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2 /01 0 23454672 Wronskian 89:
/=S+6U<%12FGH 0  &$E$'� Wronskian "��*U<VT], 

!^TU*
;< 1 V K H'6*&_W δ : K �→ K,6+X=F%A) a, b ∈ K, δ(a+b) = δ(a)+

δ(b) c δ(ab) = δ(a)b+aδ(b), Md δ �*&&$'%.U<d K � &J;HE$'%.&$
E$' �D*&'6/��!^),&&$'%cE$'%*N&$E$'+()&$'%
36de'H&$'fN:()E$'%36d�HE$'*VK H*&$E$'6Δ@ Σ $J
H�&$'%@E$'% Yg6M {c ∈ K|∀ δ ∈ Δ, ∀ σ ∈ Σ , δ(c) = 0 D* σ(c) = c}HK  
*&%'6dH #0'.

> 1 Z K = Q(x) D!^ δ = d
dx # J; σ(x) = x + 1, M K @H*&&$E$'*

`Z F = Q(t, x) D!^ δ = d
dt # J; σ(x) = x + 1, M F a@H*&&$E$'*?b

.0C+&$'%cE$'%P��06U/YC+['%��0*/4[c4Q6:< 
#0'\H Q.

/]T+6U<%@�]!A) '%67^&$:�E$6[[\��0*
2.1 ABCDE Wronskian FG

V F �*&&$'6 Δ ��'%'@ Yg*V Θ �d Δ + -._@ %H&d
�0Æ`* Θ +ab-.M�#e*BhbHic ∏

δ∈Δ

δe(δ)  Q�64d e(δ) ∈ N. U<

d Θ + -.H F � &$R%.
;< 2 V θ =

∏

δ∈Δ

δe(δ) ∈ Θ , 4d e(δ) HXjf06Md ∑

δ∈Δ

e(δ) H Θ  e.

I 1 U<%$ Θ(s) hb Θ +eg%kCl% s  -.'@ Yg*
)�4I$=!^#Y6h/"HKolchin �+ [1]. e�+5-��� Wronskian"

��*
;J 1 V K �*&&$'6f ΔH�� &$'%Y*f Θ Hd Δ+ -._@ %

H&d�0Æ`6Df CHK  #0'*V x1, x2, · · · , xn ∈ F . gh66+ x1, x2, · · · , xn / C�
123)6M ∀ θ1, θ2, · · · , θn ∈ Θ , det ((θixj)1≤i,j≤n) = 0. mi66+ det ((θixj)1≤i,j≤n) = 0F
% ∀ θi ∈ Θ(i − 1) \@i6M x1, x2, · · · , xn / C �123)*
2.2 KBCDE Carosatian FGL

], �+/n&E$'% 4Q� [5]. U<4dF%/&E$'%"H*&?-*
d%E$'%H K � &J;6A#)%e0 !^O)APJ*

;< 3 V K �*&E$'6f Σ = {σ1, σ2, · · · , σν} H�� E$'%Y*f Θ H

d Σ + -._@ &d�0Æ`*V θ ∈ Θ , Mo/+g Xjf0 e1, e2, · · · , eν #

< θ = σe1
1 , σe2

2 , · · · , σeν
ν . U<d ∑

i

ei H θ  e0. JjU<$ Θ(s) hb Θ +e0g%k
Cl% s  -. Yg*F%]T+&$E$'# S2&$E$' 4Q6e0 !^.
B*/]T+6U<%P`=R*

;J 2 VK �*&E$'6f Σ H�� E$'%Y*fΘ Hd Σ + -._@ &d
�0Æ`6Df C H K  #0'*V x1, x2, · · · , xn ∈ K. gh66+ x1, x2, · · · , xn / C �12
3)6MF% ∀ θ1, θ2, · · · , θn ∈ Θ , det ((θixj)1≤i,j≤n) = 0;mi66+ det ((θixj)1≤i,j≤n) = 0F
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% ∀ θi ∈ Θ(i − 1) \@i6M x1, x2, · · · , xn / C �123)*
M (⇒) oH x1, x2, · · · , xn / C �123)6A#o/PlH 0  #0 c1, c2, · · · , cn ∈

C #<pc1x1+c2x2+· · ·+cnxn = 0. pqF%ab θ ∈ Θ ,\) c1θx1+c2θx2+· · ·+cnθxn = 0.
oUF% ∀ θ1, θ2, · · · , θn ∈ Θ ,

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

θ1x1 θ1x2 · · · θ1xn

θ2x1 θ2x2 · · · θ2xn

...
...

. . .
...

θnx1 θnx2 · · · θnxn

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

c1

c2

...

cn

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

= 0.

TUF% ∀ θ1, θ2, · · · , θn ∈ Θ , det ((θixj)1≤i,j≤n) = 0.
(⇐) U<%F-. &0 n 9"qm* n = 1 3�^r@@i*]V n < k 3�

^@i6],12 n = k. nF%ab θi ∈ Θ(i − 1), \) det ((θixj)1≤i,j≤k−1) = 0, M
dqm]V x1, x2, · · · , xk−1 / C �123)6rU�^F% n = k 3@i*],]Vo
/ θ′i ∈ Θ(i − 1)(i = 1, 2, · · · , k − 1) #< det ((θ′ixj)1≤i,j≤k−1) 	= 0. dQ�q k − 1 &E
/ γ′

i = (θ′ix1, θ
′
ix2, · · · , θ′ixk), i = 1, 2, · · · , k − 1 / K �127)*d]Vso�q6F%a

b θ ∈ Θ(k − 1), ) ∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

θ′1x1 θ′1x2 · · · θ′1xk

...
...

. . .
...

θ′k−1x1 θ′k−1x2 · · · θ′k−1xk

θx1 θx2 · · · θxk

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

= 0.

oQo/PlH 0 c1, c2, · · · , ck ∈ K #<F% i = 1, 2, · · · , k−1 \) c1θ
′
ix1 +c2θ

′
ix2 + · · ·+

ckθ′ixk = 0 D*F%ab θ ∈ Θ(k−1), (θx1, θx2, · · · , θxk) H γ′
1, γ

′
2, · · · , γ′

k−1  K 12'
g*dQ�q6F%ab θ ∈ Θ(k−1), c1θx1 +c2θx2 + · · ·+ckθxk = 0. FJB6N i = 136
U<) θ′1 = 1, Q3U<) c1x1 + c2x2 + · · · + ckxk = 0, oQU<(t>?- ci ∈ C p�*
d% γ′

1, γ
′
2, · · · , γ′

k−1 / K �127)6A# ck 	= 0, rUU<Ps]V ck = 1. F%ab
 σ ∈ Σ , U<)

0 = σ

(
k∑

�=1

c�θ
′
ix�

)

=
k∑

�=1

σc�σθ′ix�, i = 1, 2, · · · , k − 1.

d% σθ′i ∈ Θ(k − 1), A#
∑k

�=1 c�σθ′ix� = 0, i = 1, 2, · · · , k − 1. oH σ H&J;6U<
) (σθ′ix1, σθ′ix2, · · · , σθ′ixk), i = 1, 2, · · · , k−1/K �K7127)*TU) (σc1, σc2, · · · , σci,

· · · , 1) = α(c1, c2, · · · , ci, · · · , 1), α ∈ K. dQpq6%ab σ ∈ Σ , σci = ci. !�<?*
2.3 ABKBCDE Wronskian FGL

0,[S$Ju^�&$'cE$'� Wronskian "��@-./#0'�123
)2iÆ)v*],U<12&$E$' 4Q*U<%K@d4I"��H Wronskian "
��*
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;J 3 V K �*&&$E$'6fΔH�� &$'%Y6Σ H�� E$'%Y*
f Θ HdΔc Σ + -._@ &d�0Æ`6Df CHK  #0'*V x1, x2, · · · , xn ∈ K.
gh66+ x1, x2, · · · , xn / C �123)6MF% ∀ θ1, θ2, · · · , θn ∈ Θ , det ((θixj)1≤i,j≤n) = 0.
mi66+ det ((θixj)1≤i,j≤n) = 0 F% ∀ θi ∈ Θ(i − 1) \@i6M x1, x2, · · · , xn / C �1
23)*

M (⇒)oH x1, x2, · · · , xn / C �123)6A#o/PlH 0  #0 c1, c2, · · · , cn ∈ C
#<

c1x1 + c2x2 + · · · + cnxn = 0.

pqF%ab θ ∈ Θ , \) c1θx1 + c2θx2 + · · · + cnθxn = 0. oU ∀ θ1, θ2, · · · , θn ∈ Θ ,
⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

θ1x1 θ1x2 · · · θ1xn

θ2x1 θ2x2 · · · θ2xn

...
...

. . .
...

θnx1 θnx2 · · · θnxn

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

c1

c2

...

cn

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

= 0.

TU ∀ θ1, θ2, · · · , θn ∈ Θ , det ((θixj)1≤i,j≤n) = 0.
(⇐)?- wq@!� $=*j6PJit/%U<4dt>12&$'%*U<JjF

-. &0 n9"qm*n = 13�^r@@i*]V n < k 3�^@i6],12 n = k. n
F%ab θi ∈ Θ(i−1),\) det ((θixj)1≤i,j≤k−1) = 0,Mdqm]V x1, x2, · · · , xk−1 / C �
123)6rU�^F% n = k 3@i*],]Vo/ θ′i ∈ Θ(i − 1)(i = 1, 2, · · · , k − 1) #
< det ((θ′ixj)1≤i,j≤k−1) 	= 0. dQ�q k−1&E/ γ′

i = (θ′ix1, θ
′
ix2, · · · , θ′ixk), i = 1, 2, · · · , k−

1 / K �127)*d]Vso�q6F%ab θ ∈ Θ(k − 1), )
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

θ′1x1 θ′1x2 · · · θ′1xk

...
...

. . .
...

θ′k−1x1 θ′k−1x2 · · · θ′k−1xk

θx1 θx2 · · · θxk

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

= 0.

oQo/PlH 0  c1, c2, · · · , ck ∈ K #<F% i = 1, 2, · · · , k − 1 \)

c1θ
′
ix1 + c2θ

′
ix2 + · · · + ckθ′ixk = 0. (1)

D*F%ab θ ∈ Θ(k − 1), (θx1, θx2, · · · , θxk) H γ′
1, γ

′
2, · · · , γ′

k−1  K 12'g*dQ
�q6F%ab θ ∈ Θ(k − 1), c1θx1 + c2θx2 + · · · + ckθxk = 0. FJB6N i = 1 36
U<) θ′1 = 1, Q3U<) c1x1 + c2x2 + · · · + ckxk = 0. oQU<(t>?- ci ∈ C p
�*d% γ′

1, γ
′
2, · · · , γ′

k−1 / K �127)6A# ck 	= 0, rUU<Ps]V ck = 1. h

/F%ab δ ∈ Δ, % δ )$% (1), U<)
k∑

�=1

δc�θ
′
ix� +

k∑

�=1

c�δθ
′
ix� = 0, oH δθ′i ∈

Θ(k − 1), A#
k∑

�=1

c�δθ
′
ix� = 0, 9U k∑

�=1

δc�θ
′
ix� = 0. oH γ′

1, γ
′
2, · · · , γ′

k / K �127)6
(δc1, δc2, · · · , δci, · · · , 0) = α(c1, c2, · · · , ci, · · · , 1), 4d α ∈ K. dQ�qF%ab δ ∈ Δ,
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δci = 0. F%ab σ ∈ Σ , @!�  ?-*j�#<. σci = ci, i = 1, 2, · · · , k. o
Q ci ∈ C, i = 1, 2, · · · , k. !�<?*

I 2 /!� 3 +6H��u&$E$'� n &-./#0'��(123)6+v
 45wx:R n−1∏

i=1

(
μ+ν+i

i

) &"��64d μ = |Δ|, ν = |Σ |.
rs�6/!� 3 +6)5/"��t)w>9":R*], 5^u4*8,F0,

 !�9"�x9*
NO 1 V K �*&&$E$'6f Δ = {δ1, δ2, · · · , δμ} H K � &$'% Yg6

Σ = {σ1, σ2, · · · , σν} H K � E$'% Yg*f Θ Hd Δc Σ + -._@ &d�0
Æ`6Df C H K  #0'*V x1, x2, · · · , xn ∈ K. 6+o/ θ′i ∈ Θ(i− 1)(1 ≤ i ≤ n− 1) #
< γ′

i = (θ′ix1, θ
′
ix2, · · · , θ′ixn) / K �127)6gh x1, x2, · · · , xn / C �123)N*v

NF%ab δ ∈ Δ, σ ∈ Σ , j ∈ {1, 2, · · · , n − 1},
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

θ′1x1 θ′1x2 · · · θ′1xk

...
...

. . .
...

θ′n−1x1 θ′n−1x2 · · · θ′n−1xk

δθ′jx1 δθ′jx2 · · · δθ′jxk

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

= 0,

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

θ′1x1 θ′1x2 · · · θ′1xk

...
...

. . .
...

θ′n−1x1 θ′n−1x2 · · · θ′n−1xk

σθ′jx1 σθ′jx2 · · · σθ′jxk

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

= 0.

M (⇒) d!� 3 �q*
(⇐) oH γ′

i / K �127)6dyVso�qF%ab δ ∈ Δ, σ ∈ Σ # i =
1, 2, · · · , n − 1, δγ′

i # σγ′
i \�z@ γ′

1, γ
′
2, · · · , γ′

n−1  12'g*oH ∀θ ∈ Θ \�#hb
H δi1

1 · · · δik

k σj1
1 · · ·σjl

l  Q�6dqm�q6F%ab θ ∈ Θ , θγ′
i \�#z@ γ′

1, γ
′
2, · · · , γ′

n−1

 K 12'g*FJB6F%ab i = 1, 2, · · · , n # θi ∈ Θ(i − 1), U<) θiγ
′
1 =

(θ′ix1, θ
′
ix2, · · · , θ′ixn) \�#z@ γ′

1, γ
′
2, · · · , γ′

n−1  K 12'g*oH γ′
1 = (x1, x2, · · · , xn),

A#F%ab i = 1, 2, · · · , n # %ab θi ∈ Θ(i − 1), det ((θixj)1≤i,j≤n) = 0. d!
� 3 �q65^@i*

w$�'5^6U<�#"H6]�!"!&$E$' K + n &Xx-.�(/#
0' C �123) RK*

PQ yzp K � n &Xx-. x1, x2, · · · , xn. yHp x1, x2, · · · , xn �(/ C �1
23)*

1) Z k = 2, :R
∣
∣
∣
∣
∣

x1 x2

δx1 δx2

∣
∣
∣
∣
∣
, δ ∈ Δ,

∣
∣
∣
∣
∣

x1 x2

σx1 σx2

∣
∣
∣
∣
∣
, σ ∈ Σ .

6+A) "��\Hx6Md5^ , x1, x2 / C �123)6RK{|*(Mo/ θ2 ∈ Δ∪Σ

#< det((θixj)1≤i,j≤2) 	= 0, 4d θ1 = 1. Z k := k + 1.
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2) n k ≤ n, :R
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

θ1x1 θ1x2 · · · θ1xk

...
...

. . .
...

θk−1x1 θk−1x2 · · · θk−1xk

δθix1 δθix2 · · · δθixk

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

, δ ∈ Δ, i = 1, 2, · · · , k − 1,

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

θ1x1 θ1x2 · · · θ1xk

...
...

. . .
...

θk−1x1 θk−1x2 · · · θk−1xk

σθix1 σθix2 · · · σθixk

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

, σ ∈ Σ , i = 1, 2, · · · , k − 1.

6+A) "��\H 0, Md5^ �q x1, x2, · · · , xk / C �123)6RK{|*(M6
o/ θk = θ′θi0 4d θ′ ∈ Δ ∪ Σ # i0 ∈ {1, 2, · · · , k − 1}, #<

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

θ1x1 θ1x2 · · · θ1xk

...
...

. . .
...

θk−1x1 θk−1x2 · · · θk−1xk

θkx1 θkx2 · · · θkxk

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

	= 0.

Z k := k + 1, =RZR 2.
3) 6+/ZR 2 +RKt){|6Md5^ �q6 x1, x2, · · · , xn 127)6RK{

|*
I 3 {pqy/RK +6U<+/t>:R n(n−1)(μ+ν)

2 &"��64d μ = |Δ|, ν = |Σ |.
oQU< RKAA|z�At:R"�� 0}*
3 /0S 0 23454672 Wronskian 89:

/{ 2 S+U<A12 'M�FGH 0. N' FGPH 0 3645O)APJ*
V F Hab*&'6t H&?/*12)�>0' F (t), /��!^&$'% δ = d

dt . N F  
FGH 0 36U<qy�#0'H F ; |�N F  FGH.0 p 36: #0'H F (tp). H
�#�#0'K@H F , U<t>O9} &$~R*

;< 4 V K �*&'6δ =
{
δ(v); v = 0, 1, · · ·}, �+ δ(v) � K . K  _W66+ δ X

=
1) ∀ x ∈ K, δ(0)x = x;
2) ∀ x, y ∈ K, δ(v)(x + y) = δ(v)x + δ(v)y;
3) ∀ v ∈ N, ∀ x, y ∈ K, δ(v)(xy) =

∑

v1+v2=v
δ(v1)xδ(v2)y;

4) ∀ μ, ν ∈ N, x ∈ K, δ(μ)(δ(ν)x) =
(
μ+ν

μ

)
δ(μ+ν)x;

ud δ � K � S2&$'% (iterative derivation).
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V δi =
{
δ
(v)
i ; v ≥ 0

}
, i = 1, 2, · · · , mHK � m&S2&$'%*U<d δ1 , δ2, · · · , δm�

��0 66+F%ab i, j ∈ {1, 2, · · · , m} # Xjf0 u, v, \) δ
(u)
i δ

(v)
j = δ

(v)
j δ

(u)
i . .

BB6U<�#!^ K �S2&$'%@E$'% ��02*],U</12/&S2
&$'%@E$'%36@�]!:<���0 *H�8}6U<d!^)S2&$'%
 ' K HS2&$'fdJ3%)S2&$'%@E$'% 'HS2&$E$'*

;< 5 V K HS2&$E$'6�+ δi =
{
δ
(v)
i ; v ≥ 0

}
, i = 1, 2, · · · , μ HS2&$

'%6 {σ1, σ2, · · · , σν} HE$'%* K + -. c dH#066+) δ
(v)
i c = 0, F%ab

 i ∈ {1, 2, · · · , μ}, v ∈ N # σjc = c, F%ab j ∈ {1, 2, · · · , ν}. K + A)#0;@
*&'6dH#0'6U<K@$ C hb*

I 4 /!^ +6 δ(1) �L# &$'%*N char(K) = 0 36U<) δ(ν) = 1
ν! (δ

(1))ν .
dQ�q6Q3 δ(1)  #0a�S2&$'% #0*N char(K) = p > 0 3645O)A
PJ66], 8%Ab*

> 2 Z K = F ((t)), 4d char(F ) = p > 0, t H�!-*U<!^S2&$'
% δ(i)(tj) =

(
j
i

)
tj−i, 4dN j < i 36 (

j
i

)
= 0. N i = 1 36 δ(1) HL# &$'% d

dt , Q3
U<)#0' F ((tp)). |�U<) δ(p)(tp) = 1, oU/S2&$'%]6U<)#0'H F .

/S2&$'%]6�� Wronskian "�� �+�#,5-.FGA%x '�*
;S )6]!�6?-1� [7].

;J 4 V K H&$'6 δi =
{
δ
(v)
i ; v ≥ 0

}
, i = 1, 2, · · · , μ H�� S2&$'%*

V C H K  #0'*Z x1, x2, · · · , xn ∈ K. gh x1, x2, · · · , xn / C �123)N*vNF
%ab θi ∈ {δ(v1)

1 δ
(v2)
2 · · · δ(vμ)

μ : v1 ≥ 0, v2 ≥ 0, · · · , vμ ≥ 0}, det ((θixj)1≤i,j≤n) = 0.
],U<%!� 4 5-.S2&$E$'�*
;J 5 V K HS2&$E$'6�+ δi =

{
δ
(v)
i ; v ≥ 0

}
, i = 1, 2, · · · , μ HS2&

$'%6 {σ1, σ2, · · · , σν} HE$'%*f Θ = {δ(v1)
1 · · · δ(vμ)

μ σu1
1 · · ·σuν

ν : vi ≥ 0, uj ≥ 0}.
V C H K  #0'D* x1, x2, · · · , xn ∈ K. gh x1, x2, · · · , xn / C �123)N*vN
F ∀ θi ∈ Θ , det ((θixj)1≤i,j≤n) = 0.

M (⇒) oH x1, x2, · · · , xn / C �123)6A#o/PlH 0  #0 c1, c2, · · · , cn ∈
C #< c1x1 + · · · + cnxn = 0. pqF%ab θ ∈ Θ , \) c1θx1 + · · · + cnθxn = 0. o
U ∀ θ1, θ2, · · · , θn ∈ Θ ,

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

θ1x1 θ1x2 · · · θ1xn

θ2x1 θ2x2 · · · θ2xn

...
...

. . .
...

θnx1 θnx2 · · · θnxn

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

c1

c2

...

cn

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

= 0.

TUF% ∀ θ1, 2, · · · , θn ∈ Θ , det ((θixj)1≤i,j≤n) = 0.
(⇐) ?-wq@!� 8 .B6PJit/%4d &$'%~HRN6oU4~$ ?

->RN*I*U<%F-. &0 n 9"qm* n = 1 3�^r@@i*]V n < k 3

�^@i6],12 n = k. nF%ab θi ∈ Θ , \) det ((θixj)1≤i,j≤k−1) = 0, Md
qm]V x1, x2, · · · , xk−1 / C �123)6rU�^F% n = k 3@i*],]Vo
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/ θ′i ∈ Θ #< det ((θ′ixj)1≤i,j≤k−1) 	= 0. dQ�q k−1 &E/ γ′
i = (θ′ix1, θ

′
ix2, · · · , θ′ixk), i =

1, 2, · · · , k − 1 / K �127)*d]Vso�q6F%ab θ ∈ Θ , )
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

θ′1x1 θ′1x1 · · · θ′1xk

...
...

. . .
...

θ′k−1x1 θ′k−1x2 · · · θ′k−1xk

θx1 θx2 · · · θxk

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

= 0.

oQo/PlH 0  c1, c2, · · · , ck ∈ K #<
c1θ

′
ix1 + c2θ

′
ix2 + · · · + ckθ′ixk = 0, i = 1, 2, · · · , k − 1, (2)

D*F ∀ θ ∈ Θ , (θx1, θx2, · · · , θxk) H γ′
1, γ

′
2, · · · , γ′

k−1  K 12'g*9UF ∀ θ ∈ Θ ,

c1θx1 + c2θx2 + · · · + ckθxk = 0.

d% γ′
1, γ

′
2, · · · , γ′

k−1 / K �127)6A# ck 	= 0. rUU<Ps]V ck = 1. A]�U<
?- ci ∈ C.

=V?-F%ab v ∈ N, j ∈ {1, 2, · · · , μ}, i ∈ {1, 2, · · · , k − 1}, δ
(v)
j ci = 0. U<(t

>?- j = 1  4Q6�:4Q�.B?-*U<F v $qmK*N v = 1 36$ δ
(1)
1 )$

% (2) <
k−1∑

�=1

δ
(1)
1 c�θ

′
ix� +

k∑

�=1

c�δ
(1)
1 θ′ix� = 0, i = 1, 2, · · · , k − 1.

d% δ
(1)
1 θ′i ∈ Θ , A#

k∑

�=1

c�δ
(1)
1 θ′ix� = 0, TU�< k−1∑

�=1

δ
(1)
1 c�θ

′
ix� = 0. @!� 3  ?-.B6

�< δ
(1)
1 ci = 0, i = 1, 2, · · · , k − 1. h/]V δ

(v)
1 ci = 0, ∀ 1 ≤ v < s, 1 ≤ i ≤ k − 1. ],1

2 δ
(s)
1 ci. % δ

(s)
1 )$% (2) Dw$!^ 4 + (3) �<

k∑

�=1

∑

v1+v2=s

δ
(v1)
1 c�δ

(v2)
1 θ′ix� = 0, i = 1, 2, · · · , k − 1.

dqm]V<
k∑

�=1

c�δ
(s)
1 θ′ix� +

k∑

�=1

δ
(s)
1 c�θ

′
ix� = 0, i = 1, 2, · · · , k − 1.

@0,.B 5��96�< δ
(s)
1 ci = 0, i = 1, 2, · · · , k − 1. @!� 2  ?-.B6�<F%

ab σ ∈ Σ , σci = ci, i = 1, 2, · · · , k − 1. oQ c1, c2, · · · , ck ∈ C. !�<?*
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WRONSKIAN DETERMINANTS OVER DIFFERENTIAL

AND DIFFERENCE FIELDS

LI Yinghong FENG Ruyong

(Key Lab of Mathematics Mechanization, Chinese Academy of Sciences, Beijing 100190)

Abstract It is well-known that given finitely many of elements in a differential filed
(difference field), these elements are linearly dependent over its constant field if and only if the
corresponding Wronskian determinant (Casoratian determinant) vanishes. This paper gener-
alizes these classical results into differential-difference fields, that is, the field including both
differential operators and shift operators. Based on Okugawa’s work, the results are generalized
to differential-difference fields with positive characteristic.

Key words Differential-difference field, wronskian determinant, differential operator,
shift operator, iterative differential operator.



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


