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Abstract

This paper introduces a noncommutative version of the Nullstel-
lensatz, motivated by the study of quantum nonlocal games. It
has been proved that a two-answer nonlocal game with a perfect
quantum strategy also admits a perfect classical strategy. We gen-
eralize this result to the infinite-dimensional case, showing that a
two-answer game with a perfect commuting operator strategy also
admits a perfect classical strategy. This result induces a special case
of noncommutative Nullstellensatz.
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1 Introduction

Quantum nonlocal games have been a vibrant area of research

across mathematics, physics, and computer science in recent decades.

They help understand quantum nonlocality, which was famously
verified by the violation of Bell inequalities [2, 11, 21]. In 1969,
Clauser et al. first introduced quantum nonlocal games [10]. A
nonlocal game typically involves two or more players and a veri-
fier. The verifier sends questions to the players independently, and
each player responds without any communication between them.
A predefined scoring function determines whether the players win
based on the given questions and their answers. The distinction
between classical and quantum strategies lies in whether players
can share quantum entanglement. For instance, in the CHSH game,
the classical strategy limits the winning probability to at most %.
In contrast, quantum strategies using shared entangled states can
achieve a success probability of cosz(%) ~ 0.85.

The mathematical models of quantum nonlocal games are often
described using algebraic structures [3, 4, 12, 17, 19]. Algebraic
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tools, such as x-algebras, (commutative or noncommutative) Grob-
ner basis (see [5, 18]), semidefinite programming (see [23]), non-
commutative Nullstellensatz (see [7-9]) and Positivstellensatz (see
[14, 15]) can be used for characterizing the different types of strate-
gies for nonlocal games. Our previous work also gave an algebraic
characterization for perfect strategies of mirror games using the
universal game algebra, Nullstellensatz, and sums of squares [24].

Nonlocal games with two answers are games in which the set
of possible responses consists of only two options [4] (also called
binary games in [11]). This paper proposes a noncommutative Null-
stellensatz inspired by the perfect commuting operator strategies
for two-answer nonlocal games. Specifically, we proved that a two-
answer game that admits a perfect commuting operator strategy
also has a perfect classical strategy, a generalization of the work
[11, Theorem 3]. Combined with the algebraic characterization of
perfect commuting operator strategy [4], we get a new form of non-
commutative Nullstellensatz. Moreover, based on this result, one
can determine whether a two-answer game admits a perfect com-
muting operator strategy by computing a commutative Grébner
basis [5]. Although our problem is motivated by nonlocal games,
our proofs are presented in a purely algebraic form, allowing read-
ers unfamiliar with quantum nonlocal games to engage with the
algebraic versions of the theorems directly.

2 Preliminaries

2.1 Motivations

If the readers are familiar with this field, they can skip the content
of this subsection.

A quantum nonlocal game G can be described as a scoring func-
tion A from the finite set X X Y X A X B to {0, 1}, where the player
Alice has a question set X and an answer set A, while the player Bob
has a question set Y and an answer set B. In a round of the game,
Alice would receive the question x € X and answer a € A according
to x and her strategy; similarly, Bob would receive the question
y € Y and answer b € B. The players can make arrangements
before playing the game, that is to say, Alice knows in advance the
conditional probability that Bob will answer b when he receives
question y (that is, Bob’s strategy). Similarly, Bob also knows Alice’s
strategy. However, during the game, Alice and Bob cannot commu-
nicate with each other. That is, Alice doesn’t know which question
Bob receives, and similarly for Bob. The players are considered to
have won the game when A(x, y, g, b) = 1, and they lose in all other
cases.
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Alice
X
/ x

Verifier Verifier — {0,1}

NBob%

1 win

A(x,y.a,b) :{ 0 lose

A (deterministic) classical strategy involves two mappings
u:X —>Aandov:Y — B;

when Alice receives a question x € X, she responds with u(x), and
similarly, Bob responds with v(y) when he receivesy € Y.

If the question pair (x,y) € X X Y is chosen randomly according
to a distribution u(x,y), we can compute the maximal winning
expectation over all the deterministic strategies:

we(G) = max }° p(x,y) A,y u(x). 0(y)),
v L

which is called the classical value of G.

DEFINITION 2.1. We call a deterministic strategy perfect if o (G) =
1.

A deterministic strategy (u(x),v(y)) is perfect, i.e., the players
can always win the game using this strategy, if and only if

Alx,y,u(x),0(y)) =1

holds for all x € X,y € Y. That is, the answers that lead the players
to lose the game can not happen, i.e., for all (x,y, a, b) satisfying
A(x,y,a,b) =0, we have a # u(x),b # v(y).

If the players share a quantum state ¢ on a (perhaps infinite-
dimensional) Hilbert space H, and for every question pair (x,y) €
X x Y, Alice and Bob perform commuting projection-valued mea-
surements (PVMs)

{E; € B(H) : ZE;f:l} and {F;/ € B(H) : ZF5:1}

acA beB

respectively to determine their answers, then the game is said to
have a commuting operator strategy.

{E)aci’ aiEA}
x — Alice ——— s peH —a

{F} . bjeB}
y— Bob ——— peH —b
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The PVMs satisfy the following relations:
E3F) - FJE} =0, V(x,y,a,b) € X X Y X AX B;
(E5)? =EX = (EX)*, Vx € X,a € A;
(F)*=F)=(F))", Vye Y,beB;
E’aclEig2 =0, Vx € X,a1 # az € A;
Flleg’z =0, VyeY,b; #by €B;

D EE=1,VxeX;
acA

DF=1,vyey.
beB

These relations can be abstracted to obtain the universal game
algebra for the nonlocal game G [4, Section 3].

Suppose the distribution on the question set X X Y is p(x,y).
Given a commuting operator strategy of G, the conditional prob-
ability of the players answering (a, b) when they received (x, y)
is

pab|xy) =y E;Fy,
where /* is the conjugate transpose of 1. The winning expectation
is
D ulxy) Y ESFY - Axya.b).
x,y,a,b
Then the supremum of winning expectation over all the commuting
operator strategies is

“co(6) = sup > u(xy) - YESFY - Axy,a,b)

v xy.ab
EXF) y

which is called the quantum commuting operator value of G. This
supremum can be reached (see [13]).

DEFINITION 2.2. We call a commuting operator strategy perfect if

weo(G) = 1.

A commuting operator strategy is perfect if and only if the con-
ditional probability of the players giving answers (a, b) when re-
ceiving questions (x,y) is equal to zero, i.e.,

Y ESF)Y =0,
when A(x,y,a,b) = 0. That is, the players can certainly win the
game G with this strategy.

Furthermore, if we restrict the quantum state ¢ to be a tensor
1 ® P2, where ¢1 and @ are in finite-dimensional Hilbert space H;
and H; respectively, then we get a (finite-dimensional) quantum
strategy.

By defining the three types of strategies, we know that the clas-
sical strategies are contained in the quantum strategies, which are
included in the commuting operator strategies. Therefore, a game
that admits a perfect classical strategy also has a perfect commut-
ing operator strategy. However, the converse does not hold. For
example, the famous Magic Square game admits a perfect quan-
tum strategy but has no perfect classical strategy [11]. However, in
certain exceptional cases, these strategies may be equivalent.

For a two-answer game, that is, one whose answer sets are both
{0, 1}, if it admits a perfect quantum strategy, then Cleve, Hoyer,
Toner, and Watrous showed that the two-answer game must have a
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perfect classical strategy [11, Theorem 3]. We contribute to extend-
ing this theorem to the infinite-dimensional case, proving that a
two-answer game with a perfect commuting operator strategy also
admits a perfect classical strategy. This result, combined with the
work of Watts, Helton, and Klep [4, Theorem 4.3], derives a version
of the noncommutative Nullstellensatz using a sum of squares (SOS)
expression.

2.2 Universal Game Algebra for Two-Answer
Games
Let X, Y, A, B be finite sets, where A = B = {0, 1}, and C({e’a‘,fby})
be the free algebra generated by {e}, fby : (x,y,a,b) € XXYXAXB}.
Define the two-sided ideal

=) =e ()=

DICEEDI AR

acA beB
ef) —fleX |xeX.yeY.acAbeB)

and let
A =C{ey, fIN/T. (2.1)
Since
x x_ 1 x x 2 x\2 x
€€ = 5((60 +er —1)" = (())” — )
(€)= ed) + (e +er - 1) ),
we have

eye; €1, Vx e X.
Similarly, one can show that
el vyey.

The elements in 7 are the relationships the generators satisfy.
We can also equip A with the natural involution ” * ” induced by

() =¢e5 () =1
Then A is a complex *—algebra.
The relations in A are precisely those satisfied by the PVMs
of a two-answer game. Thus, this algebra can characterize the
commuting operator strategies of a two-answer game. A serves as

the universal game algebra for two-answer games, as discussed in
[4, Section 3]. Furthermore, A is a group algebra.

Let
Ax=¢) —ef, By = foy —fly (2.2)
for any x € X, y € Y, we have
A% =B) =1,Ac = A}, B, =B}, (2.3)
o LH(EDMA gy 14 (-1)PBy (2.0
“ 2 * b 2 ' '

Let G be the group generated by elements Ay, x € X and By, y € Y.
Equip the group algebra of G with the natural involution x:

9" =g"", (9192)" = 959} ¥9.91.92 € G,
Then, we observe that

A =C[G].
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We denote the set of the sum of Hermitian squares:
n
SOS 4 = {Zafai lneN, a; e ﬂ}.

i=1

It is well known that SOS 4 is Archimedean (see [6, example 3] or
[20, Remark 4.1]), that is, for every a € A, it can be shown that

lall? - a*a € SOS 4,

where [lall; = ¥ge lagl
We also need to introduce the concept of «—representation.

DEFINITION 2.3. A *-representation of A is a unital x—homomorphism
o: A — B(H),
where B(H) denotes the set of bounded linear operators on a Hilbert

space H and o satisfies o(u*) = o(u)*,Yu € A.

3 Main Results
Let X, Y, A, B be finite sets, where A = B = {0, 1}, and (C({e?l‘,fby})
be the free algebra generated by {e, fby : (x,y,a,b) € XXYXAXB}.

Let A be the complex *—algebra defined in the previous Subsection
2.2.

DEFINITION 3.1. [4, Definition 3.4] Let G be a two-answer nonlocal
game. Its invalid determining set N is defined by

N ={eifY | A(x,y,a,b) = 0}. (3.1)
Our main result is stated below:

THEOREM 3.1. Let A denote the universal game algebra for a two-
answer game G. Let N be the invalid determining set of G, and A be
its index set:

A={(xy,a,b) | A(x,y,a,b) =0} S X XY XAXB (3.2)
Let L(N) be the left ideal generated by N. Then
-1¢S0S7+L(N)+ LIN)*

if and only if there exists a «—representation
p:A—-C

such that
p(N) = {0}.

We prove this theorem by the following propositions.

PROPOSITION 3.2. ([4, Theorem 4.3]) Let A denote the universal
game algebra for two-answer games. If

—-1¢S0S 7 +L(N) + LIN)*,
there exists a x—representation
o: A - B(H)
and 0 + y € H, where H is a separable Hilbert space, such that
o(a)y =0
foralla € L(N).
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We emphasize that H is a separable Hilbert space, which will be
used in the proof of Proposition 3.3. For completeness, we briefly
outline the proof given by Watts, Helton, and Klep in [4, Theorem
4.3]. Furthermore, o(a)y = 0 holds for all « € L(N) if and only
if the nonlocal game G with its invalid determining set N has a
perfect commuting operator strategy.

ProoF SKETCH. By the Hahn-Banach theorem [1, TheoremIIL.1.7]
and Archimedeanity of SOS 4, there exists a functional f : A — C
which strictly separate —1 and SOS # + L(N) + L(N)*, i.e

f(=1) =1, f(SOSz + LIN) + LIN)") € Ry.
We list the properties of f as follows:
e f(L(N)) ={0}and f(SOS7) C Rxy.
e f(h*) = f(h)* for every h € A.

Now, the GNS construction yields the desired *-representation ¢

and a cyclic vector . Define the sesquilinear form on A

(a| By =f(p o)
and
M={aeA: f(a"a) =0}. (3.3)
By Cauchy-Schwarz inequality, M is a left ideal of A. Form the
quotient space H=A /M, and equip it with the inner product
(- | ). We can complete H to the Hilbert space H.

It is worth mentioning that we can assume H to be a separable
Hilbert space, as this assumption holds because A has only a finite
number of generators, allowing us to generate a countable dense
subset of A using these generators with rational coefficients. By
applying this to the quotient space, we establish the separability of
H.

Define the quotient map

p:A—->H
a— a+ M,

the cyclic vector
Y=¢(1) =1+ M,
and the left regular representation
oc:A—> B(H)
a— (p+M— ap+M).

By Archimedeanity of SOS 4, it is easy to verify that o(«) is bounded
for every € A, and thus o is a *—representation. Finally, the result

a(LN))y = {0}
follows from
LN LIN)C LIN) c M.
m]
PROPOSITION 3.3. Let A denote the universal game algebra for
two-answer games. Suppose there exists a *—representation
o: A — B(H),
and 0 # € H, where H is a separable Hilbert space, such that
o)y =0
foralla € L(N) (N is defined in Equation (3.1)). Then there exists

a one-dimensional x—representation p : A — C such that

p(N) ={0}.
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REMARK 1. The proof below extends the argument in [11, Theorem
3], which was originally stated for the tensor product of two finite-
dimensional Hilbert spaces, to the more general setting of infinite-
dimensional Hilbert spaces. In fact, the condition in Proposition 3.3
implies that the quadruple

(H o)} Ao ()} ¥)

defines a perfect commuting operator strategy for the two-answer
game with an invalid determining set N. Furthermore, the conclusion
of Proposition 3.3 demonstrates that the two mappings induced by p:

u:X—-A
x > a (satisfying p(e}) = 1)

and
v:Y—>B

y > b (satisfying p(fY) = 1)
are well-defined, and satisfy: for all (x,y, u(x),v(y)) € X XY XAXB,
Y -
P(ez(x)fv(y)) =1
; . e pX y
According to (3.1), it implies eu(x)fv(y) ¢ N. We have
Ax, y,u(x),0(y)) =1,

which means that u and v give a perfect deterministic strategy for the
game G.

Proor. We construct the one-dimensional representation p as
follows. Since
y —
> D Vetef =1
acAbeB

for every fixed pair (x,y), we know that there exist (x,y,a,b) €
X XY X A X B such that

vra(esf, )y # 0.
Let
M={(xyab) e XXYXAXB: ol f )y #0}, (34)

we have
IMMCXXYXAXB\A
since
a(LIN))y = {0},
and thus

yralezfy )W =0
for any (x,y,a,b) € A, where A is the index of the invalid deter-
mining set N (3.1), see Remark 3.1.
Using the generators Ay and By defined in (2.2), we can rewrite:

Ve =

+ (DY oAy

+ (0P By

+ (DT (4B,

Since H is separable, we can choose an orthogonal basis of H
named

(35)

W v, ...},
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where 3 = . Define

k:X—>N
x > min{j € N: (p;fa(Ax)t#iO};
[:Y—>N

y+— min{j € N: (//;TO'(By)l// # 0}.

Unlike the finite-dimensional case considered in the proof of [11,
Theorem 3], here we need to show that for every x € X,y € Y,
k(x) and I(y) are well-defined.

As ¢ # 0 and 0(Ax)? = 1, there must exist a j € N such that
1//70'(Ax)1// # 0 (otherwise, 0(Ax)y = 0, which contradicts the
assumption that ¥ # 0 and 6(Ax)? = 1). Similarly, we can also
prove that [(y) is well-defined.

Let
u: X —>A
0, 0<argy;, o(A < 7
o BV (A o)
1, 7 < arg t//k(x)o(Ax)lﬁ < 2r.
v:Y —>B
0, 0 <argy; o(By)y < m;
y = 1 7'[<arg¢l’£y) Byl// 2 (3.7)
, T gt//l(y)a( WY < 2.
m}

We have the following claim:
Cram 3.4. For every (x,y,u(x),v(y)) € X XY X A X B, we have

(x,y,u(x),0(y)) €11,
where Il is defined in (3.4). In particular, this implies

* x Yy
11 O'(eu(x)fv(y))lﬁ # 0.

We will provide the proof of Claim 3.4 after completing the proof
of Proposition 3.3.
We construct the one-dimensional *—representation p as follows.
For every x € X, define
p(eZ(x)) =1 P(ef,u(x)) =0
and for every y € Y, define
y — Y —
UL =1 pUL ) =0

Then, by linearity and homogeneity, we extend p to the entire game
algebra A.

Since p(e}) and p( fby) are either 0 or 1, they are naturally com-
mutative. It is straightforward to check that p satisfies:

p(e3)? = p(eh), p(f;)? = p(f))
and
p(eg) +ple) =1, p(fy) +p(f) =1,
for all e, fby € A, ie, p(e}) and p( fby) satisfy the same relations

as eX and fby in A. Therefore, p is indeed a *—representation of A.
Since

p(Ef =1 &= (a=u@x) A (b=0(y).
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By Claim 3.4, we have
p(eiffby) =1= (x,y,a,b) €I (3.8)
Since the value of p(eiffby) can only be 1 or 0, as
IINA=0,

the condition (3.8) implies that for every (x,y,a,b) € A, i.e., for
every ey fby eN,

pesf,) =0
holds, which completes the proof.

REMARK 2. For quantum nonlocal games, the value 1//*J(e§l‘fby)¢
is the probability that the players provide the answer pair (a, b) for
the question pair (x,y). Since we start with a perfect commuting
operator strategy, lﬁ*o(eszy)l// # 0 implies that the scoring function
A(x,y,a,b) = 1. In other words, Claim 3.4 indicates that

A(x, g, u(x),0(y)) = 1.

That is, the mappingsu : X — A andv : Y — B defined in equations
(3.6) and (3.7) actually define a perfect deterministic classic strategy
for the two-answer game.

Now, we provide the proof of Claim 3.4.

Proor oF CLamm 3.4. We set a = u(x) and b = v(y) in Equation
(3.5), and compute

1

Violenonfy¥ =

ey

i (3.9)
L) Dy
4_%(_1y4x)+my)¢*a(AxBy)¢’

Notice that 0(Ax) and o(By) are commutative self-adjoint opera-
tors, so "o (Ax)¥, ¥ o(By)y and Y*a(AxBy)y are all real num-
bers.

If y*o(Ax)y # 0, and since ¢; = ¢, we conclude that k(x) = 1.
Moreover, according to (3.6), if Yo (Ax)¥ > 0, we have

u(x) =0, (-1)*™) =15
if y*o(Ax)¥ < 0, we have
u(x) =1, ()4 = 1.
Therefore, the value below is always positive:
D)"Y e(A)y > 0.
Similarly, if /o (By)y # 0, we have
(-1)°Wy*a(By)y > 0.
Therefore, if either 1" o(Ax)y or /*o(By)y is nonzero, we have
LD (A + DT (B > 0

1 1
Since 1 + Z(—l)”(x)“’(y)lﬁ*O'(AxBy)l// > 0, we have

zp*a(e;;(x) f;;y))w > 0.
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Hence, we only need to consider the case

Y o(Ax)Y = ¥ o(By)y = 0.

Since we are working with infinite-dimensional separable Hilbert
spaces, we modify the argument in [11, Theorem 3] by incorporat-
ing Cauchy-Schwarz inequality and Parseval’s identity for proving
that

i + i(—l)”(x)w(y)l//*a(AxBy)l// > 0.
Conversely, suppose
(_1)u(X)+v(y)¢*g(AxBy)l/,: -1 (3.10)
holds. By Cauchy-Schwarz’s inequality, we know that
(~) Iy o (ABy )y

<N F oAyl - I1(-1)*Y o (By)yll.

Since ¢ is a unit vector and the eigenvalues of o(Ay), o(By) can
only be +1, we know

I(~D)*a(A)yll = 1and |(-1)° P a(By)y| = 1.

Applying the equality condition of the Cauchy-Schwarz inequality,
and the assumption (3.10), we obtain

(~1)*®o(Ax)y = ~(-1)°V a(By)y. (3.11)

By Parseval’s identity, we have

DD oAy = D (DoAY - ¥,
j=1

J

and
(-0)*Wo(By)y = Y (~1)*Y(c(By)Y, V) - ¥,
Jj=1

Then Equation (3.11) gives
D N (A v) = ~(=1)* W (By)y. ).

which implies that

DoAY = —(-)*WYraByy  (3.12)

holds for every j € {1,2,...... }. However, Equation (3.12) must fail
to hold for j = min{k(x), I(y)}. It is clear that Equation (3.12) fails
when k(x) # I(y). Assume k(x) = I(y) = j, we find that the argu-
ments of arg ((—1)u<X>¢;a(Ax)x//) and arg ((—1)v<y>¢;a(3y)¢)
both lie in the range [0, 7), which contradicts Equation (3.12) once
again!

Therefore, when ¢*o(Ax)y = ¥*o(By)¥ = 0, we have shown
that

i + i(-1)“(X>+v<y>¢*o(AxBy)¢ > 0.

That is,
* x Yy
14 U(eu(x)fv(y))lﬁ >0,
which always holds, thereby proving the claim. )

Finally, we prove Theorem 3.1.
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ProoF oF THEOREM 3.1. (&) This direction is straightforward.
Suppose, for the sake of contradiction, that this direction does not
hold, i.e.,

-1€S0Sa+LN)+ LIN)*

and there exists a *—representation p such that

p(N) = {0},
then we have
—1=p(-1) € p(SOS7) > 0,
which is a contradiction!
(=) This follows from Proposition 3.2 and Proposition 3.3. O

We have the following result.

COROLLARY 3.5. For any two-answer game G, it admits a perfect
commuting operator strategy if and only if it admits a perfect classical
strategy, i.e.

weo(G) =1 &= w.(G) =1

ProoF. Any nonlocal game G with a perfect deterministic strat-
egy also has a perfect commuting operator strategy. On the other
hand, according to Proposition 3.2, the condition

-1¢S0Sa+L(N)+ LIN)*

implies that G has a perfect commuting operator strategy. By Theo-
rem 3.1, in the case of two-answer games, this is further equivalent
to N having a one-dimensional zero point.

Moreover, every deterministic strategy for the game G can be
induced by a one-dimensional complex #-representation

T:A—C,
ie.,
plab|xy) =n(ef)).
Therefore, by Remark 1, the existence of a one-dimensional zero
point for N is equivalent to G having a perfect deterministic strat-

egy. O
Let A, A and N be the same as in Theorem 3.1. Suppose there

exists a x—representation

p:A—-C
such that

p(N) = {0}.
Since p is a one-dimensional representation, all of p(eX) and p( fby)
commute. Thus p(N) = {0} if and only if the polynomial system
N = {e fby | (x,y,a,b) € A} has one-dimensional zeros in the
quotient algebra

C[{eg,fby,\?’x, y,a,b}]/K,
where R is the two-sided ideal generated by the set
K={(e})’-e () -f)IxeXyeY,acAbeB}
Ufegg+ef -1 fY+f/ -1|xeXyeY}

By Hilbert’s Nullstellensatz, this is also equivalent to 1 ¢ J, where
J is a two-sided ideal generated by K U N in the commutative
polynomial ring C[{e}, fby, Vx,y, a,b}].

Combined with Theorem 3.1, we have

-1¢S0Sa+LIN)+L(IN)" < 1¢3 (3.13)
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Determining whether
-1¢S0Sa+L(IN)+ LIN)

is not easy, because L(N) + L(N)* is not an ideal. However, the
membership problem 1 ¢ J can be determined by computing the
Grobner basis of 3. Hence, we have an algorithm based on Grobner
basis computation to determine whether a two-answer game has a
perfect commuting operator strategy.

4 Example and Discussion

Let us look at a graph coloring game in [11, 16]. It is well-known that
when n is even, the game has a perfect classical strategy, whereas
when n is odd, the color of the last vertex v, will lead to a con-
tradiction regardless of whether it is chosen as 0 or 1. Thus, there
is no perfect classical strategy. An upper bound on the winning
probability for commuting operator strategies has been given in
[19] to determine that the game has no perfect commuting operator
strategy. Below, we show how to use Grébner basis computation to
determine whether there is a perfect commuting operator strategy.

ExAMPLE 1 (GRAPH COLORING GAME). [11, 16] Consider a cycle
with vertex set V = {v1,...,0,} and edge set

E = {(vi,vi41), (vi41,05) | i=1,...,n},

where vy11 = v1. We define the coloring game G as follows. Let the
question set be

EU{(vj,0;) |i=1,...,n},
and the answer sets of the players are both {0, 1}. The scoring function

is defined by
0, if (v; = vj and a # b) or ((v;,v;) € E and a = b);
1, else.

Moi,0j,a,b) = {

This nonlocal game can be viewed as Alice and Bob attempting to
color a cycle graph with two colors so that the vertices of each edge in
the graph have different colors.

As a simple example, we compute Grobner bases of the ideal 3
corresponding ton = 3 and n = 4 below.

(1) n=3:
= ({(eg)* — e, (e)* —ef, (e)* —eg, (¢1)* —ef,
()2 =€y ()2 =€, (> = fs (FD? = £
D2 =1 D=L P = 1o () = A
eé+e%—1 f01+f11—1 e§+ef—1, f02+f12—1,
Lfy+fi-1,
eofl. eify. eft. e fy
eofo> elfis €6fys ety
ofi efi ek afi
esfo €ifs eofys eifid)
Under the graded lexicographic ordering with
>ef>f01> ~>f13,

the Grobner basis of 3 is 1. Hence, according to Corollary 3.5
and (3.13), G has no perfect commuting operator strategy.

€0+€1

3.3 303
e fis eify

1 1 2 2
€0>€1>eo>€1>-'-
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2)n=4

3= ({(eg)® — e (e))* — ey, (ef)* —ef, (e])* —ef,

(eg)2 - eg, (e? 2_ e:f, (eg)2 - eg, (eit z_ e‘ll,

(fol)z _fbl’ (f11)2 _fll’ (foz)z _foz’ (f12)2 _flz’
(fos)z ‘foa’ (fl3)2 —f13, (fo4)2 —f04, (f14)2 _fl4
A R N R U R S 8
68+el 1, f0 +f1 -1, eo+e1 1, f() +f1 -1
eOfl’ e}fb, eOfI’ elfO’ eOfl’ elf()’ eofl’ e1fo
eofsr el fys eifi-elor 6fs eofys eiff
efor ifi eofy eifi eolss etfis eofy. etfiLh)

A Grobner basis of 3 under the graded lexicographic ordering

1 1
€0+€1

eé>e}>e§>e%>-~~>e‘l‘>f01> ->f14,
is

4, o4 3, o4 3 4 2 4
U+ =P - - -

2 o4 1
B+ =LA+ /-1 8 - fle - £

4 o4 3

A -Le+f -1 - filel - £

2 o4 1, 4 1 2 4
e+ fi—Lep+fi —1e— fiL (Y - (FH}.

By Corollary 3.5 and (3.13), G has a perfect commuting opera-
tor strategy.

REMARK 3. In [4, Section 5], Watts, Helton, and Klep discussed a
special type of nonlocal games: torically determined games. A nonlocal
game is called a torically determined game if there exists a finite set

F with the following form:

F={pigi—1|pi €C,gi € G},

where G is a group and the group algebra C[G] is isomorphic to the
universal game algebra, such that (x : A — B(H),y € H) defines
a perfect commuting operator strategy if and only if m(F)y = 0. They
demonstrated that for a torically determined game, the question of
whether the game has a perfect commuting operator strategy can
be translated into a subgroup membership problem [4, Section 5].
However, this result cannot be used to prove our theorem. The reason
is that if we regard N as the determining set of the game, the elements
in N may not necessarily be expressible in the form fg—1, € C,g €
G. In other words, a two-answer game is not necessarily a torically
determined game.

5 Conclusion
In this paper, we show that for a two-answer nonlocal game,
-1¢S0S4+ L(N)+ LN)*

ifand only if N has one-dimensional zeros, which implies that a two-
answer nonlocal game has a perfect commuting operator strategy if
and only if the game has a perfect classical strategy. Moreover, the
problem of determining whether N has one-dimensional zeros is
equivalent to an ideal membership problem. Therefore, we can use
commutative Grébner bases to determine whether a two-answer
nonlocal game has a perfect commuting operator strategy.
Suppose the answer set A or B contains three or more elements,
our main result (Theorem 3.1) fails to hold, as there exists a nonlocal
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game that has a perfect commuting operator strategy but no perfect
classical strategies [11, 22]. Investigating how to generalize our
results for more general games is an interesting research topic.
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