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coefficient) OAE, we give a polynomial time algorithm for finding
the polynomial solutions and an algorithm for finding the rational
solutions for a given degree.
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1. Introduction

Difference equations are a very important class of equations for describing special functions and
number sequences. Finding closed form solutions for difference equations is one of the main research
topics for difference equations. Most existing results on symbolic solutions are limited to the linear
case. Algorithms for computing the rational or hypergeometric solutions for linear OAEs have been
proposed in Abramov (1989, 1995, 1998), Abramov et al. (1998, 1995), B6ing and Koepf (1999), Gosper
(1978), Koepf (1995), Paule (1995), Paule and Riese (1997), Paule and Schorn (1995), Petkov3sek (1992)
and van Hoeij (1998, 1999). In Karr (1981, 1985), Karr introduced 17x-fields and used them to find
closed form formulas for finite sums or disproving the existence of such formulas. In Bronstein (2000),
Bronstein extended the notion of monomial extensions of differential fields to difference fields and
described an algorithm for finding the solutions of parameterized linear difference equations in a
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Table 1
Running time for O AEs with form (7)
tdeg Term Time (s) Solution tdeg Term Time(s) Solution

Fq 11 78 0.375 Yes G 8 30 1.875 No
Fy 12 91 1.093 Yes Gy 9 36 5.655 No
F3 13 105 3.204 Yes G3 10 40 13.702 No
Fq 14 120 5.047 Yes Gy 11 44 22.297 No
Fs 15 136 9.094 Yes Gs 12 56 55.329 No
Fg 16 153 13.985 Yes Gg 13 58 70.641 No
F7 17 171 23.282 Yes Gy 14 69 156.031 No
Fg 18 190 40.875 Yes Gg 15 76 297.282 No

subclass of monomial extensions. In Kauers and Schneider (2006), Kauers and Schneider extended
Karr’s algorithm to a general summation framework and presented a new algorithm for indefinite
nested summation. In Schneider (2005), the author developed the algorithms to find all solutions of
parameterized linear difference equations within /7X-field. Hendriks and Singer gave a procedure for
determining the Liouvillian solutions of linear OAEs (Hendriks and Singer, 1999). Wolfram gave a
formula for the general solution of a linear OAE with constant coefficients (Wolfram, 2000). On the
other hand, difference algebra founded by Cohn provides a general algebraic setting in which to study
the structure of the solutions of O AEs (Cohn, 1965).

In this paper, rational solutions of non-linear O AEs are considered. We consider rational general
solutions of the OAEs with any order and nonconstant coefficients. For two non-negative integers
n and m, we construct two classes of OAEs &, and R, ,, in one variable y with rational numbers as
coefficients. &, is a linear equation whose solutions are exactly the univariate polynomial functions
with degree less than or equal to n. R, , is a nonlinear equation whose solutions are exactly the
univariate rational functions with degree (n, m). Here, a rational function with degree (n, m) means
that its numerator is of degree < n and its denominator is of degree < m. As a consequence, we give a
difference equation description for univariate polynomial and rational functions. On the basis of R, n,
we give an equivalent condition for an O AE to have a rational type general solution.

For a first-order autonomous OAE F(y, y;) = 0, where y; is the shift of y, we give a polynomial
time algorithm for finding its polynomial solutions. This is mainly due to a detailed analysis for the
structural shape of the OAE which has polynomial solutions. We try to generalize the method of
finding polynomial solutions to the method of finding rational solutions. It is unfortunate that the
difference version of Theorem 3.7 in Feng and Gao (2006) is not always true (see Example 4.1), which
means that we cannot bound the degree of rational solutions through the parametrization and the
algorithm based on parametrization does not work here. However, for a given degree (n, n), or for
short n, we can give a polynomial time algorithm for deciding whether F(y, y;) = 0 has a rational
solution with degree not greater than n and find one if it has. This algorithm is based on the algorithm
for finding a Laurent series solution of F(y, y1) = 0 and Padé approximation.

The above results can be considered as a difference analogue of the results in Feng and Gao (2006).
But, the techniques used here are different from those for the differential case due to the difference
between differential and difference operators. One of the major differences between the difference
case and the differential case is that the degree of the rational solutions is not always equal to the
degree of F(y, y1) = 0 with respect to the variable y. Another major difference is in the algorithm for
finding a rational function solution of a first-order autonomous OAE F(y, y;) = 0. In the differential
case, it is relatively easy to find power series solutions of F = 0. But such a method cannot be extended
to the difference case. Instead, we give an algorithm for computing Laurent series solutions in } of
F = 0 and use it for finding the rational solutions of F = 0.

The algorithm for finding polynomial solutions is implemented in Maple. The algorithm is very
efficient in that our program can find the solutions of O AEs with high degrees and hundreds of terms
(see Table 1).

The paper is organized as follows. In Section 2, we define #, and R, ,, and give an equivalent
condition for an OAE to have a rational general solution. In Section 3, we give a polynomial time
algorithm for finding polynomial solutions of first-order autonomous O AEs. In Section 4, for the first-
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order autonomous O AE, we give an algorithm for finding its Laurent series solution and an algorithm
for finding its possible rational solution with given degree based on Padé approximation.

2. Rational general solutions of 0 AE

2.1. Some concepts of difference algebra

In this subsection, we will introduce some concepts of difference algebra, which can be found in
Cohn (1965, Chapters 2, 4, and 6). A field with an automorphism o is called a difference field and o is
called a difference operator. The difference field considered in this paper is the rational function field
Q(x) in the variable x with the difference operator o(x) = x + 1. If a difference field # with difference
operator ¢ satisfies # 2> Q(x) and 6|Q(x) = o, then F is called the difference extension field of Q(x).

Let y be an indeterminate over Q(x). We use y; to denote the ith transformation o'(y) of y. Assume
thaty, y1, y2, . .. are algebraically independent over Q(x). Denote Q(x)[y, ¥1, y2, - . .1 by Q(x){y}. We call
elements in Q(x){y} difference polynomials. Then Q(x){y} is a difference polynomial ring (Cohn, 1965,
p.64). Let F € Q(x){y} \ Q(x). The order of F is the largest k such that y, appears in F, denoted by ord(F).
Let ord(F) be o. We can also regard F as an algebraic polynomial iny, y4, ..., y, with coefficients in
Q(x). Then deg(F, y;) denotes the degree of F with respect to y;. When we say that F is an irreducible
difference polynomial, we mean that F is irreducible over Q(x) as an algebraic polynomial where Q is
the algebraic closure of Q.
Let F € Q(x){y} and o = ord(F). Write F as a polynomial in y,:

F:= 1,1_)/;1 + In,1y2’] +---+1

where I; € Q(X)[y, ¥1, . .., Yo_1]. Then I, is called the initial of F, adTFo is called the separant of F. Let X be
an ideal of algebraic polynomial ring Q(x)[y, y1, y2, - - -]. X is called a difference ideal if P € X implies
that o(P) € x. A difference ideal X is reflexive if o(P) € X implies that P € X. A difference ideal ¥ is

prime if PQ € ¥ implies that P € ¥ or Q € X. A difference ideal X is perfect if
(e (P)g*2(P)--- oM (P e X = Pe X

where o' (P) is the ith shift of P and the k; are nonnegative integers (Cohn, 1965, p. 76). We will use {F}
to denote the perfect difference ideal generated by F. A perfect difference ideal {F} can be decomposed
into the intersection of the reflexive prime difference ideals, which are called irreducible components of
F = 0(Cohn, 1965, p. 88, Theorem 4). An irreducible component A of F = 0 is principal if the dimension
of A (in the sense of algebraic ideal) equals ord(F) — k where k is the smallest integer i such that y;
appears in F (Cohn, 1965, p. 161).

Let F € Q(x){y} \ Q(x) be an irreducible difference polynomial and

S = {A € Qx){y}|SA = 0 mod {F}} (1)

where S is the separant of F. Cohn proved that X is a perfect difference ideal and it can be decomposed
into the intersection of the principal components of F (Cohn, 1965, p. 192). Now we give a simple
example to explain the above definitions.

Example 2.1. Let F = (y; — y)®> — 2(y1 +y) + 1. Then ord(F) = 1, the initial of F is 1 and the separant
of Fis 2y; — 2y — 2. Moreover

Sr={F}= {F.y2— 21 +y—2} ) {F. y2 — y}

prime difference ideal  prime difference ideal

Both of these prime difference ideals are the principal components of F = 0.

Let U be the complete system of difference extension fields of Q(x), which is the collection of
difference extension fields of Q(x) (Cohn, 1965, p. 238). For simplification, when we say that an
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element w is in U, we mean that w belongs to some difference fields in U. The elements in U which
annul each element in a difference ideal are called zeros of this difference ideal. A generic zero n(x) of
a prime difference ideal 4 is a zero of A such that for any Q € Q(x){y}, Q(n(x)) = 0 & Q € A where
Q(n(x)) is defined by replacing any occurrence of y; by n(x +i). The complete system has the property
that two distinct perfect ideals in Q(x){y} have at least one different zero in U (Cohn, 1965, p. 238).
An element in U which is invariant under the difference operators is called a constant.

Definition 2.2. Let F € Q(x){y} \ Q(x) be an irreducible difference polynomial. A general solution of
F = 01is defined as a generic zero of one of the principal components of . A rational general solution
of F(y) = 0 is defined as a general solution of F = 0 with the following form:
X" 4 Ay X" - 4 ag
XM 4 by_1x™=1 4 ... 4 by

where the g;, b; are constants. In particular, if m = 0, we call y(x) a polynomial general solution.

Jx) = (2)

Example 2.3. The difference equation (y — y1)> — 2(y + y1) + 1 = 0 has two general solutions:
y(x) = (x4 ¢)? and y(x) = (ce™ + 1)? where ¢ is an arbitrary constant.

2.2. Difference equation description for univariate rational functions

In this subsection, we will construct a class of difference equations whose solutions are rational
functions. Moreover, each rational function is a solution of some difference equation in this class. This
result is significant, because it gives a difference equation description for univariate rational functions.
First let us look at the polynomial case.

Let # =y — y;. Then

S - n+1 fn+1
Pr=9 or;-;—;oJ = ;(—1) ( i )y,-
is a linear difference polynomial with order n + 1, where o means the composition of two difference
polynomials. Then we get
Theorem 2.4. For eachn > 0 and y(x) € U,
YX) = apX" + a1 X" 4 & Py(x) =0
where the a; are constants.
Proof. We will first apply induction on n to prove that #,(x*) = 0for 0 < k < n. Whenn = 0, it is

obvious that #(x°) = (1) = 0. Now assume that it is true forn < N.We have that #(x) = Y2} ()«
for any integer I. For [ < N,

-1 I )
Py(X) = Py_10P) =) (.)J)N—1(XI) =0.
i=0 \!

This implies that 1, x, ¥, ..., x" form a basis of the solution space of £,(y) = 0. Hence the lemma
holds. O

We can generalize the above result to the rational functions. We start with a lemma. Let M(x, k) be
the following matrices:

1 x+k x+Km

1 x+k+1 ... x+k+D™
M(x, k) := . .

1 x+k+m ... x+k+m™

Itis easy to see that M(x, k) is always invertible for every x € Q, k € Z. Moreover, we have the following
lemma:
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Lemma 2.5. M(x, kM~ (x, 0) € Qm+V*m+D toroqch k € Z, where M~ (x, 0) is the inverse of the matrix
M(x, 0).
Proof. Assume that M=1(x, 0) = (¢;j (X)) m+1)x(m+1)- BY M(x, 0)M~1(x, 0) = I,,1, we have that

m

Z(X + l)iC,',j(X) = 51’1‘ for Lj=0,...,m (3)
i=0

where §;; is the Kronecker § function. Suppose that
M(x, )M~ (x, 0) = (dyj(X, k) (m41) s (m41) -
That is,

m

dij(x, k) =Y (x+k+D'cij(x).

i=0

Regarding d; j(x, k) as polynomials in k, then the degree of d, ;(x, k) is not greater than m. From (3), we
get

djx,j—)=1 and dj(x,s—1)=0 fors=0,1,...,j—1,j+1,....,m
which implies that
[T ik —i+1D
[MhoyG—i+D"

Hence the lemma holds. O

dl,j(x’ k) =

Since M(x, k) = M(x + i, k — i) for all integers i, the above lemma implies that M(x, k)M~ (x, ) €
QDX+ for every k, I € Z.

In the following, we describe the idea of how we construct difference equations which have the
property that all rational functions are their solutions. Let
_aX" X" -+ ap
= byx™ + bmf]xmfl 4+ 41
be a generic rational function with degree (n,m) where the a;, b; are arbitrary constants. By
Theorem 2.4, we have that

(P (bpx™ +---+1))) =0, k=0,1,...,m.

Since the b; are arbitrary constants and &, are linear, we get

r(x)

b G (Pa(r()X™)) + bu_16*(Pa(r()X™ 1)) + -+ + X (Pu(r(x))) = 0 (4)
where k = 0, 1, ..., m. Because the coefficients of &, are constants, o(#,) = $,(0). Rewrite (4) in
matrix form:

1 0
b1 0
An.m(r(x)) : = : (5)
b 0
where
‘(/jn (_y) ‘{/.)71 (.yx) R 'y)ﬂ (yxm)
Py Pix+1) . P+ DM
Anm (y) = : : :
Pum)  Pamx+m) ... Pumx+m)™)
From (5), we have that |A, »(r(x))| = 0 where | | is used to denote the determinant of a matrix.

Hence |A,,» ()| satisfies the property that each rational function is a solution of |A; ;(y)| = 0 for some
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nonnegative integers k, I. In general, the variable x appears in the coefficients of |4, ,(y)] = 0. In
the following, from |A,, (v)|, we construct new difference polynomials R, , whose coefficients are
independent of x. We rewrite A, ,,(y) in the form

m

y VX . VX
yiooyix+1) ... yix+ 1"
An,m(y) = t‘Pn : : : = €7)n(YOIVI(Xv 0))
m .Vm(x+m) A yfﬂ(X+m)m
where Y; = diag(y;, yiv1 . . ., Yitm) are the diagonal matrices. Therefore

n+1 ) 1
Aum(y) = Z(—l)'(“f )Y,»M<x, i)

i=0
n+1
- (i(_n*'(” “lL ]>Y,~M(x, DM (x, 0)> M(x, 0).
i=0

By Lemma 2.5 and the remark below, |Z{‘:(}(—1)"(”J;1)Y1M(x, i)M~1(x, 0)| is independent of x. This
implies that

n+1

Z(—w‘(” ’IL l)Y,»M(O, HM(0, 0)’ .
i=0

n+1

Z(—l)"(” f 1)nM(x, DM~ (x, 0)‘ =
i=0

Now we set

=‘Rn,m =

%(—1)"(" ’ 1)Y,»M(o, i
i=0

Remark 2.6. In fact, |A, »(y)| is the Casoratian determinant of #,(y), £,(xy), ..., Pa(x™y) (Cohn,
1965, p. 271). It is similar to the Wronskian determinant in the differential case.

When m = 0, R,0 = &, By induction on m, we know that R, ,, is an ordinary difference
polynomial with ordern + m + 1.

Theorem 2.7. Foreveryn >0, m > 0andy(x) € U,

X" + ap_ X" -+ ag

Y = e b T+ by & V)

where the a;, b; are constants.
Proof. Since |[M(x, 0)| # 0 for any x € Q, we have that

=‘Rn,m (.V(X)) =0& |An.m(y(x))| =0.

Now by Cohn (1965, p. 271, Lemma 2), for some function y(x), |A,.m (y(x))| = 0if and only if there exist
b, bm_1, . . ., bo which are constants and not all 0 such that Zj";o b;#, (¥y(x)) = 0. Moreover, we have
that

ij?n(xiy(x)) =0& P, ((Z bjxj> y(x)) =0« (Z b,»x’) y(x) = Zaixi

j j=0 =0 i=0

Jj=0

where the g; are constants. The last step is due to Theorem 2.4. Hence the theorem holds. O
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2.3. A criterion for an O AE to have rational general solutions

On the basis of the property of R, », we give an equivalent condition for an O AE to have a rational
general solution.

Theorem 2.8. Let F = 0 be an irreducible polynomial in Q(x){y}. Then F = 0 has a rational general
solution iff there exist n and m such that R, , belongs to one of the components of Xr where X is defined
by (1).

Proof (=). Suppose that F = 0 has a rational general solution y(x) of the form (2), which is a generic
zero of A where A is one of the components of . Then R, (¥(x)) = 0 for some non-negative integers
n, m. By the definition of the generic zero, we have that R, , € A.

(<) Assume that R, ,, belongs to one of the components A of Z. Let y(x) be a generic zero of A.
Then R, (J(x)) = 0. Hence y(x) has the form (2) by Theorem 2.7. So F = 0 has a rational general
solution. O

Corollary 2.9. Let F = 0 be an irreducible O AE in Q(x){y}. Then F = 0 has a polynomial general solution
iff there exists an n such that &, belongs to one of the components of X where X is defined by (1).

Remark 2.10. Given n and m, the property of whether R, ,, belongs to one of the components of Zr
can be decided by the difference characteristic set method (Gao and Luo, 2004).

Now we give an example to explain the above results.

Example 2.11. Consider the difference polynomial: F = (y; —y)> — 2(y1 +y) + 1. From Example 2.1,
F = 0 has two principal components:

(F,y2 —2y1+y—2} and ({F,y2—y}.

Since P3 =y3 =3y, +3y1—y=0(02—2y1+y—2) =2 —2y1+y—2), P €{F, y2 = 2y1 +y -2}
which implies that F = 0 has a polynomial general solution with degree 2 on the first component. In
fact, y(x) = (x + ¢)? is its polynomial general solution.

In order to use the equivalent condition given in Theorem 2.8, we need to know the degree bound
n and m of the possible rational general solutions of F = 0. In general, we do not know this bound.

Example 2.12. Consider F = x(y; —y) — (n + 1)y. Then y(x) = cx(x + 1) - - - (x + n) is a polynomial
general solution of F = 0 where c is an arbitrary constant. Here we cannot bound the degree of y(x)
from the degree of F.

3. A polynomial time algorithm for the polynomial solutions

In this section, F will always be an absolutely irreducible first-order autonomous difference
polynomial with coefficients in Q, i.e. F € Qly, y1] and F is irreducible over Q where Q is the rational
number field and Q is the algebraic closure of Q. We will describe a method for computing polynomial
solutions of a first-order autonomous difference equation F(y, y;) = 0. Here an element in Q will not
be considered as a polynomial solution.

We will need some basic facts on the parametrization of a plane algebraic curve. Let F(x, y) be a
polynomial in Q[x, y] which is irreducible over Q[x, y].

Definition 3.1. Assume that r(x) = r(x)/r,(x) € Q) where ri(x),r2(x) € Qlx] and
gcd(r1(x), r,(x)) = 1.Then deg(r(x)) is defined as max{deg(r;(x)), deg(r,(x))}. Assume that

P = agx%y0 + - + ax"y" € Qlx, y]
where a, # 0 and (iy, jx) # (i1, ji) if k # L. Then the total degree of P with respect to x, y is defined as
max{ix + jx|0 < k < n}, denoted by tdeg(P).

Definition 3.2. (r(t), s(t)) is called a parametrization of F(x, y) = Oif F(r(t), s(t)) = Owherer(t), s(t) €

Q(t) and not all of them are in Q. A parametrization (r(t), s(t)) is called proper if Q(r(t), s(t)) = Q(t).



R. Feng et al. / Journal of Symbolic Computation 43 (2008) 746-763 753

Liroth’s Theorem guarantees that there always exists a proper parametrization if the
parametrization exists (Walker, 1950, p. 151, Theorem 7.3). A proper parametrization has the
following properties (Sendra and Winkler, 2001):

Proposition 3.3. Let (r(t), s(t)) be a proper parametrization of F(x, y) = 0. Then

(1) deg(r(t)) = deg(F,y), deg(s(t)) = deg(F, x). )
(2) Assume that r(t) = r(t)/r2(t) and s(t) = s1(t)/s2(t) where ri(t), si(t) € Q[t]. Then res(ry(t)x —
r1(t), s2(t)y — s1(t), t) = AF where res is the Sylvester resultant and X € Q \ {0}.

The following is a key lemma for determining the degree of the polynomial solutions of F = 0.

Lemma 3.4. Let p(x) € Qx] \ Q Then Q(p(x), p(x + 1)) = Q(x).

Proof. By Liiroth’s Theorem, there exists g(x) € Q(x) such that

Qp(), px+ 1)) = Qe().

By Schinzel (1982, p. 10, Theorem 4), g(x) can be chosen to be in QIx]. Hence there are h;(x), hy(x) €
Q[x] such that p(x) = hy(g(x)) and p(x+ 1) = hy(g(x)).Itis clear that deg(h;(x)) = deg(h2(x)). Assume
that

h](X) = anxn + an—lxn_] +-, hZ(X) = bnxn + bn—]xn_] +--
and g(x) = x™ + - - - 4+ co with m > 1. Then we have
p(x+1) = hi(gx+1) = ax™ + n(m + cp_1)anxX™ ' + r1(x)
= hy(g(x)) = bpX"™ + ncp_1bpX™ " + 12(x)

where deg(ry(x)) < nm — 1 and deg(r,(x)) < nm — 1, which implies that a, = b, andn = 0, a
contradiction. Therefore m = 1. The lemma holds. O

Since F is first order and autonomous, we can view F(y, y;) = 0 as a plane algebraic curve. The
above lemma means that y(x) = p(x), y1(x) = p(x + 1) is a proper parametrization of F(y, y;) = 0.
Hence by Proposition 3.3, we have the following theorem.

Theorem 3.5. Ify(x) = p(x) is a polynomial solution of F(y) = O, then

deg(p(x)) = deg(F,y) = deg(F, y1).

This theorem gives the exact degree of polynomial solutions and we can compute the polynomial
solutions by solving algebraic equations. However, the difference equations with polynomial solutions
have special structure, which provides a more efficient method.

Definition 3.6. Let P be a nonzero monomial (term) in Q[x, t, y, y1, a1, ..., a,] wheret, aq, ..., a, are
independent indeterminates. A weight of P is defined as

w(P) = deg(P, x) + deg(P, t) + n(deg(P, y) + deg(P, y1)) + Xn:(n — i) deg(P, a).
i=1

A polynomial G € Q[x, t,y, y1,4aq, ..., a,] is said to be isobaric if all monomials in G have the same
weight.

Theorem 3.7. Let F = 0 be an irreducible first-order autonomous OAE in Q[y, y1] and y(x) = a,x" +- - -+
ag be its polynomial solution with deg(y(x)) = n > 0. Then F must have the following form:

F=a(y —y1)"+ G, y1) (6)

where a is a nonzero element in Q, G € Q[y, y;] and tdeg(G) <n — 1.
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Proof. Consider the following resultant:
Ry, y1,t) =res(@X" +---+a—y, ay(x + )" +--- +ao — y1, %).

Here we regard g; and ¢t as indeterminates. By Definition 3.6, a,x"+- - -+ag—y and a, (x+t)"+- - -+ag—y1
are isobaric polynomials with the weight n. We know that R(y, y1, 0) = a(y — y1)". Hence

R(ysylv t) = a::(y _y])n +tG(ysy1s t)

for some G € Qly, y1, t]. Because R(y, y1, t) is an isobaric polynomial with the weight n?, the total
degrees of the terms in G(y, y1, t) with respect to y, y; are less than n. By Proposition 3.3, we have that
F = AR(y, y1, 1). Hence F has the form (6). O

Assume that y(x) is a polynomial solution of F = 0 and deg(y(x)) = n > 0.Since F = 0 is
autonomous, y(x + c) is still a solution of F = 0 for any ¢ € Q, Hence if y(x) = a.x" +a,_1x"" 14+ - - +ag
is a polynomial solution of F = 0, we can always let a,_; = 0 by a translation. The following theorems
show that we can compute the coefficients of y(x) only by rational operations over Q. Now assume
that F has the following form:

n—1
F=xy—y)"+ ) byy; "™+ H(, y1) (7)
i=0
where A is a nonzero element in Q, b; € Q and tdeg(H) < n — 2.

Theorem 3.8. Let F = 0 be of the form (7) and y(x) = a,x" + - - - + ag be its polynomial solution with

n—1,.
deg(y(x)) = n > 0. Then we have that Y1~ b; # 0 and a, = (_%jiflbn’u

Proof. Substitute y(x) into F = 0. Then in F(y(x), y(x + 1)), the highest possible degree of x equals
n(n— 1). It is easy to compute the coefficient of x"™~1 in F(y(x), y(x + 1)) which equals (—1)"n"Aa" +

n—1,.
") bia"!. Because F(§(x), j(x+1)) = Oand a, # 0, we have that "' b; # Oanda, = —==0"_ [

(*l)"*ln”k .
n—1,

Theorem 3.9. Assume thatF = 0 has the form (7). Let z(x) = Bx"4a,_x" %+ - -4-ag Where 8 = (E)Tiglbnxnx
and the a; are indeterminates. Then fori = n—2, ..., 0, the coefficients C; of X"~ V**=1 in F(z(x), z(x + 1))
are

n—1

(ﬂ"z(” —-1-1) Z bj) a; + hi(ap—2, - . ., Giy1) (8)

=0

where h; are polynomials in a,_», ..., a1

Proof. By Definition 3.6, z(x) is an isobaric polynomial with the weight n and the highest weight of
the terms in z(x + 1) equals n. Hence the weight of every term in z(x)'z(x + 1)/ is not greater than
n(i+j). Since the highest weight of the terms in z(x) — z(x + 1) equals n — 1, the highest weight of the
terms in F(z(x), z(x+ 1)) equals n(n — 1). So if k < i, a; cannot appear in C; and if a; appears in C; then it
can only appear linearly. It is not difficult to see that the coefficient of x"~V*+=1 in A(z(x) — z(x + 1))"
which includes g; is A(—1)"n"i8""1q; and the coefficient in Z}":’J biz(x)z(x + 1)"~17 which includes g
is(n—1) Z]’.:(} b;8"~2a;. Because the highest weight of the terms in H(z(x), z(x+ 1)) is not greater than
Yig bi

n(n — 2), a; cannot appear in the coefficient of x™~D’+~1in H(z(x), z(x + 1)). Since B = Tt

n— n—1
(k(—l)"n”iﬂ”l +(-1) i bjﬁ“) a = <ﬁ”2(n —1-1) bj> ai.
j=0 j=0

J

Hence C; has the form (8). O
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Table 2
Timings for randomly generated first-order autonomous ODEs
deg(F.,y1) 10 11 12 13 14 15
tdeg(F) 10 11 12 13 14 15
Average time <0.001 <0.001 <0.001 <0.001 <0.001 <0.001
Polynomial solution No No No No No No

In Theorem 3.9, since h;(a,_», ..., a;;1) is independent of g;, . . ., ap, we can compute h;(a,_, ...,
ai.1) as follows: if one substitutes u(x) = a,x" + --- + ai1x*! into F then h;(a,_», ..., ai.1) is the

coefficient of x"—D*+~1 jp F(u(x), u(x + 1)). Now we can give the algorithm for finding a polynomial
solution.

Theorems 3.7-3.9 provide an almost explicit solution for the polynomial solution of a first-order
autonomous difference equation.

Algorithm 3.10. Input: An absolutely irreducible first-order autonomous OAE F = 0.
Output: All polynomial solutions of F = 0 if there is one; otherwise, a message “NULL" if F = 0 has
no polynomial solution.

(1) Rewrite F in the form (7). If F cannot be rewritten in the form (7) or in the form (7) Z;";Ol b =0,
then by Theorems 3.7 and 3.8 F = 0 has no polynomial solutions. Then return (NULL) and the
algorithm terminates.

(2) Letn = deg(F.y) > 0.Letd, = o4, , = 0and 2(x) = "
(3) For ifromn —2to0do
(a) Substitute z(x) to F and let C = coeff (F(z(x), z(x + 1)), x, (n — 1)2 +i — 1).
(b) Let (_1,' = —ﬁ-
ap~ “(n—1-i) Zj:(] bj

(c) Let z(x) = z(x) + ax'.

(4) If F(z(x), z(x + 1)) = 0, then z(x) is a polynomial solution of F = 0. Then return (z(x)) and the
algorithm terminates. Otherwise, F = 0 has no polynomial solutions, then return (NULL) and the
algorithm terminates.

The complexity of the above algorithm is polynomial in the number of the multiplications (or
divisions) over Q. The dominating step for the complexity comes from the Step (3) and Step (4). At
these steps, we need only to substitute a polynomial in x with degree n to a polynomial in y, y; with
total degree n. It is not difficult to show that the total number of the multiplications and divisions in
these steps is polynomial in n.

We implemented the above algorithm in Maple. Tables 1 and 2 show the experiment results. In
Table 1, all difference polynomials F;, G; have the form (7). Here the coefficients of F;, G; are integers.
The column of “tdeg"” means the total degrees of the difference polynomials; “term" means the total
numbers of the monomials; “solution” means whether the difference equations have polynomial
solutions. The running time is in seconds and is collected on a computer with Pentium 4, 2.99 GHz
CPU and 760M memory.

From Table 2, we can see that for randomly given OAEs, our program can identify almost
immediately that such equations have no polynomial solutions. This is because the OAEs with
polynomial solutions have very special structure as shown by Theorems 3.7 and 3.8. From Table 1,
we can see that for OAEs with the “correct” form (7), our program solves very large O AEs. Also, the
most difficult case is that the given OAE has the “correct” form (7) but does not have a polynomial
solution, which is shown on the right part of Table 1.

4. Rational solutions for first-order autonomous O AEs

The idea introduced in Feng and Gao (2006) for finding rational solutions for F = 0 is first finding a
Laurent series solution in x = 0 and from it constructing a Padé approximation to this Laurent series
solution. If the degree of the Padé approximation is high enough, it will be the rational solution of
F = 0. But Laurent series solutions in x = 0 for difference equations are meaningless (Q((x)) is not
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a difference field under the difference operation o(x) = x + 1). Instead, we give an algorithm for
computing Laurent series solutions in % and use it to find the rational solutions of F = 0.

As in Section 3, F will always be an absolutely irreducible first-order autonomous difference
polynomial with coefficients in Q, i.e. F € Q[y,y:] and an element in Q will not be considered
as a rational solution. The idea for computing rational solutions with a given degree includes two
ingredients: (1) find a formal series solution of F = 0 which is a series expansion of a rational solution
at x = oo; (2) recover the rational solution by Padé approximation. First we give an example to show
that Lemma 3.4 cannot be generalized to the rational case.

(x=2)? 2

Example 4.1. Letg;(x) = ¥=2° g (x) =
2

x“—=2 _ 1
- | and h(x) = x + 5. Then we have that

_ (2x* — 1)? _
gith(x+ 1)) = m = g2 (h(x)).
Hence Q(g1(h(x)), g1(h(x + 1))) = Q(h(x)) # Q).
Lemma 4.2. IfF = 0 has a rational solution, then deg(F, y) = deg(F, y1).

Proof. Assume that r(x) is a rational solution of F = 0. by Liiroth’s Theorem, there exists h(x) € Q(x)
such that

r) =r(h(), rx+1) =nhx) and Qri(x),nK)=QX).
Then by Definition 3.2, (r1(x), r2(x)) is a proper parametrization of F = 0. By Proposition 3.3,

deg(F,y) = deg(r2(x)), deg(F,y1) = deg(r(x)). 9)
By Binder (1996, 1.2. Proposition), we have that
deg(r(x)) = deg(r1(x)) deg(h(x)) = deg(r(x + 1)) = deg(r2(x)) deg(h(x)). (10)

Then (9) and (10) imply the conclusion. O

4.1. An algorithm for finding Laurent series solutions

Since each element in Q(x) can be expanded as Laurent series at x = oo, we can view the difference
field Q(x) as a subfield of the difference field Q((%)) where Q((})) is the field of the Laurent series
in % Hence, it is helpful to find a solution of F = 0 in Q((})). In this subsection, we will describe an
algorithm for computing Laurent series solutions in % of F=0.

Lemma 4.3. Let P(x)/Q(x) be a rational solution of an OAE F = 0. If deg(P(x)) is not less than deg(Q(x)),

we can obtain a new OAE F = 0 which has a rational solution P(x)/Q(x) with deg(P(x)) < deg(Q(x)).

Moreover,

(1) ifdeg(P(x)) > deg(Q(x)), P(x)/Q(x) = Q(x)/P(x);

(2) if deg(P(x)) = deg(Q(x)), P(x)/Q(x) = P(x)/Q(x) + a where « is one of the nonzero solutions of
F(y,y) =0inQ

Proof. If deg(P(x)) = deg(Q(x)), let P(x) = P(x) — (r/9)Q(x) and Q(x) = Q(x) where p, g are the

leading coefficients of P(x) and Q(x) respectively. Then deg(P(x)) is less than deg(Q(x)) and P(x)/Q (x)

is arational solution of F = F(y+p/q,y1+p/q) = 0.Note that in this case p/q is a solution of F(y, y) = 0.

Ifdeg(P(x)) > deg(Q(x)),letF = y"y']’F(%, yll) where n = deg(F, y). Then F is an irreducible polynomial

iny, y; by Lemma 4.2 and Q(x)/P(x) is a solution of F = 0. The second statement is obvious. O

Remark 4.4. The new OAE I_-"_ = 0 in Lemma 4.3 may be not in Q[y, y;]. However, from the proof of
Lemma 4.3, there exists o € Q with [Q(c) : Q] < tdeg(F) such that F € Q(a)[y, y1].

Remark 4.5. By Lemma 4.3, we need only to consider the case that F = 0 has a rational solution
P(x)/Q(x) in Q(x) with deg(P(x)) < deg(Q(x)). In this case, F = 0 has a Laurent series solution
y(x) = ckxlk + ck+1xk% +---in Q((%)) with k > 0. Moreover, if c = —Ck%l, we have that y(x — ¢) =
ckxik + Cru2 x“% + ---and y(x — c) is still a solution of F = 0 because F is autonomous.
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Lemma 4.6. Let y(x) = ckxlk + Ck+zx,<% + - - - be a Laurent series solution of F = 0 in Q((%)) where k > 0
and ¢, # 0. Then regarding y, as an algebraic function in y defined by F = 0, there is a Puiseux series
expansion of y; at y = 0 which has the form

k+1 k+2
yi=y+ayt +ayk 4. (11)
K24k

where a; # 0and a; = 55 al.

Proof. Let Q((1)) be the field consisting of the Laurent series in 1. Then y(x) € Q((1)) and since

_ 1 1 ke +k 1
y(x+1):ckx—kfkckxkﬁ+ 5 Ck + Crt2 W+~--,

y(x+ 1) is also in Q((1)). Let p(x) = x(bo + b1 1 + by + - --) where the b; are indeterminates. Then

11 b1+b% by 1+
@(x)  box  bx? b b3 ) X3

k k+2
1 b 1 b
y(w(x))-ck< 1+...> +cm( 1+...> o

and

box  b2x? box b2
_ Ck kab1 2 1
= W — W + (kab] — kcygboby + Ck+2) W +
+ (—kekbob; + Hi(ck, - - -, Cis bo, -+, bi1)) —— (o x)k+‘ +--

1 kel kil
where H; is a polynomial in its arguments. Let by = ¢, by = 0, by = C’%ch k k for

i=3,4,....Then we have that

_%1
1 Cry2C
‘/’(X):X(Ckk+k+2kxz+'“)

and b; = e,

k
and

o) = Xlk
1

1 K+k-21
2 Ck Xk+2+
2
ke +k —2_ k2
G Ylp®) * 4.

_1
k

V(px) + 1) * ke, res) +

= (o) — ke F7(p(0) E +

By Theorem 1.5 on page 92 of Walker (1950), the map ¢(x) : g(x) — g(¢(x)) is an automorphism of
Q((%)). Applying this automorphism to F(y(x), y(x+ 1)) = 0yields F(y(¢(x)), y(¢(x) + 1)) = 0. Hence

(y(w(X)) 500 — ki 50 E + T ) +) = 0. (12)

Applying the inverse automorphism of ¢(x) to (12), we have that

1 K +k
2

(y(x) 50 — ke, 500 T + ¢ 500 + )zo. (13)



758 R. Feng et al. / Journal of Symbolic Computation 43 (2008) 746-763

Since j(x) is transcendental over Q, so is y(x) %.Then the map j/(x)% — y% gives rise to an isomorphism
between Q(G/(x)%)) and Q((y%)) where y is an indeterminate. Applying this isomorphism to (13)
yields

_1 kK +k _2
F<y’y_kckkyk-;tl+ + C,<kyk+k2+'“>=0'

2
Hence
—1 K2+ k -2 k2
yi=y—kg 'ty r® + 5 G YT
1
is a Puiseux series expansion of the algebraic function defined by F(y, y;) = 0aty = 0.Leta; = —kc, *

2
2 -z 2
and a; = ¢, . Thena, = %a{ The lemma holds. O

From the proof of Lemma 4.6, we know how to construct a Puiseux series expansion of F = 0 at
y = 0 from a solution of F = 0 in Q((%)). Conversely, we can find a solution of F = 0 in Q((%)) from a
Puiseux series which has the form (11). We describe this process as the following algorithm.

Algorithm 4.7. Input: The first N+ 1 terms of a Puiseux series expansion of F = 0, which has the form
(11). B

Output: The first N terms of a solution of F = 0 in Q((%)), which must be of the following form:
bese + bera gz + - -+ D1 g

(1) Letcy = —%.
(2) Letc, = 0.
(3) Leti= 2 and ¢2(X) = C]% + szlz.
(4) whilei < Ndo
(a) Let i1 be the coefficient of i+ of the polynomial
Pi(x) = ()" + a1 + -+ aa i) — di(x + 1DF
and ¢ 1 = Tt

T
(b) Let dip1(x) = ¢i(X) + i1 74
(c) Leti=i+1.
(5) return (¢y(x)* mod ).
Theorem 4.8. Algorithm 4.7 is correct.

Proof. Let ¢;, a;, ¢;(x) and P;(x) be as those in Algorithm 4.7. Let
1 1 1
¢(X) =C1*+C27+C3*3+“~.
X X X
We need only to prove that
F(@()*, p(x+ 1*) = 0.

Since F(y,y + aly% +-..) = 0 and y is transcendental over Q, applying the isomorphism y% -y
between Q((y*)) and Q((y)) and the isomorphism y — ¢(x) between Q((y)) and Q((¢(x))),

k+1
FO,y+ay s +--) =0 = FO! Y +ay +--) =0

= F(p)*, ()" + a1p()**! +---) = 0.

Hence we need only to prove
d* + Y ajp®" T — p(x+ 1)* =0.
j=1
For this, we need only to show

1 )
PG =0mod g, i=1.2,.... (14)
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We will prove (14) by induction. Because c; = —k/a;, c; = 0and a; = ";:g" a2,
CI( CI(+1 C{i+2 L 1 1 1 k
Pax) = S +a 1x"+1 + azx‘“r2 — <; X2 X?)
k(k+1)\ 1
= Kajer + ) —— e +c1(% n-— )x"” EOmodﬁ.

Now we assume that (14) is true for i < m where m > 2.
m+1

Pm(X) = ¢m(X)k + Z aj(pm(x)kﬂ - ¢m(x + 1)k
=1

m

k k+1
= (dn100+ cmxlm) N e +cmX%) +3 atn 100"

-l k
(x+ 1)'”>
(k + 1)a1cm

- <¢m4(x+ 1) + cm

kcm

=Pn1(®) + —¢m_ !+
kcm
(x+1m

E e (k+ Daicken
k+m 1 Xk+m

ke, (C] ! B (k—l)c'{_]) (l_ m )
xk—1 xk XM xm+1

a1 (k+ Dcken N k(m 4k — 1) ey,

1 ()"

—Pna(x+ D!

= a0+ O

= Pp1(x) + xm-+k xk+m
k(m — 2)c’{’]cm
=Pra () + —— 5 =0mod s
The last equality is true because a; = —k/c; and ¢, equals —% where r,, is the coefficient of
1

k(m—2
—& 10 Py_1(x). Hence the theorem holds. O

Lemma4.9. Lety; =y + a4 y% + azy% + - - - have the form (11). The Laurent series ¢(x) satisfying
(1) ¢(x) has the form ey 1 +c3 5 + -+

(2) p(0)* + a1¢(x)"“ <o — @(x + ¥ = 0 is unique.
Proof. Substitute c; 1 + c3 3 + - -into y* + a1yt + ... — (o(y))* = 0. We have that c; = —k/a;. By
Algorithm 4.7, we know that Cma1 umquely depencls oncy,...,cyform > 1.The lemma holds. O

4.2. An algorithm based on Padé approximation

Padé approximation is a particular type of rational fraction approximation to the value of a
function. It constructs the rational fraction from Taylor series expansion of the original function. Its
definition is given below (George and Baker, 1975, p. 5).

Definition 4.10. For the formal power series A(x) = >5° a;¥ and two non-negative integers L and M,
the (L, M) Padé approximation to A(x) is the rational fraction 2% such that

Qv (%)
P(x)
Qu(x)

where P, (x) is a polynomial with degree not greater than L and Qy(x) is a polynomial with degree not
greater than M. Moreover, P; (x) and Qy(x) are relatively prime and Qy(0) = 1.

— O(XL+M+1)

A(x) —
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Let P.(x) = Y5 pix' and Qu(x) = Y gix'. We can compute P;(x) and Qy(x) by solving linear systems,
but there are more efficient algorithms for computing Padé approximation (Beckermann et al., 1997;
Brent et al,, 1980; Cabay and Choi, 1986; Cabay and Labahn, 1992; von zur Gathen and Gerhard,
1999). We can see that in order to compute the (L, M) Padé approximation to A(x), we need to know
ag, ..., arym-

For Padé approximation, the following results will be used in this paper (George and Baker, 1975,
Theorem 1.1 and Theorem 2.2).

Theorem 4.11 (Frobenius and Padé). When it exists, the Padé approximation to any formal power series
A(x) is unique.

Theorem 4.12 (Padé). The function f(x) is a rational function of the following form:

pix +pd 4+ po

X) =
T = o T g Tt 1

iff the (L, M) Padé approximation to f(x) equals f(x) itself forall L > land M > m.

We first give an algorithm for finding a rational solution P(x)/Q(x) of F = 0 satisfying deg(P(x)) <
deg(Q(x)).

Algorithm 4.13. Input: An absolutely irreducible first-order autonomous OAE F = 0 and a non-
negative integer n.

Output: A rational solution y(x) = P(x)/Q(x) of F = 0 satisfying deg(y(x)) < n and deg(P(x)) <
deg(Q(x)) if there is one, or a message “NULL" if F = 0 has no such rational solutions.

(1) Compute the first 2n + 2 terms of all the Puiseux series expansions of the algebraic function y;
defined by F(y,y;) = 0 at (0, 0) which have the form (11) (see Cano (1993), Duval (1989) and
Walsh (2000)); denote all these series by p1 (), ..., pa(¥).

(2) Leti=1.Whilei < ddo
(a) By Algorithm 4.7, compute the first 2n + 1 terms ¢(x) of a solution of F = 0 in Q((%)) from

pi(y).

b) Let p(x) = go(%). Compute the (n, n) Padé approximation to @(x), denoted by r(x).

c) Lety(x) = r(%).

d) If F(y(x), y(x + 1)) = 0, then return y(x) and terminate the algorithm.

(e) Leti =i+ 1.

(3) Return (NULL).

(
(
(

Theorem 4.14. Algorithm 4.13 is correct.

Proof. Assume that F = 0 has a rational solution P(x) /Q(x) with deg(P(x)/Q(x)) < nand deg(P(x)) <
deg(Q(x)).By Remark 4.5, F = 0 has a solution in Q((%)) which has the form: y(x) = ckxlk +Cra2 Xk% +-e
where k > 0 and ¢, # 0. By Lemma 4.6, there exists a Puiseux series expansion of F = 0 which
has the form (11). By Algorithm 4.7, we can find the first 2n + 1 terms of a Laurent series solution
from this Puiseux series expansion of F = 0. By Lemma 4.9, the Laurent series solution computed by
Algorithm 4.7 should equal y(x). By Theorem 4.12, if y(x) is the Laurent series expansion of P(x)/Q (x)
atx = oo, then the (n, n) Padé approximation to y(1) must be P(+)/Q(1). Here we use the fact that

deg(P(1)/Q(1)) = deg(P(x)/Q(x)). O

The complexity of Algorithm 4.13 is polynomial in terms of the number of multiplications (or
divisions) in Q. From Walsh (2000), we know that the computation complexity of the first 2n + 2
terms of a Puiseux series expansion of F = 0 is polynomial in n and tdeg(F). The coefficients of the
Puiseux series are in Q(«) where [Q(w) : Q] is a polynomial in tdeg(F). In Algorithm 4.7, we need to
compute (cix + - - - 4+ cix))*+1 where ¢; € Q(a) and i < 2n + 1, which can be computed polynomially
in n and tdeg(F) (Feng and Gao, 2004). It is not difficult to check that all other steps are of polynomial
complexity.
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Example 4.15. Consider the difference equation

F=(=2y+1-3y)y] — (* +2y)y:1 +y* = 0.
We try to find a rational solution with degree not greater than 2.

(1) Compute the first six terms of the Puiseux series expansion of F = 0 at y = 0 which has the form
(11):

63
pi=y+2y? +3y* +5y5 +9y° + Zy%.
(2) From the above Puiseux series, we have k = 2. Compute the first five terms of the solution of F = 0
in Q((})):
1 1 1
o(x) = 2 + & + &
(3) Let @(x) = (1) = x* + x* + x°. Compute a (2, 2) Padé approximation y(x) to (x). We have that
yx) = 5
(4) Lety(x) =y(3) =

x2 T X2+2X) = 0, y(x) is a rational solution of F =

Now we can give the algorithm, which is clearly true by Lemma 4.3.

Algorithm 4.16. Input: An absolutely irreducible first-order autonomous OAE F = 0 and a non-
negative integer n.

Output: a rational solution P(x)/Q(x) with deg(P(x)/Q(x)) < n of F = 0 if there is one, or a message
“NULL" if F = 0 has no such rational solutions.

(1) If deg(F, y) # deg(F, y1), then by Lemma 4.2, F = 0 has no rational solutions. Then return(NULL)
and terminate the algorithm.

(2) Case 1(deg(P(x)) < deg(Q(x))):
Find a rational solution y(x) of F = 0 with Algorithm 4.13. If y(x) exists, then return y(x) and
terminate the algorithm. Otherwise F = 0 has no rational solutions P(x)/Q(x) with deg(P(x)) <
deg(Q(x)) and deg(P(x)/Q(x)) < n.

(3) Case 2 (deg(P(x)) > dEg(Q(X))):
Llet G = y ylF( ) where N = deg(F, y). Find a rational solution y(x) of G = 0 with
Algorithm 4.13. lf y(x) exists, then by Lemma 4.3, (X) is one of the solutions of F = 0. Return
% and terminate the algorithm. Otherwise F = 0 has no rational solutions P(x)/Q(x) with
deg(P(x)) > deg(Q(x)) and deg(P(x)/Q(x)) < n.

(4) Case 3 (deg(P(x)) = deg(Q(x))):
Solve F(y, y) = 0. Assume that the nonzero roots of F(y, y) = Oareay, ..., a;. Leti = 1. Whilei < s
do
(a) Let G = F(y — a;, y1 — a;). Find a rational solution y(x) of G = 0 with Algorithm 4.13.
(b) If we find a solution y(x) of G = 0, then by Lemma 4.3, y(x) + a; is a solution of F = 0. Return

y(x) + a; and terminate the algorithm.

(c) Leti=i+ 1.
If we cannot find any solutions fori = 1, 2, ..., s, F = 0 has no rational solutions P(x) /Q (x) with
deg(P(x)) = deg(Q(x)) and deg(P(x)/Q(x)) < n.

(5) If we cannot find any solutions in Steps (2), (3) or (4), then F = 0 has no rational solutions

P(x)/Q(x) with deg(P(x)/Q(x)) < n.Then return (NULL) and the algorithm terminates.
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5. Conclusion

In this paper, we study O AEs with rational and polynomial solutions. We give a difference equation
description for univariate polynomials and rational functions by giving O AEs whose solutions are
exactly polynomials and rational functions respectively. On the basis of these O AEs, we give a criterion
for an O AE to have a rational type general solution.

For the first-order autonomous OAEs, we give a polynomial time algorithm for computing
polynomial solutions if they exist. As shown in Example 4.1, in the difference case, the rational
solution with its shift is not always a proper parametrization of the original equation (considered as
a plane algebraic curve). Hence we cannot bound the degree of the rational solutions by the method
used in Feng and Gao (2006). However, for a given degree, we can still give an algorithm for finding a
rational solution if one exists, based on the Padé approximation and an algorithm for computing the
Laurent series solutions of difference equations.
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