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ABSTRACT

A new algorithm for computing the parametric greatest common
right divisor (GCRD) of a set of parametric Ore polynomials is
presented in this paper. The algorithm is based on Grobner bases for
modules. Inspired by the resultant theory in Ore polynomial rings,
the Sylvester matrix is defined for a set of Ore polynomials. In the
case of non-parametric polynomials, the GCRD of Ore polynomials
can be obtained by computing the row echelon form of the Sylvester
matrix. For the parametric case, the parametric Sylvester matrix
is also defined in the paper. Based on this, under the assumption
that the specializations commute with the conjugate operator and
derivation in the Ore polynomial ring, the parametric GCRD of
parametric Ore polynomials can be obtained by computing the
Groébner basis for the module generated by rows of the parametric
Sylvester matrix. As a consequence, the algorithm for computing the
parametric GCRD is presented in detail and has been implemented
in the computer algebra system Singular.
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1 INTRODUCTION

Ore polynomials, introduced by Ore in [23], establish a general
mathematical setting to describe linear operational polynomials,
including linear differential, difference, and g-difference polynomi-
als [7, 24]. Algorithms related to Ore polynomial rings have been
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implemented in many computer algebra systems such as Maple
[2], Sage [16] and Singular. Recently, Ore polynomials over a finite
field have been found to have a lot of applications in coding theory
[5, 6], cryptography [4, 30], and so on. Furthermore, the develop-
ment of basic Ore polynomial algorithms is an active research area
in computer algebra[8-11, 25].

The greatest common right divisor (GCRD) of Ore polynomials
is a basic object in the theory of Ore polynomial rings. A modular
algorithm for computing the GCRD of Ore polynomials was pro-
posed by Li and Nemes [18]. In some cases, the coefficients of Ore
polynomials may depend on certain parameters. To deal with this,
Glotov presented an algorithm in 1998 that can compute the GCRD
of two parametric Ore polynomials [12]. This algorithm is based
on the subresultant theory proposed by Li in [17].

In a usual (commutative) polynomial ring, the GCD for poly-
nomials whose coefficients depend on some parameters is called
parametric GCD. This topic has been thoroughly researched and sev-
eral works have been published on it, including [1, 3, 13, 14, 22, 27].
Among them, the algorithms in [14, 22, 27] are based on comprehen-
sive Grobner systems and many effective algorithms for computing
comprehensive Grobner systems in the commutative polynomial
ring can be found in [15, 20, 21, 26, 28]. However, in Ore poly-
nomial rings, the coefficients, parameters, and the variable may
not be commutative. Therefore, when utilizing the method men-
tioned in [14, 22, 27], it becomes necessary to take into account
non-commutative Grobner bases. Yet in fact the computation of
non-commutative Grobner bases is less efficient compared with
the commutative Grébner bases because there are many improved
methods to accelerate in the commutative case. Hence, we attempt
to use the commutative Grébner bases to compute the parametric
GCRD of Ore polynomials instead of non-commutative Grébner
bases.

In this paper, we introduce a new algorithm called the paramet-
ric GCRD algorithm. Under the assumption that any considered
specialization commutes with the conjugate operator and deriva-
tion in the Ore polynomial ring, this algorithm directly calculates
the Grébner basis of a specific module and obtains the parametric
GCRD of a set of Ore polynomials.

This paper is organized as follows. In Section 2, we provide
background about the Ore polynomial rings, GCRD, and parametric
GCRD for Ore polynomials. In Section 3, we present the definition
of Sylvester matrix for several Ore polynomials and utilize it to
compute the GCRD of several non-parametric Ore polynomials. In
Section 4, we define the Sylvester matrix for the parametric case
and present the main theorem in the paper, which states that the
parametric GCRD can be obtained by computing the Grobner basis
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of the module generated by the rows of the parametric Sylvester
matrix. In Section 5, the algorithm is presented specifically, and an
illustrative example and the implementation of the algorithm on
some polynomials is given. Finally, we conclude this paper.

2 PRELIMINARIES

This section consists of two parts: Section 2.1 provides an overview
of Ore polynomial rings and introduces the associated notation,
while Section 2.2 introduces the definitions of specialization and
parametric GCRD. For more details about Ore polynomial rings can
refer to [7, 23, 24].

2.1 (Univariate) Ore polynomials

Let R be a commutative domain and let o be an injective endomor-
phism of R, which is called a conjugate operator by Ore. A derivation
with respect to o is any mapping §: R — R satisfying the following
conditions for any a,b € R:

S(a+b)=8(a)+8(b),  8(ab) = a(a)d(b) +5(a)b. (1)

Definition 2.1 ([23]). An Ore polynomial ring R[x; o, §] over R
given by o and § is the polynomial ring in x over R with the usual
addition of polynomials and multiplication given by the rule

xa=o0(a)x+8(a) foranyae€R.

The elements in the ring R[x; o, ] are called Ore polynomials or
skew polynomials.

Example 2.2. Several examples about Ore polynomial rings are
provided below:

(1) (Polynomial ring over a field) Let R = k be a field and let
oc=idand § = 0.

(2) (Field with positive characteristic) Let R = F; be a finite
field with characteristic p. The endomorphism o is defined
as the map a — a?’, and § = 0.

(3) (Differential operators) Let R = C(t) and let 0 = id and
d= % be the standard derivation.

For further examples, please refer to [2].

In Definition 2.1, we define an Ore polynomial ring over a com-
mutative domain. In particular, when R = k is a field, the right
Euclidean algorithm can be applied to two polynomials in k[x; o, 8].
Consider a, b € k[x; 0, 5]\{0}. By applying the right division algo-
rithm, we can express a as

a=qgb+r, qreklx;o 8], degr<degb;

where r and q are the right remainder and the right quotient of a
divided by b, respectively.

For a,d € k[x; 0, 5], we say that d is a right factor of a if there
exists b € k[x;0,d] such that a = bd. A common right factor of
fis- - -, fr, with the highest degree, is called a Greatest Common Right
Divisor (GCRD) of fi, ..., fp, denoted by gerd(fi, . . ., fr)-

2.2 Parametric GCRD for Ore polynomials

Let R = k[x; 0, §] be an Ore polynomial ring, where k is a field. Con-
sider two polynomials fi (u1, . .., us, x) and fo(uy, . . ., us, x) with pa-
rameters u, ..., us and the variable x. For any point (ay, ..., as) €
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k*, we can define two polynomials in k[x] by evaluation as follows:

fa(x) = f(a1,...,asx),

It is clear that for a given point (ai,...,as) € k®, determining
the greatest common right divisor of f;(x) and g;(x) is straight-
forward. Now the problem is how to precompute an expression
d(u1, ..., us, x) without precise knowledge of (aj, ..., as) and then
conveniently compute the greatest common right divisor of f;(x)
and g;(x) by evaluating d(uy, . . ., us, x) with u; replaced by a; when
the exact values of (ay, ..., as) are known.

To more rigorously describe the problem under consideration,
we need to first introduce some definitions.

9z(x) =g(a1,...,asx).

Definition 2.3 (Specialization). Let R = k[uy, ..., us]. A special-
ization of R is a homomorphism ¢;: R — k induced by the element
d=(ai,...,as) € k*. That is, for any h € R, ¢;(h) is defined by

¢z: h(ur,...,us) = h(ar,. .., as).

Every specialization ¢;: R — k is extended canonically to a spe-
cialization ¢;: R[x] — k[x] by applying ¢; coefficient-wise, i.e.,

1 1
Pz Zhi(ul,...,us)x’ — Zhi(al,..,,as)x’.
i=0 i=0

For a matrix M = (fi;) € R[x]t%", we define ¢;(M) by (9z(fij))-

We denote k[uy, ..., us] by k[U]. For an ideal I C k[U], denote
by Vi (I) theset {(ay,...,as) € LS: h(ay,...,as) = 0,h € I}, where
L is a subset of k. Then we define the parametric greatest common
right divisors as follows:

Definition 2.4 (Parametric GCRD). Let R = k[x; 0, 5] be an Ore
polynomial ring, and let L be a subset of k. The parametric greatest
common right divisors (PGCRD) of F = {fi,..., fr} C k[U, x] with
respect to L is a set {(E1, N1,d1), ..., (Et, Ny, dp)}, satisfying

(a) Ei,N; C k[U],and d; € k[U,x], withi=1,...,t.

(b) Ui, VL(E) \ VL(N;) = L°.

(c) ¢pz(d;) isa GCRD of ¢z(f),...,¢9z(fz) € Rford € VL (E;)\

VL (N;) (up to a non-zero constant in L). Moreover, for each
di #0, ¢5(1Cx(di)) #0forde VL(Ei) \ VL(Ni).

where lcx (d;) is the leading coefficient of d; with respect to x.

To compute the parametric GCRD, we need to construct a new
Ore polynomial ring, which is called parametric Ore polynomial
ring.

Definition 2.5. Let R = k[x; 0, 6] be an Ore polynomial ring, and
let L be a subset of k. An Ore polynomial ring R’ = k[U][x;0”,5’]
is called the parametric Ore polynomial ring associated with R and
L if for any d € L*, the specialization

¢gz: k[U] =k, h(uy,...,us) — h(ay,...,as)
satisfies a(¢(h) = ga(o’ () and 8(g3(h)) = $a(& (h).

In this paper, we will prove that for any Ore polynomial ring
R and any subset L of k, if the parametric Ore polynomial ring
associated with R and L exists, then we can construct the parametric
GCRD by computing the Grébner basis of a specific module.
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REMARK 2.6. In [12], Glotov only considered the case of one pa-
rameter, that is U = {uy }. Moreover, k and L were chosen to be K(t)
and K, respectively, where K is a field. In this paper, we consider a
more general case.

In the following we present two examples of parametric GCRD:

Example 2.7. Let F3 be a finite field with cardinality 2 and IF_Z the
algebraic closure of Fy. Consider the Ore polynomial ring

R:IF_Z[X;U,O], where o: F; — Fa, a— a.
Let fi=x®+uix+1, o =upx® +x, f3 = x* + usx + 1 € By [U, x].
Then the parametric GCRD of fi, f2, f3 with respect to Fy is

{({uy + us, ugug + ug + 1} {1}, x + ugug + ugug + ug +u3),

({0}, {1 +us, udu? +u3 + 1}, 1)}

- =3 = =
That is, assume @ = (aj,4az,a3) € F2~ and ¢z: F2[U] — Foisa
specialization induced by @, then

(1)If a; + a3 = 0and a%ag + ag +1 =0, then

gerd($3(fi), $5(), da(fs) = x + azal + adas + a} + az.

2)If a; + a3 # 0 or a%a? + a> +1 # 0, then
243 T &y

gerd(¢g(f1), a(f2), ga(f)) = 1.

REMARK 2.8. In Example 2.7, we has computed the parametric
GCRD of fi, f2, f3 withk = L = Fy. To extend the analysis to the case
wherek = L = Fq with q = 2° for some integer s, it suffices to include

L. . q _ . .
the additional equations a; = 1 fori = 1,2,3 among the equality
constraints in the final outcome.

Example 2.9. Let R = C(t)[x;1d, %], and let fi = uyx® +tx +1,

fo = x® +ugtx+ (urt? 1), f = X%+ (t+uy)x+ (t+u1) € C(1)[U, x].
Then the parametric GCRD of fi, f3, f3 associated with C is
{({u - Lug - 25 {1}, x + 1), ({0}, {ws - Luz — 2}, D}

That is, assume @ = (a1, az) € C? and ¢z: C(H)[U] — C(t)isa
specialization induced by @, then
(1)Ifa; —1=0and az — 2 = 0, then

gerd(9z(f1), da(f2) da(f3)) = x +1.

(2)Ifa; —1#0oray —2#0, then
gerd(9z(f1), 9a(f2). 9a(f3)) = 1.

REMARK 2.10. In Example 2.7, the parametric Ore polynomial ring
associated with R and Fy is R" = F2[U][x; ¢’,0], where

o’ F2[U] - F,[U], h(uy, uz, u3) = h(ug, uz, us)®.

It is easy to check that for any (a1, az, a3) € F,, we have

o($z(h)) = o(h(a1, az,a3)) = h(a, az, a3)?
and
¢z (0’ (h) = pz(h(ur, uz,u3)?) = h(ay, az, as)’.
Hence, a(¢z(h)) = ¢z(0’ (h)). It is clear that 5(¢pz(h)) = ¢z(8' (h)).
Therefore, R’ is the parametric Ore polynomial ring associated with
R andFy. In Example 2.9, it is easy to check R’ = C(¢)[U] [x; id 2]

> ot
is the parametric Ore polynomial ring associated with R and C.
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REMARK 2.11. In Example 2.9, if we consider L = C(t), then

R’ = C(t)[U][x;id, %] is not the parametric Ore polynomial ring

associated with R and L. For example, if (a1,az) = (t,0) € L2, and
h=u; € C(t)[U], then

a(dz(h) =0o(t) =1,
but ¢z(a’ (h)) = ¢;z(0) = 0. Hence, o(¢z(h)) # ¢z(c’ (h)).

3 COMPUTING THE GCRD FOR
NON-PARAMETRIC ORE POLYNOMIALS

In this section, we will present the definition of the Sylvester matrix
for several Ore polynomials and utilize it to compute the GCRD of
non-parametric Ore polynomials.

Consider the Ore polynomial ring R = k[x; o, §] over a field k.
Let n € N be a fixed integer and R« the subset of R with degrees
less than n. A k-isomorphism is given by

-1
op: Ren — K, HZ:aixi — (ap-1,...,4a0).
i=0
For fi,..., fr € R<p, define
on(fi)
mat,(fi,..., fz) = :
on(fe)
Definition 3.1 ([17]). Let fi, f2 € R be two Ore polynomials. The
Sylvester matrix of fi and f; is defined as
Syl(fi, f2) = mat, (x™ 7 A, .. xfi, . X T L xfo, o),

where my = deg fi, mp = deg f2, and n = my + my.
Li and Nemes presented the following proposition in [18].

PROPOSITION 3.2. Let fi, fa € R. Then the Sylvester matrix of f
and g can be transformed into G through elementary row transfor-
mations, where G satisfies the following conditions:

1) G = ( g g )andC € k(=1 \where I, is the r X r

identity matrix.
(2) Suppose the last non-zero row of G is
Wr =(0,...,0,L,¢rps1s---.Crn),
then gerd(f1, f2) = x"7" + cr’H.lx”_r_1 +-+Crn.
In the following, we extend Proposition 3.2 from two polynomials

to a set of polynomials. Denote by [m] the set {0,1,...,m — 1}.

Definition 3.3. Let F = {fi,..., fr} € R be a set of Ore polyno-
mials, and let p € F. The Sylvester matrix of F with respect to p is
defined as

SyI(F; p) = matn(x'p,x' f: f € F\ {p}, i € [m], ] € [deg(p)]),
where m = max{deg(f): f € F\ {p}} and n = m + deg(p).
THEOREM 3.4. Let F = {fi,..., fr} C R, and let p € F. Then the

Sylvester matrix Syl(F; p) can be transformed into G through elemen-
tary row transformations, where G satisfies the following conditions:

(1) G = ( g (C) ) and C € k™ ("=1) \vhere I, is the r X r

identity matrix.
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(2) Suppose the last non-zero row of G is
\T\J)r = (0, s 0, 1,Cr,r+1, ..

then gerd(fi, ..

s Cr,n),

r—1

W) =X e X e

ProOOF. We prove it by induction on ¢. The theorem is true for
¢ = 2 according to Proposition 3.2. We assume that the theorem is
true for £ — 1. For ¢, without loss of generality, we suppose p = fi
and deg(f2) > deg(f3) > --- > deg(fz). Then

Syl(F; p) = matn (x'p,xf: i € [m], f € F\ {p}, j € [deg(p)]).

Let F/ = {fi,..., fr—1}. Then Syl(F;p) consists of the rows of
Syl(F’; p) and vy, (x/ f;) with j € [deg(p)]. Denote the GCRD of
fi, ..., fi—1 by ¢’. By the induction hypothesis, the reduced row
echelon form of Syl(F’; p) is as follows:

G = ( I c’

O O

where ¥’ = n — deg(g’). Moreover, the last non-zero row of G
corresponds to ¢’. Suppose that wy, ..., w,s are the first r’ rows
of G’ and M’ is the module generated by the rows of Syl(F’;p)
over k. For any vp(x'g’) with i € [deg(f;)], we can verify that
on(x'g’) € M’: Since n > deg(f;) + deg(g’), then vy, (x’g’) can be
defined. Reduce v, (x'g’) by Wi, ..., W, and obtain a new vector
w € M that corresponds to a polynomial w with degree less than
g'. However, w belongs to the left ideal generated by fi, .. ., fi—1,
which is equal to the left ideal generated by g’. Hence, w = 0, which
implies that vy, (x'g’) € M’.

Suppose that g = gerd(g’, f7), which is also equal to the GCRD of
fi,..., fr- Let M be the module generated by the rows of Syl(F; p)
over k, then v, (x'¢g’) € M’ ¢ M for any i € [deg(f;)]. Moreover,
each v, (x/f;), j € [deg(g')], also belongs to M. Therefore, by
Proposition 3.2 we have v,(g) € M and there exists

), Cl e kr’x(n—r’)’ (2)

deg g’+deg f7

we = (0,--- ,o,o,...,0,1,c,'c’k+1,“.,c,'€’n) eM, (3)
N——

k-1
where k = 1,...,deg g’ + deg fy — deg g. By (2) and (3), there exists
i-1

—_—

wi=(0,-+,0,1,¢iit+1,....,c1,n) EM,i=1,...,n—degy.

where w1, ..., w;,s are the first ' rows of G/, and w4 =

W;+degﬁ
fort =1,...,deg(g") —deg(g). Thus, rank(Syl(F; p)) > n—degg.If
rank(Syl(F; p)) > n — deg g, we get a non-zero vector w € M, with
deg(v,,1(w)) < deg(g). However, it is impossible since v, (W)
belongs to the left ideal generated by fi, ..., f¢, which is equal to
the left ideal generated by g. Therefore,

rank(Syl(F: p)) = n — deg(g).

In addition, since w; € M, i = 1,...,n — degg, then the reduced
row echelon form of Syl(F; p) is as follows:

G:(I, C

0 o ), Ce er("_r),r =n—deg(g).
Suppose the last non-zero row of G is

N
wr = (0,...,0, Lcrrtts-eos Cr,n),

229

X. Ding, D. Wang, F. Xiao and X. Zheng

and let § = X" + ¢y py1x™ "1 + -+ + ¢, . By the definition of
Syl(F; p), g belongs to the left ideal generated by fi, . .., f¢, which
is equal to the left ideal generated by g. Furthermore, § is with the
same degree as g. So

~ n-r n-r
g=9g=x +cr,r+1x +"'+Cr,n,

completing the induction. O

REMARK 3.5. For the polynomial ring, a similar result is proved in
[29], and Theorem 3.4 is a generalization of Theorem 2.4.4. in [29].

Here a simple example is presented to illustrate Theorem 3.4.

Example 3.6. Let R = C(¢)[x;id, %] where xt = tx + 1. Let
fi=xX+@+Dx+@+1), or=x>+2x°+ (2 +2)x+t, f5 =
w2+ 2tx+ (12 +1) € R, F = {fi, fo. f3}. Choosing p = fi, then

1t+1 t43 2 0

0 1 t+1 t+2 1
00 1 t+1 t+1
Syl(F;p) =| 1 2t #+4 3t 1
yl(F;p) 0 1 2t t>+2 t
0 1 2t t?+3 2t
00 1 2t £2+1

By computing, the reduced row echelon form of Syl(F; p) is

1000 —t*+612-3
0100 £5-3¢
0010 —£*+1
0001 t
0000 0
0000 0
0000 0
Then gerd(fi, fo, 3) = x +¢.

4 PARAMETRIC GCRD FOR PARAMETRIC
ORE POLYNOMIALS

Let R = k[x;0,8]. Suppose that L € k and U = {uy,...,us}. Let

R’ = k[U][x;0’,8"] be the parametric Ore polynomial ring associ-

ated with R and L.

4.1 Parametric Sylvester matrix
In this subsection we will define the parametric Sylvester matrix
that is compatible with the Sylvester matrix defined above.
Let R’ ,, be the subset of R’ consisting of polynomials with
x-degree less than n. We define a R’-isomorphism
n-1

2. e = (en-a (V). eo (V).

i=0

on: R — k[U]",

For convenience, v, (f) is denoted by f if there is no confusion
about n in context.
For fi,..., fr € RL,,, define

fi
.o fr) =
fi
REMARK 4.1. Let¢z: k[U] — k be a specialization induced by the

element d in L®. It can be extended to a specialization ¢z: k[U]"
k™ by applying ¢ entry-wise. It is easy to check that

(V) gale- ) = $a(0) - ga(f) fore e kUL, f € k[U]";
@) ¢a(fi+F) = $a(h) + da(fo) for fi.fo € KIUI";
(3) on(93(f)) = ¢a(on(f)) for f € k[U].

matp (fi, .

—
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LEMMA 4.2. Let R’ be the parametric Ore polynomial ring associ-
ated with R and L, and let ¢ : k[U] — k be a specialization induced
byad € L°. Then

(1) ¢z(xf) = xd5(f) for any polynomial f € R’.
(2) ¢pz(hf) = ¢z(h)pz(f) for any polynomials h, f € R’.
(3) Foranym < n—deg(f), we have

$a (maty (f,xf,....x™f)) = matn($7(f). xp3(f), ... x"$z(f))-

Proo¥. (1) For any f = 37! c;x’ € R’, we have

l )
i
xcix

da ( (o’ (ci)x + 5'(Ci))xi)
=0

n

¢a(x'f)=¢a(

I o
- o

n

($a(o” (ci))x + (8" (ci))x!

Nl

- o

= ) (0(gae))x +8(a(ci))x’ = xda(f)
0

(2) Forany h = ¥3_ cix!, we have

ga(hf) = ¢ (Z cilx! -f))

i=0

= > palc)galx’ f)
i=0

=" $ale)x'z(f) = da(W)ga(f).
i=0

(3) It is easy to check that

on(9a(f)) on(pa(f))
matn (¢z(f)......x"$5(f)) = : = :
on(x"z()))  \on(dz(x™f))
= ¢z (mat, (f,xf,....x™f)),
where the last equation can be verified by Remark 4.1.(3). O

In the following, we introduce the parametric Sylvester matrix
for polynomials in R’. For any f € R’, the leading coefficient of f
with respect to x is denoted by lcx (f).

Definition 4.3. Let F = {fi, ..., fr} € R’ and p € F. The para-
metric Sylvester matrix of F with respect to p is defined as
PSyI(F: p) = maty (x'p,x/f: f € F\ {p}.i € [m], j € [deg,(p)]),
where m = max{deg, (f): f € F\ {p}} and n = m + deg,(p).

Based on the definition of parametric Sylvester matrices, the
following two propositions can be obtained.

PROPOSITION 4.4. Let F = {fi,..., fyf} C R'andp € F. Let ¢ be
the specialization induced by a € L*. If ¢z (lex(f)) # 0 forall f € F,
then

$a(PSyL(F; p)) = Syl(¢5(F); ¢5(p)),
where $5(F) = {$a(f1), ... 9a(fo)}-
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PRroOF. It can be verified by the definitions and Lemma 4.2 di-
rectly. O

PROPOSITION 4.5. Let F = {fi,..., fr} C R andp € F. Let ¢; be
the specialization induced by d € L°, with ¢z (lcx(p)) # 0. Then
A B
0 Syl(¢z(F);i¢a(p)) |’
with (A,B) = mat,(x’p:i=m/,...,m-1) € L(m=m)Xn . here
m = max{deg, (f): f € F\ {p}} and m’ = max{deg(¢z(f)): f €
F\ {p}}.

ProoF. It can be verified directly by the definition of parametric
Sylvester matrix and Lemma 4.2. O

$a(PSyl(F;p)) =

An illustrative example is presented as follows.

Example 4.6. Let R = Fa[x; 0,0], where o(c) = c? for ¢ € Fo,
and let L = Fy. Then R’ = Fa[uy, uz][x; 0’,0] is the parametric
Ore polynomial ring associate with R and L, where o’ (c(u1, uz)) =
c(u, uz)z.Letﬁ = x2+u1x+1,f2 = u1x3+uzx+1,f3 = ux%+uy € R
and F = {fi, f2, f3}. By Definition 4.3,

Tuf 100

01410

00 1 u 1

PSyI(F; fi) = u 0 u2 1 0

0 u 0 uy 1

0 u? 0 uo
0 0 u 0 u

Let ¢5: Fa[u1,uz] — Fz be a specialization induced by (0,az) €
EZ with az # 0, then

1 0'1 0 0
o 1'o0 1 o
’61ji*6*7’
¢z (PSYI(F; f1)) =| 0 0 a 1 0 |
0 0, 0 a 1
0 0 0 a 0
0 0,0 0 a
101
a1 0
with Sy1(¢a(F),¢a(ﬁ)) =| 0ay 1
0 a0
0 0 ay

4.2 Computing parametric GCRD by Grobner
bases for modules

Now, we will present the main theorem that the parametric GCRD
can be obtained by computing the Grobner basis of the module
generated by the rows of the parametric Sylvester matrix.
Let F be a subset of R’. In the following, M(F;p) denotes the
module generated by the rows of PSyl(F; p) over k[U] in k[U]".
Similar to Theorem 3.4 for the non-parametric case, we obtain
the following lemma for the parametric case.

LEmMA 4.7. Let F = {fi,..., fr} € R’, and p € F. Suppose that
max{deg(f): f € F\ {p}} > 0. Let ¢; be a specialization from
k[U] to k induced by a € L* with ¢z(lcx(p)) # 0. Assume g =
gerd(9z(f1), - ... 95 (fe)), then

(1) The reduced row echelon form of ¢;(PSyl(F; p)) is as follows:

e rx(n-r)
G—(O O),CEL s
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Furthermore, suppose w1, . .., Wy are the first r rows of G, then
(2) 051(\},) =9
(b) There exist g; € M(F;p) such that ¢z(gi) = w;, fori =
1,...,r.
(2) Thereexistsg € M(F;p) suchthat$z(q) = g anddz(lex(q)) #
0, where q¢ = v, 1(§).

Proor. (1) The reduced row echelon form of ¢;(PSyl(F; p)) and
g = v} (W;) can be directly derived by Proposition 4.5 and Theorem
3.4. We prove (1.b) as follows. Since ¢;(PSyl(F; p)) can be reduced
to G by Gaussian elimination, there exists V € k™" such that

V- ¢z(PSyl(F; p)) = G.
Therefore, there exist ¢;; € k,i=1,...,r, j=1,...,t such that

t

Wi = Zcij¢a(5j),i= 1,...,r,

=
where 0y,...,0; are rows of PSyl(F; p). Let g; = 25':1 cijvj,i =
1,...,r, then ¢a(67i) = w;.
(2) By the above conclusion (1), there exist g1, . . ., G- € M, such
that ¢ (g;) = wi. Suppose
w1 1 0 -+ 0 cir1 = Cin
W 0 1 -+ 0 c2rt1 - C2n
= , ()
Wy 0 0 -+ 1 ¢ 0 Crn
then gerd(dz(f), - - . 95(fe) = X" +cp 1 x4 ey . Let
G1\ (@1 0 qur-1 qur G+t qun
C_iZ q2,1 qQ2r-1 92r q2r+1 " q2.n
Q = : = . . . (5)
ér qr,1 qQrr-1 49rr qrp+1 " qrn
By Equation (4) and Equation (5), we have
$a(qr) 1.0 -+ 0 cype1 = Cin
$a(@)| |0 1 -+ 0 care1 -0 C2m
pa@=| "=l o
¢a(§r) 0 0 -+ 1 crre1 o0 Crn

Assume that g(x) is the determinant polynomial of Q. By definition
of determinant polynomial (see [19], Definition 7.5.1),

q(x) = by x™ " by 1x™ T o byx + by,
where
q11 " q1,r-1  4q1,n-i
q21 " 9Q2r-1  92.n-i
b; = det ,i=01,...,n—r
qra " qrr-1  9rn-i

Therefore, ¢;(bp—r) =1, ¢z(b;) = cpp-i,i=0,...,n—r — 1. Then
$z(q) = gand ¢;(Icx(g)) = 1 # 0. According to the property of
determinant polynomial (see [19], Section 7.5), ¢ = v, (q) belongs
to the module generated by the rows of Q. Since g; € M(F; p), then
G € M(F;p). Thus, there exists § € M(F;p) such that ¢;z(q) = g
and ¢;(lex(g)) # 0. O
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THEOREM 4.8. LetF = {fi,....fi} CR',p € F,and $;: k[U] —
k be a specialization induced by d € LS with ¢z(lex(p)) # 0. Suppose
that max{deg(f): f € F\ {p}} > 0, é is a Grobner basis of the
module M(F; p) with respect to a POT order > withe; > ez > ... >
e, wheren = maxidegx(f): feF\{p}}+deg.(p).G=1{g¢€
k[U][x]: vn(9) € G} and G; = {g € G: deg,(g) = i}. Then the
following conditions are equivalent:

(1) the degree of gerd(¢dz(f1), ... 9z(fe)) is greater than d;

() forallg € UL, Gi, pa(lex(g)) = 0.
Further, if the elements in G are ordered from small to large according

to x-degree, then gerd(¢z(f1), ..., ¢z (f2)) = ¢5z(g9) (up to a non-zero
constant), where g is the first element in G satisfying ¢z (1cx(g)) # 0.

ProoF. (2) = (1). Let g = gerd(¢z(f1), ..., ¢5(fr)) in R. Assume
deg(g) = r < d. By (2) in Lemma 4.7, there exists § € M(F;p)
such that deg, (q) = deg(g) and ¢;(Icx(q)) # 0. According to the
property of Grébner bases for the module M(F; p), ¢ can be reduced
to the zero vector by {g: g € Gi,i =0,...,d} in k[U]". Therefore,
there exist {cy: g € Gr} C k[U] such that

lex(q) = ) cglex(9).

9€Gr
However, ¢;(lcx(g)) = 0 for all g € Gy, which implies that

¢z (lex(q)) = 0.

This is contradictory to the assumption.
(1) = (2). Suppose there exists § € G with deg, (§) < d and

¢z(lcx(g)) # 0.Letg = gerd(¢pz(f1), . .., ¢z (fr)). Since g belongs to
the left ideal generated by fi, . .., fy in R/, there exist hy, ..., hy € R’
such that g = Zle hifi. By (2) in Lemma 4.2, we have

I3
$a(9) = ), $alh)ga(f)-
i=1

Therefore, ¢;(g) belongs to the leftideal (¢ (f1), ..., dz(f2)) = (9).
which implies that

deg(g) < deg(¢z(g)) = deg,(9) < d.

It contradicts the assumption that the degree of g is greater than d.
By the above conclusion, when the elements in G are ordered
from small to large according to x-degree, we have

gerd(¢g(fi)---> 9a(fe)) = da(9)
where g is the first element in G satisfying ¢;(lcx(g)) # 0. O

5 THE PROPOSED ALGORITHM AND
IMPLEMENTATION

Based on Theorem 4.8, we are ready to give an algorithm to compute
a parametric GCRD for Ore polynomials.

5.1 Algorithm

Let R = k[x; 0, 6] be an Ore polynomial ring and L a subset of k.
Suppose that R” = k[U][x; ¢’, §"] is the parametric Ore polynomial
ring associated with R and L. Let F = {fi, ..., fr} C k[U][x]. We
will present an algorithm to compute the parametric GCRD in
Definition 2.4.

We first give some explanations for Algorithm 1.



An Algorithm for Computing GCRD of Parametric Ore Polynomials

Algorithm 1: Parametric GCRD for Ore polynomials
Input :F={fi,...,fr} C k[U][x;0",8].
Output:D = {(E1, N1, d1), ..., (Es, Nt, dp)} is the

parametric GCRD of fi, ..., f;.

1 D :=0; Ey = {0};

2 while (Ey) # k[U] do

3 F:=reduce(F, Ey);

4 if F = {0} then

5 D := D U {(Ey, {1}, "any polynomial")}
6 return D;
7 end if

8 No:={f €F: deg,(f) =0};
o if Ny # 0 then

10 D =D U {(Ep, No, 1)}
11 Eo = Eg U Np;
12 go to line 3;

13 endif

14 p:=f, f € F with minimal x-degree;

5 N:={lex(p)}s

16 M = PSyl(F; p);

17 G := the Grobner basis of the module generated by the
rows of M;

18 Go:={g:G€G, deg,(g9) =0}

19 D:=DU{(Ey,GoxXN,1)};

20 i:=1;
21 m:=max{deg, (f): f € F};
22 E = Go;

23 while (E) # k[U] and i < m do
24 Gi={9:§ € G, deg,(9) = i};

25 for g € G; do

26 D:=DU{(E,N x {lex(9)},9)};
27 E:=EU{lcx(9)};

28 end for

29 i=i+1;

30  end while

31 Ep:=EyUN;
32 end while

33 return D.

e In line 3, P := reduce(P, Ey) means to reduce P by the Grob-
ner basis of (Ey);
e Inline19,Go xN={g- f: g€ Go,f € N}.

THEOREM 5.1. The algorithm is correct and terminates in finitely
many steps.

Proor. The correctness is based on Theorem 4.8.

Termination. In line 3, we reduce F by the Grobner basis of
(Ep) C k[U] and get a new F. Therefore, the leading term of the
non-zero polynomials in the new F does not belong to (Eo). Then
in line 31, the ideal (Ey) increases strictly. Finally, F will be zero or
(Eo) = k[U]. The algorithm terminates. O

Here we use an example to illustrate the steps in Algorithm 1.
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Example 5.2. Let R = Fa[x;0,0] with o(c) = ¢ for ¢ € Fy. Let
L = Fy. The parametric Ore polynomial ring associated with R and
Lis R’ = Fyluy, uz][x;0’,0], where

o’ Falur, uz] — Folur, uz], h(u1, uz) — h(uy, up)?.

Let fi = upx? +x+uy, fo = usx® +x2, f3 = uyx? +1 € Fouy, uz] [x].

Initial: D := 0; Ep := {0}, F := {f1, f2, f3};
Now (Eg) # k[U]. We choose p = fi. Then N := {lex(p)} =
{uz},
ug 1 u? 00
0 ug 1 uf 0
0 0 uy 1 uy
M :=PSyl(F;p) =42 1 o
0 u 1
0w 010
0 0 uy 1
By computation, the Grébner basis of the module generated by the
rows of M under the POT order with the degree reverse lexico-

graphic order where u; > uy is

0
0

O = o O

G ={(0,0,0,0,u + uz +1),(0,0,0,0,u% +1), (0,0,0, 1, uguz + ),
(0,0,1,0,u1), (0,1,0,0, uuz + 1), (u3,0,0,0, uyuz + ug) }.
Then Gy := {ug +ug + l,u% + 1}. Thus,
D =D U {(Ep, {th +up + L,u? + 1} X N, 1)}
= {({0}, {(ud + ug + Dug, (u? + Duz}, 1)}.

Now, let E := {ug +u +1, uf +1}.
Since (E) # k[U], we consider G1 := {x + ujuz + u }. Therefore,

D :=DU{(E {lcx(x +ujug +u1)} X N,x + ujus +u1)}
=DU {{u% +uy +1, uf + 1} {uz}, x + uguz + u }.

Updating E := EU {lcy (x + ugug +u1)} = {ug +uy+1, u‘f +1,1}.
Now (E) = k[U].
Let Ey := Eg UN = {uy}. Since (Ey) # k[U],

F := reduce(F, Eg) = {x + u, x%, u1x> + 1}.

Choosing p = x + ug, N := {1}, then

1 w0
0 1 wu
M=PSyl(Fip)=| | | 01
uq 0 1

By computing, the Grébner basis of the module generated by the
rows of M is G = {(1,0,0),(0,1,0),(0,0,1)}. Thus D = D U
{(Eo, {1} XN, 1)} = DU {(uz, {1}, D }.

Updating Ey := Eg U N = {uy, 1}. We have (Ey) = k[U]. Hence,
the algorithm terminates.

In summary, the parametric GCRD of {uox?® + x + up, upx> +
x%,u1x? +1} is D = {({0}, {(ug +u + Duy, (uf + Duy}, 1), ({u% +
uz +1, uf + 1} {uz}, x + ugug + uq), uz}, {1}, D}

It means that for (ay, az) € EZ, we have

(1) If (ag +az+1)ag # 0 or (af +1)az # 0, then

gerd(¢z(f1), a(f2). $a(f3)) = 1.
(2) Ifa§+a2+1 =O,a%+1=0anda2 # 0, then
gerd(9z(f1), 9a(f2). 9a(f3)) = x + araz + a1
(3) If az = 0, then gerd($5(f1). 9a(f2). pa(f3)) = 1.

3
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5.2 Implementation

The proposed algorithm has been implemented in the computer
algebra system Singular (4-3-0) with R = F3[x,0,0] and L = F,.
The codes and examples are available on the web: http://www.
mmrc.iss.ac.cn/~dwang/software.html. We randomly generate ten
sets to show the performance of the proposed algorithm. The ten
examples and their implementation are as follows.

F1:{x5+u1x2+1,x4+u2x3+1};

(3 2.2 3 2 .
Fy = {x7 + uix® + upx + uy, upx” + (ug + 1)x° + (ug +up)x};
F3 = {upx? + x + up, upx® + x%, upx? +1};

Fy = {x* 4w +ug, x* +usx® +ug, x* +usa® +ug);

o 2 4 3 2 .

Fs = {x" + uox” + u1x + ug, upx”™ + u1x” + ug, x° + usx + ur };

2 + u1x+u2,u2x5 +u1x3 +u1x2 +u2,x5 + u2x3 + u1};

Fs = {x5 + Uy X
Fr = {x® + upx® + ug, upx® +ugx® + us, uyxt + upx® +uy )

Fg = {usx® + uix® + usx? + ug, upx® + upx® + usx?, unx® + upx® +up };
Fo = {x2 +uLx + ug, X+ UsX + Uy, X2+ USX + Ug, X7 +urx +ug}t;

Fio = {x* + u1x® + ug, x* + usx? + ug, x° + usx® + ug, x* + u7x* + ug}.
Table 1: Implementation

Ex. | Timings | Br. | Deg. | Size | Ex. | Timings | Br. | Deg. | Size

F 0.044 3 35 76 Fe 0.024 4 11 24
Fy 0.035 3 20 49 F; 4.623 5 42 592
F3 0.016 3 3 3 Fg 2.164 8 26 99
Fy 0.099 6 22 144 | Fy 0.016 5 5 16

Fs 0.011 3 8 16 | Fio 0.093 5 18 56

o Timings (in seconds) were obtained on Intel(R) Core(TM) i5-8250U CPU @1.60GHz
1.80 GHz with 8GB Memory running Windows 10.

® "Br" is the number of branches that V1, (E;) \ VL (N;) is non-empty.

o Deg. = max{total degree of f: f € E; UN;,i=1,...,Br.}.

o Size = max{number of terms of f: f € E; UN;,i =1,...,Br.}.

6 CONCLUDING REMARKS

In this paper, a new algorithm to compute the parametric GCRD
for a set of Ore polynomials based on Grébner bases for modules
is presented. To compute the parametric GCRD, we define the
parametric Ore polynomial ring. Furthermore, if the parametric
Ore polynomial ring can be constructed, then we can compute the
parametric GCRD by Grobner basis of the module generated by the
rows of the parametric Sylvester matrix. In this way, we convert
the problem from the non-commutative ring into the commutative
module and solve the problem using commutative Grébner bases
for modules. However, if the parametric Ore polynomial ring can
not be constructed, we do not know how to compute the parametric
GCRD vyet. This problem will be considered in further work.
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