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(3) Fs € Qz1, x2, 23)2*6, HHFLEIEN

—33%233 — xgxg — x% +x1 — 2x3 x%xg + 23:% —Tix3 — 22 +1
—2x1T0T3 — ng — a:%xg + 233233% — 2x31x9 — 1 —.73%1‘3 — T12x9x3 + X2 + 2
F:J:F _ x%xg + x1x023 + 17% + x3 0
0 xg + 21:250% — 2x129 — 250% —2x3+1
22319 — o3 + T2x3 + 2w173 + 221 + 23 + 1 r3w3 — 23 + w3+ 1
xw% — 233% + x% -1 3:“;’ + x1T073 — xg’ — 2x329 — 221

(4) Fy € Q[$1,$2,$3]2X6, HHE B A

mgmg + 37%.’113 + 2x3719 — 296% — x3 0
2 4 2 4 3
—X12T2%5 — 225 + 20129 — 22123 + T3T2 — 2 —x1T2x3 — T3 + 227 — 3
T —22013 + 20373 — 23 + 1170 + 1 —2232% — 204 — 223 — 23+ w3+ 1
L=
22323 + 2x4 — 229 + 223 — 2 224 — 20%w3 — m1 2003 — 20373 + 2
0 0
—223x9 + x12373 — 2173 + X373 22323 + 2wy 23ws — 20322 + 20%3w3 + 21 + 2

(5) Fs € Qluy, wo, xs]**8, HILAE ML E K ITR AW T s

F5[1,1] = 22129 — 22023 + 21 + 20 — 1,  F5[1,2] = 201203 + 223 + 25 + 20 — 4,

F5[1,3] = a? — xyx0 + 21203 — 22 — 4, F5[1,4] = 22 + 22120 + 21203 — 25 — 23 + 21 — 1,
F5[1,5] = xy120 + x% +xo—4, F35[1,6] = 2129 — 20123 + Towg — 21 — 1,

F5[1,7 = —2x129 — 21203 — 221 — 23 — 2,  F5[1,8] = 20129 — 201203 + 25 — 1,

F5[2,1] = 22 + 2129 — 22123 — 205 + 22023 + 20 — 2, F3[2,2] =0,

F5(2,3] = —2? + 22 — 2wox3 — 2, F5[2,4] = 2120 + 221 — 225 + 2,

Fy[2,5] = =222 + w129 — 21203 + 22 — 23,  F5[2,6] = 22 + 2129 — 221203 + 271 — 3,

F5[2,7] = 22120 + @3 — 2w0w3 + 205 + 21 +2,  F5[2,8] = 23 — 2120 + 22103 — 25 — 2023 — 2,
F5[3,1] =0, F5[3,2] = —z129 + 221203 — 220003 — 221 + 22 — 223 — 1,

F5[3,3] = x129 + 2wows — 2290 + 2,  F5[3,4] =0,
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F5[3,5] = —x120 + 23123 — 223 + 2023 + 2:10% + a9, F5[3,6] = 22 — x120 + 222 + 221 — 23 + 4,
F5[3,7 = —m120 + 3, F5[3,8] = —2ox3 + 225 + 29 — 1,

F5[4,1] = —23 + 2120 + 11203 — 205 — 21 + 1,  F5[4,2] = 2923 + 2235 — 21 + 20 — 23,

F5[4,3] = 2x129 + 2123 + x3, Fy[4,4] = —222 — x123 + 25 — zox3 + 221 — 223 + 1,

F5[4,5] = 2zy23 — 271 + 229 + 1,  F5[4,6] = —227 + 2123 — 205 + 229 + 23 + 1,

F5[4,7 =0, F5[4,8] = —22% + 2z129 + 205 — 23 + 271 + 223 — 2.

Fs[1,1] = 2222y + 2212003 + 20323 — 2x2x§ + acg + x3T0 — 1,
Fs[1,2] = —2.’13%1}2 — aclx% — 2x1x§ + 2x§ + z123 + 23 — 1,
Fe[1,3] =0, Fy[1,4] =0,
Fs[1,5] = —2x12003 + 3 — 205 + 22129 — 2, Fg[1,6] = 23 + 23x3 — 23 + 1,
Fs[1,7 =0, Fg[1,8] = —atws + 2w102 + 20023 — 23 — 2109 + 203 — 1,
Fs[2,1] = =223 + w023 — 23 — 223 — 4, F[2,2] = —w12003 — 22523 + T2 + 2,
Fs[2,3] = =223 — 20123 — 22 + 22120 — 23 + 2,  Fg[2,4] = 22 + 22320 + 221 — 23 — 2,
Fs[2,5] =0, Fg[2,6] = —22% + 2123 — 23 + 1,
Fs[2,7 =0, Fg[2,8] = —2x 2023 — 1225 — 21 + 229 — 1,
Fo[3,1] =0, Fy[3,2] =0,
Fs[3,3] = 2212003 — 2523 + 2m2x3 + a2+ a3ae 42, Fy[3,4] =0,
F§[3,5] = —22%wy — 223 — w3 — 2% — 1, Fg[3,6] = 203 + 212013 + 25 + 2523 + 227 — w20 + 1,
Fs[3,7 = —23ws — xoxs — x5 + 21 — 273, Fg[3,8] = —2x12923 — 225 — w303 + 20003 — 20379 — 1,
Fs[4,1] = 2223 + 2120w + 23 + a3,  F5[4,2] =0,
Fs[4,3] = 223wy — 3 + 2023 + 27123 + 221 + 23+ 1,  Fgld, 4] = m23 — 225 + 23 — 1,
Fs[4,5] = 3w + 205 — w23 — w0 + 1,  Fg[4,6] = —2iw3 — 212003 + 29 + 2,
]

Fs[4,7 =0, Fg[4,8] = 25 + 2x023 — 2120 — 222 — 223 + 1.

(7) Fr € Qlay, zg, 23], HILEMTE K TTR 70500 T Fs:

Fr1,1] =227 — a3+ 20, + 1, Fr[1,2] = —23 + 221 — 29 — 1,

Fp[1,3] =0, Fy[1,4] = 222 — x120 — 23 + 227 — 25 — 3,

Fr[1,5] = —2% — my@g + 2235 4+ 201 — 229 — 1, Fy[1,6] = 229 + 20100 + 23 — 2y + 229 + 1,
Fr[1,7 = 22z120 — 222 + 1 — 1,  Fy[1,8] = 2% + 20109 — 25 4 221 + 29 — 2,
Fr[1,9] = 223 — 221200 — 2235 — 29 — 1, F3[1,10] = 23 — 29 — 2,

Fr2,1] = =223 — 2x1@0 + 23 + 220 — 209 — 2, F3[2,2] =0,

F7[2,3] = 2z129 — 203 + 221 — 29 — 2, F%[2,4] =0,
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F7[2,5] = % — w9 — 0 +3,  F7[2,6] =0,

Fr[2,7 = —2% — 20129 — 25 + 1 — 220 — 3,  F7[2,8] =0,

F1[2,9] = —23 — 2xym0 + 25 + 21 + 2, F[2,10] = —23 + 2120 + 225 — 11 — 229 — 3,
Fr[3,1] = 223 — 2x1m0 — 225 — 20y — a0 — 2,  F%[3,2] = 2207 — 2229 — 21 + 1,
Fy[3,3] =0, F7[3,4 =0,

F;[3,5] = —2x2 — 2219 — x% + x4 220 —3, F7[3,6] = 207 + 120 — x% + 1 — 2w9 + 1,
Fr[3,7) = 2% + my@g + 23 — 221, F7[3,8] = —a% 4+ 223 — 21 — 13 — 2,

F;[3,9] = —z120 — 21 + 222, F%[3,10] =0,

Fr[4,1] =0, Fy[4,2] = —x1m9 — 25 — 21 — 3,

Fr[4,3] = o7 — xy29 — 225 — 219 — 1, Fy[4,4] =0,

Fr[4,5] = 2% — my@9 — 225 — 201 — 2, Fy[4,6] = 207 — xy09 — 23 — 221 + 229,
Fr[4,7 =0, F;[4,8] =222 — xy20 + 23 — 221 + 1,

Fr[4,9] = 22120 + 225 — 20 + 1,  F3[4,10] = 0,

Fr[5,1] = 2% — xyw9 — 23 + 21 — 220 + 4,  F[5,2] = 2x120 + 223 + 221 + 29,
F[5,3] = —22% — 223 — 22, + 3, Fy[5,4] =0,

F[5,5] = =223 + 221200 + 05 — 11 — 219 + 2,  Fy[5,6] = 23 — 223 + 21,
Fr[5,7) = =223 4 2x100 + 225 — 21 + 209 — 3,  Fy[5,8] = 202 — 1 + 25 — 1,
Fy[5,9] = 22 + z109 — 25 — 221 + 220 + 3,  Fy[5,10] =0,

F7[6,1] =0, F%[6,2] = 2% + 223 + 1 + o,

F;[6,3] = —x? — 2y — 21 + 10 + 3, Fr[6,4] = —x? — 222 — 22y + 225 + 1,
F7[6,5] = —2x129 — 22 — 201 — 220 + 1,  F4[6,6] = —222 + 2129 + 222 — 2u,
F7[6,7) = —23 + 22120 — 25 + 29, F7[6,8] = —27 + 2120 + 203 — 229 — 2,
F1[6,9] = 22120 — 25 — 21 — 22 + 2,  F%[6,10] = 0.

(8) Fx € Qlay, wq, x3)10, HHARANLEFITTR 2B Fros:

Fy[1,1] = —2x122 + x120 — 22 — 3,  Fg[1,2] = 220 + 203 + w1200 + 222 — 25 — 1,

Fy[1,3] = a3 + 223wy — 221 — m0 + 4,  Fy[1,4] = =223 + 22329 + 205 — 2109 + 22 + 2,

Fg[1,5] = 2% — 202wy — 203 — 2 + 215 — 2,  Fg[1,6] = —% + 2320 + 2123 — 205 — 207 — 2q29,
F3[1,7) = =% + 22123 — 2y — 220 — 1, F3[1,8] =0,

F3[1,9] = w129 + 23 — 209 — 1, Fg[1,10] = 0,

Fy[2,1] = 2% — 2320 + 22 + w20 + 21 + 1, Fg[2,2] = 2122 + 27 4+ x109 + 221,

F3[2,3] = m125 + 227 — 27920 — 2, Fy[2,4] = 225 — 2,

Fg[2,5] =0, Fg[2,6] = —223 + 227 — 222 + 225 + 3,

F[2,7 =0, F[2,8] =% + 227wy — 2m925 — a3 + 22120 +3,  F3[2,9] =0, F3[2,10] =0,
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Fy[3,1] = a3 — a3 + 2% + 22120 — 203 — 229 — 2, F3[3,2] = 223 + 2125 + 20109 — 21 + 1,
Fg[3,3] = 223wy + 222 + 221 — 0 + 3,  Fx[3,4] = 223 — 225 + 2120 + 2,

Fy[3,5] = —x3wg — 21125 4 27129 — 271 — 29 + 1,  F3[3,6] =0,

F3[3,7) = —a% + 22123 — 202 + 11 — 229 — 2, F3[3,8] = 223 + 223 + w119 — 229 — 1,
F3[3,9] =0, Fg[3,10] =0,

Fy[4,1] = 23 — 2125 + 23 — 20109 — 25 4+ 2,  F3[4,2] =0,

F[4,3] =0, Fg[4,4] = 223 — 227 4 225 + 2,

Fy[4,5] = —afwg + 2% + mym0 — 225 + 21 — 1,  Fy[4,6] = 22123 — 211 — 4,

Fy[4,7] =0, Fg[4,8] = aiwy — a3 + 207 + 221 + 1,

F3[4,9] = —% + 22123 — 27 — 221 — 2, Fg[4,10] = —2% — 23wy — 221209 — 29 — 1,

Fg[5,1] =0, Fg[5,2] =0,

Fg[5,3] = 223 + 22wy — 23 — 22y — 1,  Fy[5,4] = 202wy + 2123 + 2120 + 25 — 3,

Fg[5,5] = —x? — 2wy w0 + 222 — 25 — 1, Fg[5,6] = 203 + 21 w0 — 23 — 217 — 1,

Fg[5,7) = xy23 + 2% — 223 4+ 221 — 3, Fy[5,8] =0,

F3[5,9] = —22% 4 22123 — 225 + 2xym9 + 229 + 1, Fy[5,10] = —2z,23 — 227 + 223 + 21 — 3,
Fy[6,1] =0, F3[6,2] = —a% — 22wy + a3 — 221 — 229 + 1,

F3[6,3] = a3 + 2wy + 205 — 211 + x5 — 2,  F[6,4] = 22220 + 22123 + 222 + 221 — 29 + 2,
F3[6,5] = —2x123 — 225 + 223 + 2120,  F3[6,6] = —2% — x123 — 25 — zy20 + 221 + 22,
Fg[6,7] = 22123 + 221200 — 223 + 3, Fy[6,8] = 2 + 223 4+ 23 — 23 — 29 + 1,

Fg[6,9] = 208 + a2 — 2xym0 + 21 — 1, Fg[6,10] = —223 + 2220 + 20125 — 222 — 2.

An efficient algorithm for computing syzygy modules of zero
prime matrices

Dong Lu, Dingkang Wang, Fanghui Xiao & Xiaopeng Zheng

Abstract In this paper, we introduce a new method for computing a generating set of the syzygy module
associated with a zero prime matrix over a multivariate polynomial ring. The core idea lies in firstly calculating all
the maximum order minors of the matrix, and subsequently arranging them in accordance with a specific principle
to obtain the generating set. An example is given to illustrate the effectiveness of the method. According to the
method, we present a new algorithm for computing syzygy modules of zero prime matrices. The algorithm has
been implemented on the computer algebra system Maple, and experimental data show that the new algorithm
is more efficient compared with the classical computational method of Grébner basis.

Keywords zero prime matrix, syzygy module, Grobner basis, generating set
MSC(2020) 15A24, 13P15, 13P10
doi: 10.1360/SSM-2025-0054
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