 1992 2002 2003 2005 2012 2015 2016

1990: Zeilberger proved that telescopers always exist for holonomic
functions:

Journal of Computational and Applied Mathematics 32 (1990) 321-368 321
North-Holland

A holonomic systems approach to special
functions identities *

Doron ZEILBERGER
Department of Mathematics, Temple University, Philadelphia, PA 19122, USA
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Existence of telescopers

Timeline of works on existence problem

1990 1992 2002 2003 2005 2012 2015 2016

1992: Wilf and Zeilberger proved that telescopers always exist for
proper hypergeometric terms:

Invent. math. 108: 575-633 (1992) TMW
mathematicae
© Springer-Verlag 1992

An algorithmic proof theory for hypergeometric
(ordinary and ““¢°’) multisum/integral identities

Herbert S. Wilf* and Doron Zeilberger **

Department of Mathematics, University of Pennsyivania, Philadelphia, PA 19104, USA
Department of Mathematics, Temple University, Philadelphia, PA 19122, USA

8/30



Existence of telescopers
Timeline of works on existence problem

1990 1992 2002 2003 2005 2012 2015 2016

2002: Abramov and Le solved the existence problem for rational
functions in two discrete variables:

DISCRETE
MATHEMATICS

ELSEVIER Discrete Mathematics 259 (2002) 1-17 —
www.elsevier.com/locate/disc

A criterion for the applicability of Zeilberger’s
algorithm to rational functions’

S.A. Abramov®, H.Q. Le®>*
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Existence of telescopers
Timeline of works on existence problem

1990 1992 2002 2003 2015 2016

2005 2012
/s A4

2003: Abramov solved the existence problem for bivariate hyperge-
ometric terms:

o —_—
WwW.MATHEMATICSweB.0RG ADVANCES IN
rowenen sy sciencE @nln:cr- App]ied
ACADEMIC Mathcmatics
PRESS Advances in Applied Mathematics 30 (2003) 424441 —_—

www.elsevier.com/locate/aam

When does Zeilberger’s algorithm succeed?

S.A. Abramov'!
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Existence of telescopers
Timeline of works on existence problem

1990 1992 2002 2003 2005 2012 2015 2016

2005: W.Y.C. Chen, Hou and Mu solved the existence problem for
bivariate ¢g-hypergeometric terms:

sclsn:;@.n ...... Journal of

Symbolic
Computation

Journal of Symbolic Computation 39 (2003) 155-170 —_—
www.elsevier.com/locateljs

Applicability of the g-analogue of Zeilberger’s
algorithm

William Y.C. Chen*, Qing-Hu Hou, Yan-Ping Mu

Center for Combinatorics, LPMC, Nankai University, Tianjin 300071, PR China
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Existence of telescopers
Timeline of works on existence problem

1990 1992 2002 2003 2005 2012 2015 2016

2012: S. Chen and Singer solved the existence problem for bivariate
rational functions in the mixed cases:

Advances in Applied Mathemaics 49 (2012) 111133
Contents lists available at SciVerse ScienceDirect X
Advances in Applied Mathematics M

www.elsevier.com/locate/lyaama

Residues and telescopers for bivariate rational functions *

Shaoshi Chen, Michael F. Singer*

Department of Mathemarics, North Carolina State University, Box 8205, Raleigh, NC 27695-8205, USA

8/30



Existence of telescopers

Timeline of works on existence problem

1990 1992 2002 2003 2005 2012 2015 2016

2015: Chen et al. solved the existence problem for bivariate mixed
hypergeometric terms:

Journal of Symbolic Computation 68 (2015) 1-26

Contents lists available at ScienceDirect o
symboic

Journal of Symbolic Computation Camposicn

www.elsevier.com/locateljsc

On the existence of telescopers for mixed @m;m
hypergeometric terms ~

Shaoshi Chen?, Frédéric Chyzak ", Ruyong Feng?,
Guofeng Fu?, Ziming Li®
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Existence of telescopers

Timeline of works on existence problem

1990 19% 2002 2003 2005 2012 2015 2016
' O
S S

2016: Chen et al. solved the existence problem for rational functions
in three discrete variables:

Existence Problem of Telescopers: Beyond
the Bivariate Case -

Shaoshi Chen'2, Qing-Hu Hou?, George Labahn?, Rong-Hua Wang*
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Mixed hypergeometric terms

Let F be a field of char. zero and algebraically closed.

t=1(t1,...,0n), X = (x1,...,%,)

D;: (9/(91‘1' , Sjix]'—HCj-i—l

~—~— —
derivations shifts

Definition. h(t,x) is mixed hypergeometric over F(t,x) if

Dj(h) Sj(h)
h

h and

all are rational functions in F(t,x).

Remark. Mixed hypergeometric terms are solutions of systems of
first-order homogeneous differential and difference equations.
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Examples

» Rational functions:
1 t1+x+1
(h+n) n+n+x3+3

Hh+6n+x,
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Examples

» Rational functions:
1 t1+x+1
(h+n) n+n+x3+3

1+t +xg,

» Hyperexponential functions:

1
expni+8), (B+n+D), equ )
Hn+n

» Symbolic powers:

7, (h+n) - (+8)2,

» Hypergeometric terms:

2XI7 X1!, (X1+2X2+\/§)!,
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Structure theorem

Theorem. Any mixed hypergeometric term h(t,x) is of the form

f(t,x)- HB Y -exp(go(t) - ] [ae®)- ] [lva-xtp2)1

(=1 A

~

where f is a rational function in F(t,x).
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Structure theorem

Theorem. Any mixed hypergeometric term h(t,x) is of the form

~

f(t,x)- HB 9-exp(go(t) - ] [ee®)- T [lva-xtp21

(=1 A

where f is a rational function in F(t,x).

Proper terms. A mixed hypergeometric term h(t,x) is proper if it is
of the form

~

Pltx)- [ [ B(0)7-explgo(t) - T ge® -] [(va-x+p1)

Jj=1 (=1 A

where P is a polynomial in F[t,x].
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Holonomic terms

Let H(z) be a function of continuous variables z = (zj,...,z).
Notation: <7 :=F[zy,...,zJ(D;,,...,D,,), and

anng, (H(z)) :={L € @ | L(H) =0}.
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Let H(z) be a function of continuous variables z = (z1,...,z).
Notation: <7 :=F[zy,...,zJ(D;,,...,D,,), and

anng, (H(z)) :={L € @ | L(H) =0}.

Definition.

» H(z) is holonomic if the Hilbert dimension of ann,, (H(z)) as
a left ideal of 7 is s.

» A function A(t,x) is holonomic if the generating function

H(tz)= >  h(tx)z -z

xl?”~7xn230

is holonomic over <., :=F(t,z)(D,,,...,D;,,D;,,...,D,).
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Holonomic terms

Let H(z) be a function of continuous variables z = (z1,...,z).
Notation: <7 :=F[zy,...,zJ(D;,,...,D,,), and

anng, (H(z)) :={L € @ | L(H) =0}.

Definition.

» H(z) is holonomic if the Hilbert dimension of ann,, (H(z)) as
a left ideal of 7 is s.

» A function A(t,x) is holonomic if the generating function

H(tz)= Y  h(tx)z g

xla'-~7)ﬁnzf()

is holonomic over <., :=F(t,z)(D,,,...,D;,,D;,,...,D,).

Remark. No algorithm for verifying holonomicity:-(
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Wilf-Zeilberger conjecture: Holonomic < Proper

In the fundamental paper by Wilf and Zeilberger:

Invent. math. 108: 575-633 (1992) W

matbematicae
© Springer-Verlag 1992

An algorithmic proof theory for hypergeometric
(ordinary and “¢”*) multisum/integral identities

Herbert S. Wilf* and Doron Zeilberger **

Department of Mathematics, University of Pennsylvania, Philadeiphia, PA 19104, USA
Department of Mathematics, Temple University, Philadelphia, PA 19122, USA
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© Springer-Verlag 1992
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In Page 585, they said:

Our examples are all proper-hypergeometric. We conjecture that a hypergeo-
metric term is proper-hypergeometric if and only if it is holonomic.
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Wilf-Zeilberger conjecture: Holonomic < Proper

In the fundamental paper by Wilf and Zeilberger:

Invent. math. 108: 575-633 (1992) W

matbematicae
© Springer-Verlag 1992

An algorithmic proof theory for hypergeometric
(ordinary and “¢”*) multisum/integral identities

Herbert S. Wilf* and Doron Zeilberger **

Department of Mathematics, University of Pennsylvania, Philadeiphia, PA 19104, USA
Department of Mathematics, Temple University, Philadelphia, PA 19122, USA

Chen and Koutschan recently proved the conjecture:

Proof of the Wilf-Zeilberger Conjecture for
Mixed Hypergeometric Terms

Shaoshi Chen®", Christoph Koutschan®
13/30



Existence criteria: bivariate case

;0x) Dy

Ay

Aq Y

9 types of telescopers for bivariate mixed hypergeometric terms
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is holonomic.

» In the pure discrete case, Abramov proved that

h has a telescoper
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In the pure continuous case, telescopers always exists since &
is holonomic.
In the pure discrete case, Abramov proved that

h has a telescoper & h=Ay(g)+r,where r is proper
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g-anlogue of Abramov's criterion.
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Existence criteria: bivariate case

(L,0x) Dy Ay Agy
F(¢)(Dy) | Zeilberger1990 vV v/
F(2)(Sy) vV Abramov2003 Vv
F(£)(Sg.x) Vv vV ChenHouMu2005

9 types of telescopers for bivariate mixed hypergeometric terms

In the pure continuous case, telescopers always exists since &
is holonomic.
In the pure discrete case, Abramov proved that

h has a telescoper & h=Ay(g)+r,where r is proper

In the pure g-discrete case, Chen, Hou and Mu proved a
g-anlogue of Abramov's criterion.

In 2015, Chen et al. solved the other 6 mixed cases.
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Beyond the bivariate case

All existence criteria in the bivariate case show that
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Beyond the bivariate case

All existence criteria in the bivariate case show that
h(x,y) has a telescoper & h=A\(g)+r,where ris proper

Example in the mixed case:

has no telescoper of type (Sy,D))!
x+y
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Beyond the bivariate case

All existence criteria in the bivariate case show that

h(x,y) has a telescoper & h=A\(g)+r,where ris proper

Is this pattern still true in the trivariate case?
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Beyond the bivariate case

All existence criteria in the bivariate case show that

h(x,y) has a telescoper & h=A\(g)+r,where ris proper

P is not proper but it still has a telescoper!
xX+y+z

Existence Problem of Telescopers: Beyond
the Bivariate Case ~

Shaoshi Chen'?, Qing-Hu Hou?®, George Labahn?, Rong-Hua Wang*
'KLMM, AMSS, Chinese Academy of Sciences, Beijing, 100190, (China)
2Symbolic Computation Group, University of Waterloo, Ontario, N2L3G1, (Canada)
*Center for Applied Mathematics, Tianjin University, Tianjin, 300072, (China)
“Center for Combinatorics, Nankai University, Tianjin, 300071, (China)
schen@amss.ac.cn, gh_hou@tju.edu.cn
glabahn@uwaterloo.ca, wangwang@mail.nankai.edu.cn
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Construction of telescopers

Four approaches:
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Construction

Four approaches:

of telescopers

1947 -- 1998 1990 -- 2010 2010 -- 2016
g y Elimination-B Gosper-Based Redution-Based
Approach Approach Approach Approach
- Picard 1902 - Fasenmyer 1947 - Zeilberger 1990 - BostanChenChyzakLi 2010
- Manin 1958 - Zeilberger 1990 - AlmkvistZeilberger 1990| - BoChChLiXin 2013
- Griffiths 1969 - Takayama 1992 - Chyzak 2000 - BolairezSalvy 2013
ChK: 2012 | -Chy y 1998 - Koutschan 2010 - ChHuangKali 2015
..................... - ChenKal 2016

1902: Picard proved the existence of Picard-Fuchs equations for

parameterized integrals of algebraic functions:

EMILE PICARD

Sur les périodes des intégrales doubles dans la théorie des
fonctions algébriques de deux variables

Annales scientifiques de I'E.N.S. 3° série, tome 19 (1902), p. 65-73.
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Construction of telescopers

Four approaches:

1947 -- 1998 1990 -- 2010 2010 -- 2016
Igebrai y Elimination-Based Gosper-Based Redution-Based
Approach Approach Approach Approach
- Picard 1902 - Fasenmyer 1947 - Zeilberger 1990 - BostanChenChyzakLi 2010
- Manin 1958 - Zeilberger 1990 - AlmkvistZeilberger 1990| - BoChChLiXin 2013
- Griffiths 1969 - Takayama 1992 - Chyzak 2000 - BolairezSalvy 2013
- ChK: i 2012 | -Chy y 1998 - Koutschan 2010 - ChHuangKali 2015
. - ChenKal 2016

1958: Manin gave a constructive method for finding Picard-Fuchs
equations:

ALGEBRAIC CURVES OVER FIELDS WITH DIFFERENTIATION

Ju. L MANIN

A di Igebraic hom ism is d from the group of
divisor classes of degree zero on a curve defined over a constant field with
differentiation into the additive group of a finite~dimensional vector space over
the constant field. A partial study of the kernel of this homomorphism is made.
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- ChK: i 2012 | -Chy y 1998 - Koutschan 2010 - ChHuangKali 2015
..................... - ChenKal 2016

1958: Manin gave a constructive

equations:

method for finding Picard-Fuchs
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Approach Approach Approach Approach
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- Manin 1958 - Zeilberger 1990 - AlmkvistZeilberger 1990| - BoChChLiXin 2013

- Griffiths 1969 - Takayama 1992 - Chyzak 2000 - BolairezSalvy 2013

- ChK: i 2012 | -Chy y 1998 - Koutschan 2010 - ChHuangKali 2015
..................... - ChenKal 2016

1969: Griffiths developed the Dwork-Griffiths reduction, which later
is used to compute telescopers for multivariate rational functions:

Annals of Mathematics

On the Periods of Certain Rational Integrals: 1
Author(s): Philip A. Griffiths

Source: Annals of Mathematics, Second Series, Vol. 90, No. 3 (Nov., 1969), pp. 460-495
16/30



Construction of telescopers

Four approaches:

1947 -- 1998 1990 -- 2010 2010 -- 2016
Igebrai y Elimination-Based Gosper-Based Redution-Based

Approach Approach Approach Approach

- Picard 1902 - Fasenmyer 1947 - Zeilberger 1990 - BostanChenChyzakLi 2010

- Manin 1958 - Zeilberger 1990 - AlmkvistZeilberger 1990| - BoChChLiXin 2013

- Griffiths 1969 - Takayama 1992 - Chyzak 2000 - BolairezSalvy 2013

- ChK: i 2012 | -Chy y 1998 - Koutschan 2010 - ChHuangKali 2015
..................... - ChenKal 2016

2012: Chen, Kauers and Singer gave a method for computing tele-
scopers for algebraic functions via residues:

Telescopers for Rational and
Algebraic Functions via Residues

Shaoshi Chen” Manuel Kauers? Michael F. Singer* 16/30



Construction of telescopers

Four approaches:

1902 -- 2012 1990 -- 2010 2010 -- 2016
Igebrai y Elimination-Based Gosper-Based Redution-Based
Approach Approach Approach Approach
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- Griffiths 1969 - Takayama 1992 - Chyzak 2000 - BolairezSalvy 2013
- ChK: i 2012 | -Chy y 1998 - Koutschan 2010 - ChHuangKali 2015
..................... - ChenKal 2016

1947: Fasenmyer gave a method, so-called Sister Celine's method,
to find recurrence relations satisfied by hypergeometric sums:

SOME GENERALIZED HYPERGEOMETRIC POLYNOMIALS
SISTER MARY CELINE FASENMYER

1. Introduction. We shall obtain some basic formal properties of
the hypergeometric polynomials
falaii byy 2) = falay, 22, -+ pi by by o0y b #)
Ity PR Ty U
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Construction of telescopers

Four approaches:

1902 -- 2012 1990 -- 2010 2010 -- 2016
g y Elimination-Based Gosper-Based Redution-Based
Approach Approach Approach Approach
- Picard 1902 - Fasenmyer 1947 - Zeilberger 1990 - BostanChenChyzakLi 2010
- Manin 1958 - Zeilberger 1990 - AlmkvistZeilberger 1990| - BoChChLiXin 2013
- Griffiths 1969 - Takayama 1992 - Chyzak 2000 - BolairezSalvy 2013
ChK: 2012 | -Chy y 1998 - Koutschan 2010 - ChHuangKali 2015
..................... - ChenKal 2016

1990: Zeilberger's algorithm for computing telescopers for holonom-
ic functions via non-commutative elimination in Weyl algebra:

journal of Computational and Applied Mathematics 32 (1990) 321368 )
North-Holland

A holonomic systems approach to special
functions identities *

Doron ZEILBERGER
eparment of Mathemaiic, T

Phiadelphic, PA 19122, USA
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Construction of telescopers

Four approaches:

1902 -- 2012 1990 -- 2010 2010 -- 2016
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Approach Approach Approach Approach
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1990: Zeilberger's algorithm for computing telescopers for holonom-
ic functions via non-commutative elimination in Weyl algebra:

P(x,y,Dx)(h) =0
=0

~ A(x,Dy,D,)(h) =0 ~ A(x,D,,0) is telescoper
Q(x,y,Dy)(h) ( (k) ( ) P
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Construction of telescopers

Four approaches:

g y Elimination-Based
Approach Approach
- Picard 1902 - Fasenmyer 1947
- Manin 1958 - Zeilberger 1990
- Griffiths 1969 - Takayama 1992
ChK: 2012 | - Chy y 1098

1902 -- 2012 1990 -- 2010

2010 -- 2016

Gosper-Based

Approach

- Zeilberger 1990

- AlmkvistZeilberger 1990
- Chyzak 2000

- Koutschan 2010

Redution-Based

Approach

- BostanChenChyzakLi 2010
- BoChChLiXin 2013

- BolairezSalvy 2013

- ChHuangKali 2015

- ChenKal 2016

1992: Takayama improved the non-commutative elimination in Weyl

algebra by Groebner bases computation:

J. Symbolic Computation (1992) 14, 265-282

Buchberger Algorithm

NOBUKI TAKAYAMA
Department of Mathematics, Kobe University, Rokko, Kobe,657, Japan

An Approach to the Zero Recognition Problem by
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Construction of telescopers
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1902 -- 2012 1990 -- 2010 2010 -- 2016
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Approach Approach Approach Approach
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- Griffiths 1969 - Takayama 1992 - Chyzak 2000 - BolairezSalvy 2013
- ChK: i 2012 | -Chy y 1998 - Koutschan 2010 - ChHuangKali 2015
. - ChenKal 2016

1998: Chyzak and Salvy applied

non-commutative elimination in
Ore algebra to identities proofs :

J. Symbolic Computation (1998) 26, 187-227
Article No. sy980207

Non-commutative Elimination in Ore Algebras Proves
Multivariate Identities
FREDERIC CHYZAK! AND BRUNO SALVY

INRIA-Rocquencourt and Ecole polytechnique, France
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Construction of telescopers

Four approaches:

1902 -- 2012 1947 -- 1998 n- 2010 -- 2016
Igebrai y Elimination-Based Gosper-Based Redution-Based
Approach Approach Approach Approach
- Picard 1902 - Fasenmyer 1947 - Zeilberger 1990 - BostanChenChyzakLi 2010
- Manin 1958 - Zeilberger 1990 - AlmkvistZeilberger 1990| - BoChChLiXin 2013
- Griffiths 1969 - Takayama 1992 - Chyzak 2000 - BolairezSalvy 2013
- ChK: i 2012 | -Chy y 1998 - Koutschan 2010 - ChHuangKali 2015
..................... - ChenKal 2016

1990: Based on Gosper's algorithm, Zeilberger developed an algo-
rithm for computing telescoping for bivariate hypergeometric terms:

Discrete Mathematics 80 (1990) 207-211
North-Holland

COMMUNICATION

A FAST ALGORITHM FOR PROVING TERMINATING
HYPERGEOMETRIC IDENTITIES

Doron ZEILBERGER*
Department of Mathematics, Drexel University, Philadelphia, PA 19104, USA
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Approach Approach Approach Approach
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- Griffiths 1969 - Takayama 1992 - Chyzak 2000 - BolairezSalvy 2013
- ChK: i 2012 | -Chy y 1998 - Koutschan 2010 - ChHuangKali 2015
..................... - ChenKal 2016

1990: Almkvist and Zeilberger extends Zeilberger's algorithm to the
hyperexponential case:

J. Symbolic Computation (1990) 10, 571-591

The Method of Differentiating under the Integral Sign

GERT ALMKVIST' AND DORON ZEILBERGER*t 16/30



Construction of telescopers

Four approaches:

1902 -- 2012 1947 -- 1998 n- 2010 -- 2016
Igebrai y Elimination-Based Gosper-Based Redution-Based

Approach Approach Approach Approach
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- Griffiths 1969 - Takayama 1992 - Chyzak 2000 - BolairezSalvy 2013

- ChK: i 2012 | -Chy y 1998 - Koutschan 2010 - ChHuangKali 2015
..................... - ChenKal 2016

2000: Chyzak extends Zeilberger's algorithm to the high-order case:

(H.
Em DISCRETE
i MATHEMATICS
_SEVIER Discrete Mathematics 217 (2000) 115-134 _—
www.elsevier.com/locate/disc
An extension of Zeilberger’s fast algorithm to
general holonomic functions™

Frédéric Chyzak
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Construction of telescopers

Four approaches:

1902 -- 2012 1947 -- 1998 n- 2010 -- 2016
Igebrai y Elimination-Based Gosper-Based Redution-Based
Approach Approach Approach Approach
- Picard 1902 - Fasenmyer 1947 - Zeilberger 1990 - BostanChenChyzakLi 2010
- Manin 1958 - Zeilberger 1990 - AlmkvistZeilberger 1990| - BoChChLiXin 2013
- Griffiths 1969 - Takayama 1992 - Chyzak 2000 - BolairezSalvy 2013
- ChK: i 2012 | -Chy y 1998 - Koutschan 2010 - ChHuangKali 2015
..................... - ChenKal 2016

2010: Koutschan improved Chyzak's algorithm via advanced ansatz
and applied to solve many conjectures in combinatorics:

Math ComputSci. (2010) 4:259-266

DO 10.1007/511786-010-0055-0 Mathematics in Computer Science

A Fast Approach to Creative Telescoping

Christoph Koutschan
16/30



Construction of telescopers

Four approaches:

1902 -- 2012 1947 -- 1998 1990 -- 2010 i)
Igebrai y Elimination-Based Gosper-Based Redution-Based

Approach Approach Approach Approach

- Picard 1902 - Fasenmyer 1947 - Zeilberger 1990 - BostanChenChyzakLi 2010

- Manin 1958 - Zeilberger 1990 - AlmkvistZeilberger 1990| - BoChChLiXin 2013

- Griffiths 1969 - Takayama 1992 - Chyzak 2000 - BolairezSalvy 2013

- ChK: i 2012 | -Chy y 1998 - Koutschan 2010 - ChHuangKali 2015
..................... - ChenKal 2016

2010: Bostan et al. design a fast algorithm for creative telescoping
for bivariate rational functions using classical Hermite reduction:

Complexity of Creative Telescoping
for Bivariate Rational Functions®

Alin Bostan, Shaoshi Chen, Frédéric Chyzak Ziming Li
Algorithms Project-Team, INRIA Key Laboratory of Mathematics Mechanization,
Paris-Rocquencourt Academy of Mathematics and System Sciences

78153 Le Chesnay (France)r B 100190 Beijing (China) 16/30



Construction of telescopers

Four approaches:

1902 -- 2012 1947 -- 1998 1990 -- 2010 1R OLO==I2010
Igebrai y Elimination-Based Gosper-Based Redution-Based
Approach Approach Approach Approach
- Picard 1902 - Fasenmyer 1947 - Zeilberger 1990 - BostanChenChyzakLi 2010
- Manin 1958 - Zeilberger 1990 - AlmkvistZeilberger 1990| - BoChChLiXin 2013
- Griffiths 1969 - Takayama 1992 - Chyzak 2000 - BolairezSalvy 2013
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..................... - ChenKal 2016

2010: Bostan et al. design a fast algorithm for creative telescoping
for bivariate rational functions using classical Hermite reduction:

flx) =Dy(g)+2
q

where p,q € Flx] with ¢ squarefree and deg,(p) < deg,(q).
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Construction of telescopers

Four approaches:
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2010: Bostan et al. design a fast algorithm for creative telescoping
for bivariate rational functions using classical Hermite reduction:

Jf(x)dx: rational part + logarithmic part
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Construction

Four approaches:

1902 -- 2012 1947 -- 1998 1990 -- 2010
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Approach Approach Approach
- Picard 1902 - Fasenmyer 1947 - Zeilberger 1990
- Manin 1958 - Zeilberger 1990 - AlmkvistZeilberger 1990
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of telescopers

L e

Redution-Based

Approach

- BostanChenChyzakLi 2010
- BoChChLiXin 2013
- BolairezSalvy 2013

- ChHuangKali 2015
- ChenKal 2016

2013: Bostan et al. generalize the Hermite reduction to hyperexpo-
nential case and design a reduction-based telescoping algorithm:

Hermite Reduction and Creative Telescoping
for Hyperexponential Functions’

Alin Bostan', Shaoshi Chen?, Frédéric Chyzak', Ziming Li*, Guoce Xin*

16/30



Construction of telescopers
Four approaches:
1902 -- 2012 1947 -- 1998 1990 -- 2010 i)
Igebrai y Elimination-B Gosper-Based Redution-Based
Approach Approach Approach Approach
- Picard 1902 - Fasenmyer 1947 - Zeilberger 1990 - BostanChenChyzakLi 2010
- Manin 1958 - Zeilberger 1990 - AlmkvistZeilberger 1990| - BoChChLiXin 2013
- Griffiths 1969 - Takayama 1992 - Chyzak 2000 - BolairezSalvy 2013
- ChK: i 2012 | -Chy y 1998 - Koutschan 2010 - ChHuangKali 2015
..................... - ChenKal 2016

2013: Bostan, Lairez and Salvy design a telescoping algorithm for
multivariate rational function based on Dwork-Griffiths reduction:

Creative Telescoping for Rational Functions
Using the Griffiths—Dwork Method"

Pierre Lairez
_Inria (France)
pierre.lairez@inria.fr

Alin Bostan
Inria (France)
alin.bostan@inria.fr

Bruno Salvy
Inria (France)
bruno.salvy@inria.fr
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Construction

Four approaches:

1902 -- 2012 1947 -- 1998 1990 -- 2010
g y Elimination-B Gosper-Based
Approach Approach Approach
- Picard 1902 - Fasenmyer 1947 - Zeilberger 1990
- Manin 1958 - Zeilberger 1990 - AlmkvistZeilberger 1990
- Griffiths 1969 - Takayama 1992 - Chyzak 2000
ChK: 2012 - Chy y 1098 - Koutschan 2010

of telescopers

Redution-Based

Approach

- BostanChenChyzakLi 2010
- BoChChLiXin 2013
- BolairezSalvy 2013

- ChHuangKali 2015
- ChenKal 2016

2015: Chen et al. design a telescoping algorithm for bivariate hyper-
geometric terms based on modified Abramov-Petkovsek reduction:

A Modified Abramov-Petkovsek Reduction and
Creative Telescoping for Hypergeometric Terms’

Shaoshi Chen!, Hui Huang'?, Manuel Kauers?, Ziming Li*

16/30



Construction

Four approaches:

1902 -- 2012 1947 -- 1998 1990 -- 2010
Igebrai y Elimination-B Gosper-Based
Approach Approach Approach
- Picard 1902 - Fasenmyer 1947 - Zeilberger 1990
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- ChK: i 2012 -Cl y 1098 - Koutschan 2010

of telescopers

) Aol

Redution-Based

Approach

- BostanChenChyzakLi 2010
- BoChChLiXin 2013
- BolairezSalvy 2013

- ChHuangKali 2015
- ChenKal 2016

2016: Chen, Kauers and Koutschan design a telescoping algorithm
for bivariate algebraic functions based on Trager's reduction and
polynomial reduction:

Reduction-Based Creative Telescoping for
Algebraic Functions’

Shaoshi Chen2, Manuel Kauers®, Christoph Koutschan*

16/30



Gosper’s algorithm

In 1978, Gosper solved the telescoping problem
for hypergeometric terms.

Proc. Natl. Acad. Sci. USA
Vol. 75, No. 1, pp. 40-42, January 1978
Mathematics

Decision procedure for indefinite hypergeometric summation

fficient identiti f boli

R. WILLIAM GOSPER, JR.
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Gosper’s algorithm

In 1978, Gosper solved the telescoping problem
for hypergeometric terms.

Proc. Natl. Acad. Sci. USA
Vol. 75, No. 1, pp. 40-42, January 1978
Mathematics

Decision procedure for indefinite hypergeometric summation

fficient identi

R. WILLIAM GOSPER, JR.

Input: A hypergeometric term H (k)
Output: A hypergeometric term G(k) if

H = Ai(G)

Example. k! = A;(No solution!)

17/30



Gosper’s algorithm

In 1978, Gosper solved the telescoping problem
for hypergeometric terms.

Proc. Natl. Acad. Sci. USA
Vol. 75, No. 1, pp. 40-42, January 1978
Mathematics

Decision procedure for indefinite hypergeometric summation

ial coefficient identitic

R. WILLIAM GOSPER, JR.

Input: A hypergeometric term H (k)
Output: A hypergeometric term G(k) if

H = Ai(G)

Example. k-k! = Ai(k!)
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Gosper’s algorithm

In 1978, Gosper solved the telescoping problem
for hypergeometric terms.

Proc. Natl. Acad. Sci. USA
Vol. 75, No. 1, pp. 40-42, January 1978
Mathematics

Decision procedure for indefinite hypergeometric summation

ial coefficient identitic

R. WILLIAM GOSPER, JR.

Input: A hypergeometric term H (k)
Output: A hypergeometric term G(k) if

H = Ai(G)

(3k)! B
K (k+ D) (k+2)127F

Example. A (G)
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Gosper’s algorithm

In 1978, Gosper solved the telescoping problem
for hypergeometric terms.

Proc. Natl. Acad. Sci. USA
Vol. 75, No. 1, pp. 40-42, January 1978
Mathematics

Decision procedure for indefinite hypergeometric summation

fficient identi

R. WILLIAM GOSPER, JR.

Input: A hypergeometric term H (k)
Output: A hypergeometric term G(k) if

H = Ai(G)

(3k)!

Rk ik 4G

Example.
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Zeilberger’s algorithm

Input: A proper hypergeometric term H(n,k)
Output: A telescoper L € C[n,S,] s.t.

L(n,S,)(H) = A(G)
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Zeilberger’s algorithm

Input: A proper hypergeometric term H(n,k)
Output: A telescoper L € C[n,S,] s.t.

L(n,S,)(H) = A(G)

» Pick some reNandset L, =) | ¢S,

» Consider the hypergeometric term

L.(H):= ZcrH(n+ i,k)
i=0
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Zeilberger’s algorithm

Input: A proper hypergeometric term H(n,k)
Output: A telescoper L € C[n,S,] s.t.

L(n,S,)(H) = A(G)
» Pick some reNandset L, =) | ¢S,
» Consider the hypergeometric term

L.(H):= ZcrH(n+ i,k)
i=0

» Call Gosper's algorithm on L,(H) to check
whether 3 ¢g,...,c, € K[n] s.t.

Lr(H) = Ak(Gr)
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» Consider the hypergeometric term
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» If all ¢;'s are zero, increase r and try again
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Zeilberger’s algorithm

Input: A proper hypergeometric term H(n,k)
Output: A telescoper L € Cln,S,] s.t.

L(n,S,)(H) = A(G)

» Pick some reNandset L, =) | ¢S,

» Consider the hypergeometric term

L(H):=) ¢H(n+ik)
i=0

» Call Gosper's algorithm on L,(H) to check

Petkovsek, Wilf & Zeilberger
whether 3 ¢g,...,c, € K[n] s.t.

Lr(H) = Ak(Gr)

» If all ¢;'s are zero, increase r and try again

18/30



Telescoper

Example.
klO
T ntk

The telescoper of minimal order L for H is

L=n'"S,—(n+1)"°
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Telescoper

Example.
klO
Ttk

The telescoper of minimal order L for H is

L=n'"S,—(n+1)"°

Guess the certificate of L?
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Certificate

——(2100k3n% — 84n> — 68460k°n* — 840n* — 372017 + 140700k*n® —9480n° —
35200n 140 | " " e " "

1502417 —10500k2n8 — 1480818 —8400n° —79590n2k” 4-284235n*k> — 143640n°k> 4+-210nk® —
2625013k 4- 1330351 k* — 3570007 k2 + 252k + 18900k%n — 213780k n® 4- 368340k 1> —
110460k3n” — 210010 4+ 1890k — 17647 + 1260k — 378k> — 1260k'® — 294 nk? 4 700nk* —
588 kS +63504 k' n® + 52920k n* 430240k 3 + 11340k 0?2 — 2940 n%k> — 1308013 k> —
33780n*k? —551161°k> — 57348 %k — 17360 k> n* — 48860 k3 n> — 94920 k3n* —

135156 k3 — 554403 n® — 13860k n° — 37803 n 4-7000n2k* 4311853 k* + 80850 n*k* +-
9009017 k* 4+27720n8k* + 57141 k30 4+ 155610 k3> 4 347886 k318 4238392 kn7 +
110880k°n8 +27720k7n° 4+ 12600k°n — 58801n2k0 — 11411417 k0 — 123816100 —
83160n7k6 —2772018k® — 379830k n* — 469128 k7n> — 411840k n® — 257400k n’ —
110880k"n8 —27720k7n° — 17640k” n+ 9405 n> k8 4-24750n*k® + 42075 > k8 4-47520n0k® +
3465017 k8 + 1386018k + 85085 k71> + 398475k n* +23100k%n° +480480k°n° +
924004%n® 4+235620k7n7 +227150kn3 + 404250 k°n° — 12628 k'%n — 13860 k'0n° —
152460k'0n% — 60060 k'n® — 267960 k'n* — 157080k'%n7 — 271656 k'%n® — 56980 k'n2 —
323400k'01° + 2520k n + 2520k 1® + 11340k 18 430240k 17 452920k 1)
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1

2520(n+k)
1502417 —10500k2n® — 1480818 — 8400n° —79590n%k” +284235n*k> — 143640n°k3 +210nk® —
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135156 k°n® — 55440438 — 13860&°n L%'?tegn 3 'zooonzk‘* +31185n3k* +80850n*k* +
90090n"k* +27720n8k* + 57141 k1% + 155610k n° fﬂ%/ﬁgé 8392k%n7 +
110880k°n8 +27720/k7n° 4+ 12600k°n — 58801n2k® — 11411417k — 123?!1461(6 -
8316017k6 —2772018k® — 379830k n* — 469128 k7n> — 411840k n® —257400k"n’ —
110880k7n8 —27720k7n® — 17640k" n+ 9405 m3k® 424750 n* kB + 42075 n° k® +47520n0k8 +
3465017 k8 + 13860 1n8k® + 85085 k71> 4398475k n* +23100k%n° +480480k°n° +
924004°n® +235620k7n7 +227150kn3 + 404250 k1" — 12628 k'n — 13860 k'0n°® —
152460k — 60060 k'n® — 267960 k'n* — 157080&'0n7 — 271656 k'0n° — 56980 k'n> —
323400k'01° + 2520k n+ 2520k 1n® + 11340k n® 430240k 17 452920k 1)

(21004812 — 84n> — 68460kn* — 840n* —3720m° + 140700k*1n® — 9480n° —
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Telescoping without certificates

Problem. Can we compute the telescopers without also computing
the certifiates?
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Problem. Can we compute the telescopers without also computing
the certifiates?

Algorithms: L(x,d,)(f) =9y, (g1) + -+ 9y, (gm)

» Bivariate rational case: Hermite reduction
» Multivariate rational case: Dwork-Griffiths reduction
» Bivariate hyperexponential case:

Hermite reduction + polynomial reduction

p Bivariate hypergeometric case:

Abramov-Petkovsek reduction + polynomial reduction

b Bivariate algebraic case:

Trager's reduction + polynomial reduction
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Reduction: the rational case

1 1\ 1
A= Z
k+1 k(k)+k

Fact:
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Reduction: the rational case
Fact:
L, S AU
kts  \kts—1 k) Tk
Abramov's reduction: For any f € F(k),

£l = A(g)+ 5.

where f € F(k),deg;(a) < deg,(b) and b is shift-free, i.e., the
distance of any two roots of b is not integer.
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Reduction: the rational case
Fact:
L, S AU
kts  \kts—1 k) Tk
Abramov's reduction: For any f € F(k),

£l = A(g)+ 5.

where f € F(k),deg;(a) < deg,(b) and b is shift-free, i.e., the
distance of any two roots of b is not integer.

Remark. The decomposition above is not unique, e.g.

2%+1 1\ 2 1 2
p— [1 —_ _—= Zﬁ _— —_
k(k+1) k(k>+k "( k>+k+1
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Telescoping via reduction

1 1
F=tGmmmran = A0 ) ek
0
1 n+3
S = ey - 2 o r e 2k 3 )
2 1 n
Sa(f) = =A(-)+

(k4+n+2)(2k+3n+6) (n+2)(k+n)(2k+3n)

n
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Telescoping via reduction

1 1
F=tGmmmran = A0 ) ek
0
1 n+3
S = ey - 2 o r e 2k 3 )
Sz(f): 1 =A ()+ n
) (k+nt2)2k+3nt6) * (n+2)(k+n)(2k+3n)

Note that

n-ro+0-ri—(n+2)-mn=0

25/30



Telescoping via reduction

1 1
F=tGmmmran = A0 ) ek
0
1 n+3
S = ey - 2 o r e 2k 3 )
Sz(f): 1 =A ()+ n
) (k+nt2)2k+3nt6) * (n+2)(k+n)(2k+3n)

Note that

n-ro+0-ri—(n+2)-mn=0

U
L= —(n+2)S,2l +n is a telescoper for f.
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Reduction: the hypergeometric case

Let T be hypergeometric w.r.t. k with f = S(T)/T € F(k).

Sk(r) Sk(H)
r

We can have K = ¢/d satisfying gcd(c,Sj;(d)) =1forallicZ

f= K e~ T=r-H with =K.
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Reduction: the hypergeometric case

Let T be hypergeometric w.r.t. k with f = S(T)/T € F(k).

Sk(r) Sk(H)
r

f= K e~ T=r-H with =K.

We can have K = ¢/d satisfying gcd(qu;(d)) =1forallicZ
Modified Abramov-Petkovsek's reduction:

T=al)+(5+5) 1,

where a,b,p € F[k] with deg,(a) < deg,(b), b shift-free and p in a

f.d. vector space Vk.

Proposition.

T=AMA(T") & a=0andp=0

26/30



Telescoping via reductions

Consider

27/30



Telescoping via reductions

Consider

1
T= k!
n+k

» A kernel K=k+1 and shell r=1/(n+k)
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» H=T/r=k
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Telescoping via reductions

Consider |
— k!
d n+k K
T = A( )+LH
= Akl80 Tk
1
Sn(T):Ak("')‘Fm
_ I/n 1
—aulen)+ (L D)
_1/(n+1)

sﬁ(T)=Ak(~-)+<

1

n+k+1 n+l1

)

H
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Telescoping via reductions

Consider

=Ar(g1)+ <n1—/knk+,l1>H

Sﬁ(T):Ak(...)+<_1/(n+1)+ 1 >H

n+k+1 +1

:Ak(g2)+( —I—k rEsy

1 1 —1
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Telescoping via reductions

Consider

( nlink - i)

1/(n(n+1)) n—1
( n+k +n(n—|—1)>
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L=n+1)-82—(n—1)-S,—1

27/30



Telescoping via reductions

Consider |
T = k!
n+k

Therefore,

b the minimal telescoper for T w.r.t. k is
L=n+1)-82—(n—1)-S,—1

b the corresponding certificate is

G=(n+1)-go—(n—1)-g1—1-go

27/30



Telescoping via reductions

Consider |
T = k!
n+k

Therefore,

b the minimal telescoper for T w.r.t. k is
L=n+1)-82—(n—1)-S,—1

b the corresponding certificate is

G=(n+1)-g—(n—1)-g1—1-go
- K
 (n+k)(n+k+1)
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Timings (in seconds)

Let
f(n,k) I'2on+k)

T eintk)ga(2n+k) T(n+ ak)

with
» 8i(z) =pi(dpilz+A)pi(z+p), a,A,p €N,
b deg(py) =deg(p2) =m and deg(f) =n.

(m,n,o,A, ) | Zeilberger | RCT+cert RCT | order
(2,0,1,5,10) 354.46 58.01 4.93 4
(2,0,2,5,10) 576.31 363.25 | 53.15
(2,0,3,5,10) 2989.18 1076.50 | 197.75
(2,3,3,5,10) | 3074.08 | 1119.26 | 223.41
(3,0,1,5,10) | 18946.80 407.06 |  43.01
( )

( )

46681.30 2040.21 | 465.88
172939.00 5970.10 | 1949.71

3,0,2,5,10
3,0,3,5,10

©O© 00O N ~NO
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Softwares

» MAPLE:
1 EKHAD by Zeilberger
2 DEtools:-Zeilberger by Le
3 SumTools[Hypergeometric]:-Zeilberger by Le
4 Mgfun:-creative_telescoping by Chyzak

5 HermiteCT:-Telescoper by S.C.
6 ...
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Softwares

» MAPLE:
1 EKHAD by Zeilberger
2 DEtools:-Zeilberger by Le
3 SumTools[Hypergeometric]:-Zeilberger by Le
4 Mgfun:-creative_telescoping by Chyzak

5 HermiteCT:-Telescoper by S.C.
6 ...

» MATHEMATICA:
1 fastZeil: Zb by Paule and Schorn
2 HolonomicFunctions: CreativeTelescoping by
Koutschan
3 ...
» Maxima: Zeilberger by Fabrizio Caruso

» Reduce: zeilberg by Wolfram Koepf
> ...
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Summary

b Existence problem of telescopers
» Construction problem of telescopers
» Picard’s problem (1889):

Given a rational function f € C(x,y,z), decide whether
there exist u,v,w € C(x,y,z) such that

f=Dx(u) +Dy(V) +Dz(w)-
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Summary

b Existence problem of telescopers
» Construction problem of telescopers
» Picard’s problem (1889):

Given a rational function f € C(x,y,z), decide whether
there exist u,v,w € C(x,y,z) such that

f=Dx(u) +Dy(V) +DZ(W)'

Thank youl
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