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Quillen-Suslin theorem Theorem, we further extend our consideration of M to rank-
deficient and non-square cases.

© 2026 Elsevier Inc. All rights are reserved, including those

for text and data mining, Al training, and similar

technologies.

1. Introduction

The study of the equivalence between polynomial matrices and their Smith normal
forms (see Definition 2.1) has long been a foundational topic in both algebra and ap-
plications, bridging algebraic theory with practical engineering problems (see [1,2] and
the references therein). In recent decades, the Smith normal form has also found broad
applications across algebra, combinatorics, and topology, particularly through its con-
nections to symmetric functions, partition theory, and the study of 3-manifolds (see,
e.g., [3-8]). For univariate polynomial matrices, the theory is well-established: since the
ring of univariate polynomials over a field is a principal ideal domain (PID), every such
matrix is equivalent to its Smith normal form [9,10]. However, for multivariate polyno-
mial matrices (in two or more variables), the equivalence problem remains open due to
the non-PID structure of multivariate polynomial rings, leading to rich and challenging
research directions.

Early investigations concentrated on bivariate polynomial matrices. In 1978, Frost and
Storey [11] asserted the following: a necessary and sufficient condition for any bivariate
polynomial matrix to be equivalent to its Smith normal forms is that the reduced minors
(see Definition 2.4) of each order of the matrix generate the unit ideal. But later, they
constructed a counterexample in [12] to show that the above assertion does not hold. Tt
has been proven that the condition that the reduced minors of each order generate the
unit ideal is only a necessary condition for the equivalence of a multivariate polynomial
matrix to its Smith normal form. Thus, researchers have begun to explore under what
structural conditions of the matrix this condition serves as a necessary and sufficient
condition.

To date, researchers have focused primarily on two major classes of multivariate poly-
nomial matrices. Let M € K|x1,z2,...,2,])*! with det(M) = (21 — f(z2,...,7,))%,
where K is a field, z1,22,...,x, are variables, f € Klxo,...,z,] and t is a positive
integer. When ¢ = 1, Lin et al. [13] proved that M is equivalent to its Smith normal
form. Subsequently, the main result obtained for ¢t = 1 were extended in [14-17] to the
case where ¢ > 2. In particular, Liu et al. [17] proved that a necessary and sufficient
condition for M to be equivalent to its Smith normal form is that the reduced minors
of each order of M generate the unit ideal in K[z1,z3,...,x,]. In this case, the Smith
normal form of M takes the form: diag ((x1 — f)', ..., (z1 — f)"), where t1,...,#; are
nonnegative integers and satisfy ¢t; < --- < ¢; and 22:1 t; = t. Thus, they completely
solved the equivalence problem between multivariate polynomial matrices of this type
and their Smith normal forms. Let M € K[z, %9, . .., ,]"*! with det(M) = g(z1), where
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g € K[z1]\ {0}. When n = 2 and ¢ is an irreducible polynomial in K[z1], Li et al. [18]
proved that M is equivalent to its Smith normal form by constructing a homomorphism
from Klx1,z2] to (K[x1]/{g))[z2]. Subsequently, the cases where g is a power of an ir-
reducible polynomial in K[z1] or n > 2 were investigated in [19-21]. These partially
resolved the equivalence problem for such multivariate polynomial matrices and their
Smith normal forms.

Although some progress has been made on the equivalence problem between the
two aforementioned classes of multivariate polynomial matrices and their Smith nor-
mal forms, it remains as an open problem for many other classes.

This paper focuses on the equivalence problem between bivariate polynomial matrices
and their Smith normal forms primarily. Let M € K|[z,y]'*! with det(M) # 0. Since
det(M) € K[z,y] \ {0}, we may without loss of generality write det(M) as:

det(M) = ap(z) + a1(x) -y + - + as(x) - y°,

where ag(z),a1(z),...,as(z) € Klz] with as(z) # 0, and s is a nonnegative integer.
Now, we construct an example to illustrate that for any positive integer s with s > 2,
there exists a bivariate polynomial matrix M where the degree of det(M) in y is s, such
that the reduced minors of each order of M generate the unit ideal in K[z, y], while M
is not equivalent to its Smith normal form.

Example 1.1. Let

_(ltzty oy
M( 0 1+m)

]2%2, where s is a positive integer with s > 2,

be a bivariate polynomial matrix in Q[z,y
and Q is the field of rational numbers.

By computation, we have det(M) = (—14+z+y*)(142). Since (—14+z+y*,y,1+z) =
(1), the 1 x 1 reduced minors of M generate the unit ideal in Q[z,y]. As M is a square
matrix, the only 2 x 2 reduced minor of M is 1, which clearly generates the unit ideal

in Q[x,y]. Next, we prove that M is not equivalent to its Smith normal form.

— S —
Let A = (1 Oy _31/> Then M = z - I — A. We construct the following two

madtrices:

I A S T 1 1=y -1
Ml—( 0 1+$) andA1—< 0 _1>,

then My =z -1 — A;. Let

1 0 0 -1

Then det(U) = det(V) =1, i.e., U,V are unimodular matrices. Moreover, we get
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UM,V = <1 (1+z+y5)(1+x)> '

It follows that M is equivalent to its Smith normal form, which is the Smith normal
form of M. According to Corollary 16.4 in [2], z - Is — A and z - I — A; are equivalent
over Q[xz,y] if and only if A and A; are similar over Q[y]. We assume that there exists
a unimodular matrix Q = (gi;)2x2 € Q[y]**? such that Q"'AQ = A;. Then

Q11922 — q21q12 = 1,
(1 =) —yg21 = (1 — y*)qu1,
(1= y°)q12 — Yg22 = —qu1 — qr2,
—q21 = (1 —¥*)qan,

—(q22 = —q21 — ¢22-

Solving the above equations, we obtain g1 = 0, g11¢22 = 1, and yga2 — q11 = (2 — ¥°)q12-
It follows from ¢11¢22 = 1 that the degree of ygoo — g11 in y is 1. However, the degree of
(2 — y®)qi12 in y is either 0 or greater than 1, which leads to a contradiction. Therefore,
M is not equivalent to M;. This implies that M is not equivalent to its Smith normal
form.

Example 1.1 reveals the fact that, in the general case, when the degree of det(M) in
y is greater than 1, the property that the reduced minors of each order of M generate
the unit ideal is not a sufficient condition for M to be equivalent to its Smith normal
form. Based on the above fact, we shall consider the following problem.

Problem 1.2. Let M € K[z, y]"*! be of full rank such that det(M) = f(x)y+ g(x). Prove
that M is equivalent to its Smith normal form if and only if the reduced minors of each
order of M generate the unit ideal in K[z, y].

The rest of the paper is organized as follows. In Section 2, we recall some terminol-
ogy and preliminary results needed for this paper. In Section 3, we solve Problem 1.2
and extend the square matrix case to rank-deficient and non-square matrix cases. Some
concluding remarks are provided in Section 4.

2. Preliminaries

Let K be a field, K[z, y] be the bivariate polynomial ring in the variables x,y with
coefficients in K, and K[z,y]'*™ be the set of I x m matrices with entries in K[z, ],
where [, m are two positive integers. Throughout this paper, we assume without loss of
generality that [ < m.

The arguments (z,y) and () are omitted whenever their omission does not cause
confusion; for example, we denote f(x,y) and p(z) by f and p for simplicity, respectively.
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Let f1,...,fi € K[x,y]; we use (f1,..., fi) and diag(fi,..., f;) to represent the ideal in
K[z,y] generated by f1,...,f; and the diagonal matrix whose diagonal elements are

f1,..., f1, respectively.

For convenience, we use bold letters to denote polynomial matrices. Let M €
K[z, y]"*™. We use rank(M) to denote the rank of M. For i = 1,...,1, we use I;(M)
and d;(M) to denote the ideal generated by all the i X ¢ minors of M and the greatest
common divisor of all the ¢ x ¢ minors of M, respectively. Here, we make the convention
that do(M) =1.

2.1. Basic notions

We first introduce the concept of the Smith normal form of bivariate polynomial

madtrices.

Definition 2.1. Let M € K[z, y)'*™ with rank(M) = r, and f; be a polynomial in K[z, y]
defined as follows:

; 2y, 1<i<m
"o, r<i<l

Then the Smith normal form of M is given by

diag(f1,. .., fr) 0y (m—r)
Og—ryxr Ou—ryx(m=-r) )

In Definition 2.1, Li et al. [22] used localization and p-index techniques to prove that
fil fa |-+ | fr. This definition is a natural generalization of the concept of the Smith
normal form of univariate polynomial matrices.

In the following, let R be an integral domain, i.e., a nonzero commutative ring with
a multiplicative identity 1 and no zero divisors.

Definition 2.2. Let U € R™*!. Then U is said to be unimodular if det(U) is a unit in R.
The set of all [ x [ unimodular matrices over R is denoted by GL;(R).

If R = Klz,y] in Definition 2.2, then U is unimodular if and only if det(U) is a
nonzero constant in K. With the set of unimodular matrices defined, we can now specify
what it means for two polynomial matrices to be equivalent.

Definition 2.3. Let M, N € R™*™. We say that M is equivalent to N over R if there exist
U € GL;(R) and V € GL,,(R) such that N = UMV.

Denote by M ~ g N the equivalence of M and N over R. When R = K|z, y], we write
M ~ N (omitting the subscript R) for the equivalence of M and N over K|z, y].
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Definition 2.4 (/23]). Let M € K[z, y]'*™ with rank(M) = r, where 1 < r < [. For
any given integer ¢ with 1 < ¢ < 7, let aq,...,ag, be all the ¢ X ¢ minors of M, where
B; = (l) (). Extracting d;(M) from ay,...,ag, yields

Then, by, ...,bg, are called the i x i reduced minors of M. For convenience, we use J;(M)
to denote the ideal in Kz, y| generated by b1, ..., bg,. In addition, set Jo(M) = K|z, y].

In Definition 2.4, two special cases deserve attention: the first is when [ = m, where
B = 1 and the only [ x [ reduced minor of M is b; = 1; the second is when d;(M) = 1,
in which case I;(M) = J;(M). In addition, if M is in Smith normal form, then J;(M) =
Klz,y] fori=1,...,r.

Proposition 2.5 (Cauchy-Binet Formula, [2/]). Let M = M;Ms, where M; € K|z, y]'*?
and My € K|z, y|"*™. Then an r X r minor of M is

der(M(G5))= X der(My(f)) e (M (5 50))

1<s1<-<s5,<t

where 1 < r < min{¢,1}.

A crucial observation is that d;(M), I;(M) and J;(M) are invariant under matrix
equivalence, as shown in the following lemma, whose proof follows straightforwardly
from the Cauchy-Binet Formula.

Lemma 2.6. Let M,N € K[z,y|"”*™. If M ~ N, then d;(M) = d;(N), I;(M) = I,(N)
and J;(M) = J;(N), where i =1,...,1.

2.2. Quillen-Suslin theorem

We begin by defining zero left prime and zero right prime matrices, which are closely
related to unimodular matrices.

Definition 2.7 (/25]). Let M € K[z, y]'*™ be of full row rank. Then M is said to be zero
left prime (ZLP) if all the I x [ minors of M generate the unit ideal in K[x,y].

Let W € K[z, y]™*! be of full column rank. Then W is said to be zero right prime
(ZRP) if all the [ x I minors of W generate the unit ideal in K[z, y].

The Quillen-Suslin Theorem, which establishes the connection between ZLP matrices

and unimodular matrices, comes from the independent work of Quillen [26] and Suslin
[27] in 1976.



314 D. Lu et al. / Linear Algebra and its Applications 787 (2026) 308—-330

Theorem 2.8 (Quillen-Suslin Theorem, [26,27]). Let M € K[z, y]'*™ be a ZLP matriz.
Then there exists V € GLy, (K[z,y]) such that MV = (I}, 0y (1)), where I; is the | x |
identity matrix.

We now introduce the concept of localization, a crucial tool in the proof of the Quillen-
Suslin Theorem, which also serves as an essential component in solving the matrix
equivalence problem of the paper.

Definition 2.9 (Definitions 29 and 30, [28]). Let S be a subset of R.

(1) S is called a multiplicative subset of Rif 1 € S, and f,g € S implies fg € S.
(2) The localization of R with respect to the multiplicative subset S is defined as

RS::{§|feR,gES}.

(3) Let Si,...,S, be multiplicative subsets of R, where r is a positive integer. We say
that Sy,...,95, are comaximal if for any given ¢ € S1,...,¢9, € S, there exist
hi,...,h, € R such that

i=1

Example 2.10. Let f1,..., f» € K[z,y]\ {0} be pairwise distinct polynomials, where r is
a positive integer. We define the subsets

S;={f{|teN} fori=1,...,r

where N is the set of natural numbers including 0. Each S; is a multiplicative sub-
set of K[z,y], where ¢ = 1,...,r. In addition, Si,...,S, are comaximal if and only if
(fi,...y fry = (1), ie, f1,..., fr generate the unit ideal in K|z, y].

By employing the technique of localization, we can establish the following matrix
equivalence theorem.

Theorem 2.11 (/28,29]). Let M(y) be a matriz in R[y]'*!, and let Si, ..., S, be comazimal
multiplicative subsets of R, where y is a variable not in R, and v is a positive integer.

Then M(y) and M(0) are equivalent over Ry if and only if they are equivalent over
Rs,[y] fori=1,...,r.

In the above theorem, M(0) denotes the matrix obtained by substituting y with 0 in
M(y), which is clearly in R'*!. For a constructive proof of Theorem 2.11, we refer to
Theorem 44 in [28] or Theorem 2.9 in [29] for more details. For M(y) € R[y]'*! with



D. Lu et al. / Linear Algebra and its Applications 787 (2026) 308—-330 315

M(y) and M(0) being equivalent over Rg,[y] for ¢ = 1,...,r, the proof provides an
explicit constriction of the matrices U,V € GL;(R[y]) such that U-M(y) - V = M(0).

3. Matrix equivalence theory

Let M € K[z,y]"*! be of full rank such that det(M) = fy + g, where f,g € K[z]. In
Subsection 3.1, we consider the case f = 0. In Subsection 3.2, we address the case f # 0.
In Subsection 3.3, we extend M to rank-deficient and non-square cases. In Subsection
3.4, we give an example to illustrate the effectiveness of Theorem 3.14.

3.1. The case f=0

We first introduce two lemmas which play a crucial role in resolving the case f = 0.

Lemma 3.1 (Primitive Factorization Theorem, [30]). Let M € K[z, y]"*™ be of full row
rank, and h € K[z] be a divisor of d;(M). Then there exist F € Klx,y]"*! and G €
K[z, y]"*™ such that M = FG and det(F) = h.

Lemma 3.2 ([19]). Let M € K|z, y]"*" with det(M) = ap”, where a € K \ {0} and
p € K[x] is an irreducible polynomial. Then M is equivalent to its Smith normal form if
and only if J;(M) = Klx,y] fori=1,...,1.

The main idea for solving the case f = 0 is as follows. Since det(M) = g € K|[z]\ {0},
let g = api' ---p;* be an irreducible factorization of g, where a € K \ {0}, p1,...,pr €
K|[x] are pairwise coprime irreducible factors, and rq,...,rg, k are positive integers. We
proceed by mathematical induction on k. If £ = 1, the conclusion follows from Lemma 3.2.
If £ > 2, we first apply the Primitive Factorization Theorem to factor M as M = FG,
such that det(F) = api' and det(G) = p5* - - - p;*. By the induction hypothesis, F and
G are equivalent to their Smith normal forms Sg and Sg, respectively. Then, using the
technique of localization and Theorem 2.11, we combine Sg and Sg to conclude that M
is equivalent to its Smith normal form Spg.

Lemma 3.3. Let M,F,G € K[z, y|'™*! satisfy M = FG and ged(det(F),det(G)) = 1.
Then

(1) di(M) = d;(F) - d;(G) fori=1,....1.
If J;(M) = Klx,y], then J;(F) = J;(G) = K[z,y], wherei=1,...,1.

Proof. (1) For any given integer ¢ with 1 < ¢ < [, let hy,...,hg, fi,..., fs, and
g1,---,98, be all the i x ¢ minors of M,F and G respectively, where 3; = (i)2 Let
he be an arbitrary ¢ x ¢ minor of M. It follows from the Cauchy-Binet Formula that
there are f¢,..., fe, and gg,, ..., ge, such that
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7
thngj " 9¢55 (1)
j=1

where n = (i) For any given integer j with 1 < j <, it follows from d;(F) | fe, and
di(G) | ge, that d;(F) - di(G) | fe, - g¢,- Equation (1) gives d;(F) - d;(G) | he. Since h is
an arbitrary 7 X ¢ minor of M, we obtain

d;(F) - d:(G) | ds(M).

Assume that d;(M) = «a; - d;(F) - d;(G), where o; € K[x,y]. In the following we only
need to prove that a; = 1.

Let G* € K[xz,y] be the adjoint matrix of G. Then det(G) - F = M - G*. Let f; be
an arbitrary ¢ x ¢ minor of F. It follows from the Cauchy-Binet Formula that there are
hsys... hs, and gs,, ..., qs, such that

) sy

n
(det(G))" - fo = hs, s, 2)

j=1

where hg,,...,hs, and gs,,...,qs, are the i x ¢ minors of M and G*, respectively.

Since d;(M) | hs, for any integer j with 1 < j < 7, Equation (2) shows that d;(M) |
(det(G))* - fs. Since fs is an arbitrary i x 4 minor of F, we have
4i(M) | ged((det(G))' - fu, .., (det(G)) - ) = (det(G))' - di(F),

As d;(M) = o; - d;(F) - d;(G), we get «; - d;(G) | (det(G))*. This implies that

i | (det(G))". (3)
Using the same argument as above, we can get that

a; | (det(F))". (4)
Combining Equations (3) and (4), we obtain

a; | ged((det(F))?, (det(G))").

Since ged(det(F),det(G)) = 1, we conclude that a; = 1.
(2) Dividing both sides of Equation (1) by d;(M), we get

he _ 3 o 9 (5)
(M) = di(F) di(G)’
where di?ﬁd),..., d:l(‘;\i/[), dif(lF)’-.-’ dffi';,) and %, e % are all the i x i reduced

minors of M, F and G, respectively. It follows from Equation (5) that
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Ji(M) € Ji(F) € K[z, y] and J;(M) C Ji(G) € K[z,y].
Since J;(M) = K|z, y], we have J;(F) = J;(G) = K[z,y], where i = 1,...,l. O

Lemma 3.4. Let M = diag(f1,..., f1) - U - diag(g1,...,q1), where U € GL;(K|[z,y]),

fi,.-., fi € Klz]\ {0} satisfy f1 |-+ | fi, and g1,...,9, € K[z]\ {0} satisfy g1 |-+ | g1-
If ged(f1, 1) = 1, then

M ~ diag(flgla . '7flgl)'

Proof. We construct the following two sets
Si={f*|t1 €N} and S = {g/* | t, € N}.

It is straightforward to show that Si, Sy C KJ[z] are multiplicative sets. Moreover, it
follows from ged(f;, g;) = 1 that Sq,S2 are comaximal. Let
Hl :diag(vfl’""fl) .U'diag(ﬂ7"'7ﬁ)7
fi fi
where f; = % € Klz] for i = 1,...,1. Then H; € Klz]g,[y]"*!. Since U €
GL;(K[z,y]) and det(H;) = det(U), H; is a unimodular matrix in K|[z]s, [y]"*!. Let

F = diag(f1,..., 1), G = diag(¢1,...,q) and D = FG. Given that f; | --- | f; and
g1 |-+ | g, it follows that D is in Smith normal form. Since M = H;D, we get
M ~Kfols, [s) D- (6)

We use M(y) and U(y) to denote M and U in K[z][y]"*, respectively. Let My = M(0)
and Uy = U(0). Then My € K[z]'*! and Uy € GL;(K][z]). Since My = F - U - G and
U is unimodular, by Lemmas 2.6 and 3.3 we have

di(MO) = dl(F) . d1<G) = dl(D) for i = 1, .. .,l.

This implies that the Smith normal form of M is D. By the fact that K[z] is a Euclidean
domain, My is equivalent to its Smith normal form over K[z]|. That is,

My ~ gz D. (7)

Since K[z] C Klz]s, [y], it follows from Equations (6) and (7) that M ~ gy ) Mo.
An analogous reasoning yields M ~ g/, s,ly) Mo. Since Sy and S are comaximal, by
Theorem 2.11 we obtain

M ~ M. (8)

Combining Equations (7) and (8), it follows from K[x] C K[z,y] that M ~D. O
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Theorem 3.5. Let M € K[z,y]"*! with det(M) = g, where g € K[z]\ {0}. Then M is
equivalent to its Smith normal form if and only if J;(M) = K|z,y] fori=1,...,1.

Proof. The necessity follows directly from Lemma 2.6. We now proceed to prove the
sufficiency.

If g € K\ {0}, then M is a unimodular matrix. As a consequence, M ~ I;. Verification
shows that M is equivalent to its Smith normal form. If g € K[z] \ K, then let g =
apy® --- p” be an irreducible factorization of g, where o € K\ {0}, p1,...,pr € K|x] are
pairwise coprime irreducible factors, and rq,...,rg, k are positive integers. We employ
mathematical induction on k to prove the statement.

If K = 1, then the statement holds by Lemma 3.2. Suppose that the statement is
true for k — 1 with k£ > 2. We now show it also holds for k. According to the Primi-
tive Factorization Theorem, there exist F, G € K [:ay}m such that M = FG, where
det(F) = ap]' and det(G) = p5* - - - p;*. It follows that ged(det(F), det(G)) = 1. Based
on Lemma 3.3, J;(F) = J;(G) = K[z,y] for i = 1,...,l. Assume that the Smith normal
forms of F and G are Sy = diag(f1,..., fi) and Sg = diag(gs, . . ., g;) respectively, where
frooo fre Klz]\{0} satisfy fi |-+ | fiand fi--- fi = api*, and g1, ..., g € K[z]\ {0}
satisfy g1 | --- | g1 and g1 --- g1 = p5? - - - p;*. By the induction hypothesis, we get F ~ Sg
and G ~ Sqg. Then there exist Uy, V1, Ug, Vo € GL;(K [z, y]) such that F = Uy -Sg-V;
and G = Us - Sg - Va. The equation M = FG gives

M=U; -Sg-V1U;:-Sg - Va.
Since V1 U, € GLi(K|[z,y]), it follows from Lemma 3.4 that
Sk - V1Uz - Sg ~ diag(fi91,-- -, figr)-
Therefore, M is equivalent to its Smith normal form. O

Theorem 3.5 resolves Problem 1.2 in the case where f = 0.
3.2. The case f #0

In this subsection, we first consider the case where ged(f,g9) = 1, and prove that
M must be equivalent to its Smith normal form. Then, we deal with the case where
ged(f,g) € K[x] \ K, and solve the case f # 0 by means of mathematical induction.

Lemma 3.6. Let h € Kz, y] \ {0}, and p,q € K[z] be such that p # 0 and ged(p, q) = 1.
Then (py + q) | h if and only if h(z,—1) = 0.

Proof. The necessity is straightforward to establish. It remains to prove the sufficiency.
By the polynomial pseudo-division over K|z,y| (see Page 425, Algorithm R in [31]),
there exist hy € K[z,y|, v € K[x] and some nonnegative integer s € N such that



D. Lu et al. / Linear Algebra and its Applications 787 (2026) 308—-330 319

p(@)* - h(z,y) = hi(z,y) - (p(2)y + q(2)) + 7 (2). (9)
Replacing y with — in Equation (9), we obtain () = 0. This implies that (py+q) | p*h.
It follows from ged(p,q) = 1 that py + ¢ is an irreducible polynomial in K[z, y]. Since
p € K[z, we get (py +¢q) [ h. O

Lemma 3.7. Let M € K[z, y]">! with det(M) = py + q, where p,q € K|x] satisfy p # 0
and ged(p,q) = 1. Then there exist V € GL(K[z]) and G € GL;(K|[x,y]) such that
M =V . diag(l,...,1,py +q) - G.

Proof. Let N = M(x,—%). Then N € K(z)"*! and det(N) = 0. Let s € N be a
sufficiently large positive integer such that p* - N € K[z]'*!. As K|[z] is a Euclidean

domain, there exists U € GL;(K[x]) such that

s _( N
v N = (). (10)
where N’ € K[z]=1*!, Since U(p® - N) = p* - (UN), it follows from Equation (10) that
the last row of UN is a zero vector. Let M’ = UM. Then

Thus, the last row of M/'(x, —%) is a zero vector. By Lemma 3.6, all entries in the last

row of M’ are divisible by py + ¢. Hence, there exists G € K[z, y]'*! such that
UM = diag(1,...,1,py +q) - G. (11)

Since det(M) = py + ¢ and U is a unimodular matrix, it follows from Equation (11) that
G € GL)(K[z,y]). Let V= U"!. Then

M =V -diag(l,...,1,py+¢q)-G. O

Remark 3.8. If ¢ = 0 in Lemmas 3.6 and 3.7, it follows from ged(p,¢) = 1 that p = 1. In
this case, s in both Equations (9) and (10) is 0, and N in Equation (10) is a polynomial
matrix in K [z]"*.

Since diag(1,...,1,py + ¢) is the Smith normal form of M as given in Lemma 3.7,
Lemma 3.7 provides a positive answer to Problem 1.2 when ged(p, ¢) = 1.

Lemma 3.9. Let f,vy,vy € Kz| with ged(f,v1,v2) = 1, where f # 0. Then there exists
h € K[x] such that ged(f,v1 + hvg) = 1.
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Proof. There are two cases. If f € K \ {0}, then the conclusion obviously holds for
any polynomial h € K[z]|. If f € K[z] \ K, then let f = ap}'---p;* be an irreducible
factorization of f, where p1,...,pr € K[x] are pairwise coprime irreducible factors,
T1,...,7k, k are positive integers and o € K \ {0}. For each integer i with 1 <17 <k, p;
cannot divide both v; and vy; otherwise, it would contradict the fact that ged(f, v1,ve) =
1. This implies that there exists some integer ¢; € {0, 1} such that

vy + §;v3 # 0 (mod p;). (12)

By the Chinese Remainder Theorem (see Page 94, Theorem 2.1 in [32]), there exists
h € K|z] such that

h = 6; (mod p;). (13)
Combining Equations (12) and (13), we have
v1 + hvg # 0 (mod p;) for each i = 1,... k. (14)
It follows from Equation (14) that
ged(f,v1 + hvy) =1. O

Lemma 3.10. Let

fi 0 - 0 wuilpyto)
0 fo - 1 wy+q
W = 0 c K[.T,y]le,
: - fior via(py +q)
0 - - 0  wulpy+aq
where fi, fa,..., fi—1 € K[z]\ {0} satisfy f1 | fa | - | fi—1, and p,q,v1,...,v € K|z].

Ifll(w) = K[Z‘7y], then <flapy+q> = K[xay] and ng(flavlr .. 7Ul) =1

Proof. As I1h(W) = {f1,..., fi—1,v1(py+q),...,vi(py+q)), it follows from f1 | fo | - |
fi—1 that

Li(W) C(f1,py +q) and I; (W) C (f1,v1,...,0).

By the fact that I; (W) = K|z, y], we have (f1,py+q) = (f1,v1,...,v) = K[z,y]. Then,
ged(f1,v1,...,u) =1. O

Lemma 3.11. Let M € K[z, y]"*! with det(M) = fy + g, where f,g € K|x] and f # 0.
If J;(M) = K[z,y] fori=1,...,1, then M ~ (By, (py + q)b), where By € K[z]*(—1),
b € K[z]'**! and p,q € K[z] satisfy p # 0 and ged(p,q) = 1.



D. Lu et al. / Linear Algebra and its Applications 787 (2026) 308—-330 321

Proof. Let h = ged(f,g). Then there exist p,q € K|[z] such that f = hp and g = hg,
where p # 0 and ged(p, g) = 1. Since det(M) = h(py +q) and h € K|[z], by the Primitive
Factorization Theorem (Lemma 3.1) there exist F, G € K[z, y]'*! such that

M = FG and det(F) = h. (15)
Since det(M) = det(F) - det(G), it follows from Equation (15) that det(G) = py +
q. According to Lemma 3.3, we have J;(F) = Klz,y| for all ¢ = 1,...,l. Based on

Theorem 3.5, F is equivalent to its Smith normal form Sg, where Sp € K[z]'*!. That
is, there exist P, Q € GL;(K]|z,y]) such that

F=P. Sp-Q. (16)
Combining Equations (15) and (16), we obtain
M=P.-Sp-Q-G. (17)
Let G’ = Q- G. By the fact that Q is unimodular, we get det(G') = det(G) = a(py+q),
where a € K \ {0}. Let U = diag(1,...,1,1/a) and G” = UG’. Then U € GL;(K]|z])
and det(G”) = py—+q. By Lemma 3.7, there exist V' € GL;(K[z]) and G; € GL;(K|z,y])
such that G” = V" - diag(1,...,1,py + q) - G1. Let V.= U~'V”. Then V € GL;(K|z])
and
G' =V - diag(l,...,1,py +q) - G;. (18)
It follows from Equations (17) and (18) that

M=P . Sp-V-diag(l,...,1,py +q) - G1. (19)

It follows from Sp € K[z]'*! and V € GL;(K[z]) that Sp - V € K[z]'*!. Let By €
K[z]**(=1 be the matrix formed by the first [ —1 columns of Sg -V, and let b € K[z]**!
be the last column of Sg - V. Then

M =P - (By,(py +q)b) - G1.
Since P, G; are unimodular matrices, we have
M ~ (By, (py + ¢)b). O

Lemma 3.12. Let B = (By,(py + ¢)b) € K[z, y]"*! with det(B) # 0, where By €
K[z]>*U=1 b e K[z]"*!, and p,q € K[z]. If I,(B) = K[z,y], then

1 O1x(-1)
B~ .
<0(l—1)><1 M;
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Proof. Since det(B) # 0, B; € K[z]'*(~Y is a full column rank matrix. By the fact
that K[z] is a Euclidean domain, there exist P € GL;(K[z]) and Q € GL;_1(K|[x]) such
that

fi 0 - 0
0 fo
: - fim
0 v e 0
where fi1, fa,..., fio1 € Klz] \ {0} satisfy f1 | fo | --- | fi—1. Let W = PB <Q 1).
Then
fi 0 -+ 0  wpy+aq)
0 fo v I wlpytaq)

: - fimr v—i(py +9)
0 o o 0 ulpyta)

where (v1,...,v)T = P-b. By Lemma 2.6, we have I} (W) = I (B) = K[z, y]. According
to Lemma 3.10, we obtain

<flapy+q> = K[$,y} and ng(flaUh" '7Ul) =1 (20)

Let d = ged(va, . .., v;). Then there exist ca, ..., ¢, € K[z] such that d = cava+- - -+ cu;.
It follows from ged(f1,v1,v2,...,v,) = 1 that ged(f1,v1,d) = 1. By Lemma 3.9, there
exists h € K[z] such that ged(f1,v1 +hd) = 1. As f1,v1 + hd € K[z] C K|z, y], we have

(f1,v1 + hd) = K[z, y]. (21)
Let
1 hes --- he—1 hg
o 1 - 0 0
U= |: and W' = UW.
0 O 1 0
0 O 0 1

Then
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fi heafe -+ ha-oifior (v + hd)(py + q)

0 fo - 0 v2(py + q)
W =1 : : .. : :

o 0 - fiza vi—1(py + q)

o 0 - 0 vi(py + q)

Combining Equations (20) and (21), we deduce that

(f1, (v1 + hd)(py + q)) = K[z, y].

It follows that the first row of W’ is a ZLP vector. By the Quillen-Suslin Theorem, there
exists V € GL;(K[x,y]) such that

INT 1 le(lfl)
W'V = (b1 M, ,

where by € K[z,y]=Y*" and M; € K|z, y]¢~V*=1_ Furthermore, by performing
elementary row operations on W'V, we get

1 0 _
W/'V ~ 1><(l 1) .
<O(l—1)><1 M,

This implies that

1
b (') c

1 011x\&z11>) € K[z, y"*!. Then J,(M) = J;_1(My) for

Lemma 3.13. Let M = (O
(I-1)x1

i1=2,...,1.
Proof. For any integer i with 2 < ¢ <[, the structure of M implies the following: every
i x ¢ minor of M is either an 4 x ¢ minor or an (¢ — 1) X (¢ — 1) minor of M. This implies
that
(M) = I;(M;y) + I;—1(M;).

As Il(Ml) g Ii—l(Ml)a we have

IL;(M) = I;_1(M,y). (22)
Since I;(M) C (d;(M)), Equation (22) implies that every (i —1) x (¢

a multiple of d; (M), so d;(M) | d;—1 (M). Conversely, we get d;—1(M) | d;
that d;(M) = d;_1(M;). By the fact that

1) minor of M, is
(M). It follows

IZ(M) = dZ(M) . JZ(M) and Ii—l(Ml) = di—l(Ml) . Ji—l(Ml)a
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we obtain J;(M) = J;_1(M;). O

Theorem 3.14. Let M € K[z, y]"*! with det(M) = fy + g, where f,g € K[z] and f # 0.
Then M is equivalent to its Smith normal form if and only if J;(M) = Klxz,y| for
i=1,...,1.

Proof. The necessity is obvious from Lemma 2.6. It suffices to prove the sufficiency. We
proceed by induction on [. The statement is clearly true when [ = 1. Assume that the
statement holds for all [ < k, where k is a positive integer with k& > 2.

For | = k, we extract dq(M) from M and obtain

M = d; (M) - M. (23)

Given that k > 2 and (d;(M))* | det(M), if d; (M) had a positive degree in y, it would
follow that the degree of det(M) in y is greater than 1, thus contradicting the fact that
det(M) = fy+g. Then di(M) € K[z]\ {0}. Let f = gcd(f,g) - f1 and g = ged(f, 9) - 91
Then det(M) = ged(f, g)-(fiy+g1)-. Since fiy—+g¢; is an irreducible polynomial in K|z, 3],
it follows from (d;(M))* | det(M) that (di(M))* | ged(f, g). In addition, di(Mg) =

and det(My) # 0. Equation (23) gives d;(M) = (d1(M))? - d;(My) for i = 1,..., k. This
indicates that the 7 x i reduced minors of M are identical to those of Mg fori =1,...,k.
It follows from J;(M) = K|z, y| that J;(My) = K|z,y] fori =1,..., k. By Lemma 3.11,

we have
M, ~ (By, (py + ¢)b) := B, (24)

where By € K[z, y)***~1 b e K[z,y]**', and p, ¢ € K|[z] satisfy p # 0 and ged(p, q) =
1. Lemma 2.6 shows that

det(B) # 0, d1(B) = d1(Mp) =1, and J;(B) = J;(My) = K[z,y] for i =1,... k.

This implies that I, (B) = J;(B) = K[z, y]. According to Lemma 3.12, we obtain

B~ (1 M1> — M, (25)
where M; € K|[z,y]*~D**=1) Tt follows from Lemma 3.13 that
Ji(My) = Jip1(M') = Ji11(B) = Kz,y] fori=1,...,k — 1.
Since det(M) = (d;(M))* - det(Mg) and My ~ M/, we have
det(M;) = det(M') = a - det(Mg) = - det(M

fy+9),

@y = g e
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where a € K \ {0}. Since (d;(M))* | ged(f,g), det(M;) is of the form fy + §, where
f= (d%l\fmk and § = W satisfy f,§ € K[z]. By the induction hypothesis, M is
equivalent to its Smith normal form. That is,

M1 Ndiag(\lll,...7\11k_1), (26)

where Uy,..., U,y € Kz, y| satisfy U3 | ¥y | --- | U4_;. Combining Equations
(23)—(26), we obtain

M ~ dlag(dl(M), d1 (M) . \111, ceey dl(M) . \Ilk—l)-
Let &3 =dy(M) and ®; =dy (M) - U;_; fori =2,...,k. Then
M ~ diag(®17 (I)Qa R (I)k)y

where ®; | ®;44 for i =1,...,k — 1. It follows that M is equivalent to its Smith normal
form. O

Theorem 3.14 establishes an affirmative solution to Problem 1.2 for the case f # 0.
Combining Theorems 3.5 and 3.14, we obtain the following main result, which provides
a complete solution to Problem 1.2.

Theorem 3.15. Let M € K|x,y]"*! be of full rank such that det(M) = fy + g, where
fyg € Klz]. Then M is equivalent to its Smith normal form if and only if J;(M) =
Klz,y] fori=1,...,1.

3.83. Rank-deficient and non-square cases

We begin by introducing a lemma that is related to the well-known Lin-Bose conjecture

Lemma 3.16 (/3/]). Let M € K[z, y]"*™ with rank(M) = r, where 1 <r <. If J,(M) =
K[z,y], then there exist F € K[z,y|"*" and G € K[z,y]"™™ such that M = FG, where
d.(F)=d.(M) and G is a ZLP matriz.

If M € K[z, y]™*! in Lemma 3.16, then there exist F € K[z, y]™*" and G € K|z, y]"*!
such that M = FG, where d,.(G) = d,(M) and F is a ZRP matrix. Leveraging
Lemma 3.16 and the Quillen-Suslin Theorem, we establish an extension of Theorem 3.15
that accommodates both rank-deficient and non-square cases.

Corollary 3.17. Let M € K[z, y]™*™ with rank(M) = r, and d,(M) = fy + g, where
1<r<landf,g€ Klx]. Then M is equivalent to its Smith normal form if and only if
JiM) = K[z,y] fori=1,...,r.
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Proof. The necessity is obvious from Lemma 2.6. It suffices to prove the sufficiency. Since
J.(M) = K|[z,y], by Lemma 3.16 there exist F; € K|[z,y]"*" and G; € K[z, y]"*™ such
that

M=F Gy, (27)

where Gy is a ZLP matrix. By the Quillen-Suslin Theorem (Theorem 2.8), there exists
V € GL,,,(K|[z,y]) such that

GIV - (Ira Orx(m—r))~ (28)
Combining Equations (27) and (28), we have

MV = (Fla le(m—’r‘))' (29)
By the fact that V is unimodular, it follows from Equation (29) and Lemma 2.6 that
J.(F1) = J.(M) = K[z,y]. Using Lemma 3.16 again, there exist Fo € K[z,y]"*" and
F; € K[z, y]"*" such that

F, = F,F;, (30)

where Fy is a ZRP matrix. According to the Quillen-Suslin Theorem, there exists U €
GL;(K|[x,y]) such that

I
UF,; = " . 1
2 <O(l—r)><r> (3 )
Combining Equations (29)—(31), we obtain
F3 0 _
UMV = rx(m=r) )
(0(1—7-)w 0(1—r)x(m—r)

Therefore, by Lemma 2.6 we get
d;(F3) = d;(M) and J;(F3) = J;(M) for i =1,...,r.
According to Theorem 3.15, there exist Uy, V; € GL,.(K|[z,y]) such that
U F3V; = diag(wy, ..., w,),

where w; = d?i(llz/ll\/)l) fori=1,...,r. Let

U2 = (Ul Ilr> and V2 = (Vl Imr> .
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Then Us, V5 are unimodular matrices. Moreover, we have

UQUMVVQ — (dlagéwla ce 7w7“) 0 OTX(m—T) > ) (32)
(I—=r)xr (l—=r)x(m—r)

It follows from Equation (32) that M is equivalent to its Smith normal form. 0O

Remark 3.18. All results in the above three subsections are constructive. In particular,
whether or not the ideal J;(IM) equals the unit ideal in K[z, y] can be determined using
Grobner basis computations. Moreover, since all our arguments involve explicit transfor-
mations, the unimodular matrices U and V that establish the equivalence of M and its
Smith normal form can be constructed by algorithmic procedures.

3.4. Illustrative example

Now we use an example to illustrate the effectiveness of Theorem 3.14.
Example 3.19. Let

Mo (P 2y —af t2w by =1 2ty - oty - 2%y 2y a® 20y — 1
- wy? —ay—y +y+1 2?y? — 2ty —ayt 4y

1222, where Q is the field of rational numbers,

be a bivariate polynomial matrix in Q[z,y
y > x and < is the lexicographic order.
Upon calculation, we get det(M) = (z — 1)(xy — 2 — 1). According to the definition

of I; (M), we have
Il(M) - <M[1a 1]3M[172]7M[27 1]aM[232]>a

where Mz, j] is the (7, j)-th entry of M, for 1 < ¢, 5 < 2. We compute a reduced Grobner
basis [35] of I; (M) with respect to < and obtain {1}. This implies that J; (M) = I; (M) =
Q[z,y] and d1(M) = 1. In addition, J2(M) = Qz,y]. Based on Theorem 3.14, M is
equivalent to its Smith normal form. We proceed to construct U,V € GLy(Qz,y])
satisfying

(1 0
UMV = (o (xl)(xyxl)) )
in a manner analogous to the proof of Theorem 3.14.
We first extract di(M) from M to obtain My. Since d;(M) = 1, we have M, =
M. Then J1(Myp) = J2(Mp) = QJz,y]. It follows from Lemma 3.11 that there exist

unimodular matrices
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U, = (11 (1)) and

Vv, — — 2y 4+ 222+ a2y —1 2%y — 322y —xy® + 222+ 22 +y
1= xy—2x—y+1 —xy? +3zy+y? 20 —y—1

such that

223 — a2 axy—x— 1) (=222 +x—1
UiMoV: = (By, (zy —2—1)b) = (_21,3 +322-1 ((3;2; —x— 1))((2x2 — 3z + 1)))
= B.

Lemma 2.6 gives I1(B) = (M) = Q[z,y]. According to Lemma 3.12, there exist
unimodular matrices

42 A2 —9p
U2:< dz* + 4z +1 4xx21) and ng(l 2zy — 2x 2)

223 — 322 +1 223 0 1
such that
1 1 0
U2BV2_< M1>_<O (:L'—l)(:l:y—:zz—l))'
Let
. o dz+2  —42? -1
U_U2U1_<—2m2—|—1 21‘3—$2>
and
V= VoV, — —2?y+ 222 + 2y — 1 —(x—1)2zy — 4o —y —2)(xy —x — 1)
R xy—2x—y+1 2x%y? — 62%y + 422 — 3z’ + by + vy +y—3/°
Then,

1 0
UMV = (0 (x —1)(zy —x — 1)) :
Remark 3.20. The construction of Uy, Vy (resp. Usg, V3) in Example 3.19 follows from
Lemma 3.11 (resp. Lemma 3.12). More precisely, the proof of Lemma 3.11 relies on the
Primitive Factorization Theorem, and a constructive proof of this result is provided in
[30]. For Lemma 3.12, since any matrix over K|z| can be reduced to its Smith normal
form by finitely many unimodular row and column operations (see the proof of Theorem
S1.1 on Page 317 of [36], where an inductive procedure is provided), the matrices P and
Q therein can be constructed explicitly.
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4. Concluding remarks

In this paper, we have investigated the equivalence problem between bivariate poly-
nomial matrices and their Smith normal forms. Let M € K[z, y]'*™ with rank(M) = 7,
where 1 < r < [. Corollary 3.17 shows that, for the case d.(M) = fy+g with f,g € K|[z],
Frost and Storey’s assertion holds. Consequently, we have completely solved the equiva-
lence problem between this class of bivariate polynomial matrices and their Smith normal
forms. We hope that the methods proposed herein will facilitate research on the equiv-
alence problem between multivariate polynomial matrices (with more than 2 variables)
and their Smith normal forms.
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